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Fig.  4  -  Operation  of  the  diBCriminatora 
in  the  M,  S.  mode 


Fig.  5  -  Typical  acceleration  versus  time  record 


APPLICATION  TO  AN 
ACTUAL  ANALYSIS 

To  illustrate  the  operation  of  this  sys- 
tem,  its  application  to  the  analysis  of  an 
actual  set  of  data  will  be  described. 

The  data  presented  herein  came  from  a 
measurement  program  to  determine  the 
vibration  occur.»'ing  at  various  points  on  a 
missile  due  to  the  burning  of  Its  motor.  The 
missile  was  held  in  an  especially  designed 


restraining  mechanism  at  the  restrained  fir¬ 
ing  facility  at  NAMTC,  Point  Mugu. 

The  duration  of  the  motor  burning  was 
approximately  4  seconds.  The  burning  had 
two  distinct  phases:  (1)  a  high-rale  burning, 
boost  phase,  and  (2)  a  lower-rate  burning 
sustain  phase.  The  boost  phase  lasted 
approximately  1  second  and  the  sustain 
phase  lasted  approidmately  3  seconds. 

Figure  5  shows  a  typical  vibration  channel 
with  three  characteristics:  (i)  ignition 
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shock,  (2)  high-level  vibration  during  the  of  analysis,  described  in  the  preceding 

boost  phase,  and  (3)  low-level  vibration.  section,  was  used.  Figure  6  shov/s  a  rcpre- 

There  was  no  shock  at  burnout.  While  sentative  example  of  one  of  the  oscillograph 

Uie  ignltlop  shock  is  no  particular  problem  records  obtained  as  results  ot  this  analysis, 

to  analyze,  analysis  of  the  vibration  is  a  It  represents  the  variation  of  the  spectral 

different  story.  Tlie  record  is  quite  short  density  within  one  frequency  band  over  the 

to  be  cut  into  two  separate  lengths  for  duration  of  tlie  vibration.  Notice  that  the 

separate  analyses  of  the  boost  and  sustain  ignition  shock,  boost,  and  Sustain  phases  are 

phases,  although  this  would  oe  preferable  clearly  defined.  Figure  7  shows  another 

to  a  single  ordinary  spectral  analysis  over  oscillograph  record,  however,  this  record 

the  entire  vibration  duration.  is  for  mean-square  variation  with  time  of 

the  broadband  (unfiltered)  signal.  The  sep- 
In  order  to  analyze  these  motor-  arate  phases  are  also  clearly  visible.  One- 

burnmg-mduced  vibrations,  the  M.  S.  mode  filth-of-a  second  Integration  time  was  used 


Fig.  6  -  Typical  spectral  density  versus  time 
analysis  (in  a  frequency  band) 


Fig.  7  -  Typical  mean-square  level  versus  time 
analysis  (of  broadband  signal) 


for  this  analysis,  so  that  80  points  (l/S-sec 
integration  time  by  4-readouts  per  integra¬ 
tion  time  by  4  seconds)  were  obtained;  this 
gives  fairly  accurate  resolution  of  the  vari¬ 
ation  in  spectral  density,  or  mean  square, 
with  time  even  over  this  rather  short  inter¬ 
val  of  only  4  seconds. 

The  final  results,  obtained  from  the 
computer,  were  in  the  form  of  45  oscillo¬ 
graph  records  similar  to  Fig.  0.  Each 
record  represents  the  variation  in  spectral 
density,  with  time,  within  a  frequency  band. 
Tl\e  optimum  form  in  which  to  present  these 
data  would  be  a  three-dimensional  surface 
whose  coordinates  are  spectral  density, 
frequency,  and  time;  see  Fig.  8,  Since  pre¬ 
senting  this  three-dimensional  plot  in  a 
usable  form  is  somewhat  of  a  problem,  the 


results  must  be  presented  in  some  other 
manner.  Several  choices  are  available.  As 
the  results  come  out  of  the  computer,  they 
represent  spectral  density-time  planes  in 
this  surface  at  various  points  along  the 
frequency  axis  and  they  are  directly  usable 
as  such.  One  can  also  take  spectral  density- 
frequency  planes  along  the  time  axis;  two 
such  planes  are  shown  In  Fig.  9.  9A  was 
taken  during  the  boost  and  9B  was  t^en dur¬ 
ing  the  sustain  phase.  These  power  spectra 
were  obtained  by  measuring  the  spectral 
density  at  the  same  two  points  in  time  on 
each  oscillograph  record. '  Still  another 
method  of  presenting  the  data  is  to  take 
planes  in  the  frequency-time  plane  at  vari¬ 
ous  spectral  density  levels,  although  this  is 
rather  difficult  and  perhaps  of  not  too  much 
value  in  that  form.  A  comparable  and  more 


Fig.  8  -  Optimum  plot  of  analysis  results 


Fig.  9  -  Spectra  at  T  seconds  from  begiiming 
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useful  form  is  to  measure  the  percent  of 
time  that  the  spectral  density  exceeds  varh 
ous  levels  for  each  of  the  frequency  bands; 
this  gives  a- spectral  density  distribution 
curve  (’^Ig.  10).  One  could  calculate  this 
from  the  oscillograph  records,  but  it  can 
be  directly  obtained  by  using  the  discrimi¬ 
nators  and  enunters. 

hi  addition  to  Uiese  types  of  analyses 
which  are  essentially  standard,  for  this 
particular  data  it  was  desired  to  know  the 
range  of  variation  in  tlic  spectrum  during 
both  the  boost  and  the  sustain  phase;  to 
obtain  this,  tlie  maximum  and  minimum 


values  of  each  oscillograph  record  were 
measured  for  both  tlie  boost  and  sustain 
phases.  A  separate  spectrum  showing  the 
band  between  the  m.aximum  and  minimum 
was  plotted  for  each  phase  (Fig.  11).  It  can 
be  seen  that  a  great  deal  of  useful  informa¬ 
tion  can  be  obtained  by  use  of  this  computer. 


OTHER  ANALYSIS  CAPABILITIES 
OF  THE  SYSTEM 

In  addition  to  analyzing  short -duration 
nonstationary  random  vibration,  the  system 
is  capable  of  analyzing  (1)  long-duration 


Fig.  10  -  Typical  spectral  density  distribution 
curve  (one  frequency  band) 


Fig.  11  -  Maximum  and  minimum  spectra 
denaity  occur  ring  during  each  phase  (typi¬ 
cal  channel) 
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nonstationary  random  vibration,  (2)  station¬ 
ary  random  vibration,  and  (3>  periodic 
vibration,  llie  extension  to  long-duration 
nonstationary  data  is  direct;  one  simply  does 
the  same  thing  over  longer  times.  The  com¬ 
puter  can  analyze  stationary  data  by  the 
same  method;  nowever,  it  is  capable  of  ana¬ 
lyzing  stationary  data  by  a  simpler  method, 
designated  as  the  Spectral  Density  (S.  D.) 
analysis. 

Since  the  data  is  stationary,  only  a  short 
portion  is  recorded  on  a  continuous  loop  of 
magnetic  tape.  Then  the  tape  is  played  back 
and  the  output  of  each  filter  is  analyzed  one 
at  a  time.  The  output  of  the  filter  is  squared 
and  integrated  as  in  the  M.  S.  analysis, 
except  that  only  one  integrator  is  used 
instead  of  the  commutated  bank  of  five 
Integrators.  The  output  of  this  integrator  is 
displayed  on  an  oscillograph.  To  compute 
the  spectral  density  one  merely  divides  the 
deflection  on  the  oscillograph  by  the  inte¬ 
gration  time.  Essentially,  the  computer 
operates  exactly  as  most  conventional  vibra¬ 
tion  analyzers.  There  is  one  major  differ¬ 
ence  though.  In  addition  to  the  data,  com¬ 
mand  signals  are  recorded  on  the  tape  loop. 
These  command  signals  are  recorded  on 
separate  tape  tracks  and  their  function  is 
to  start  the  integration  and  stop  the  integra¬ 
tion.  After  the  stop  command  and  before 
the  start  command,  the  integrator’s  input 
and  output  are  held  to  zero.  In  this  manner, 
one  of  the  annoying  problems  of  loop 
analysis-what  to  do  about  the  splice  in  the 
tape-is  completely  eliminated,  unless  one 
were  to  deliberately  put  the  start  command 


before  the  splice  and  the  stop  command 
after  the  splice.  These  command  signals 
also  assure  that  all  the  filters  analyze  the 
same  portion  of  the  data  and  therefore  they 
are  used  for  all  methods  of  analysis  in  this 
system.  A  block  diagram  of  the  S.  D.  ana¬ 
lysis  mode  is  presented  as  Fig.  12.  The 
S.  D.  analysis  mode  is  Identical  to  the  M.  S. 
analysis  mode  up  to  the  integrators.  For 
the  S.  D.  mode,  only  one  integrator  is  used. 
Its  integration  time  is  controlled  by  the 
duration  between  the  start  and  stop  com¬ 
mands.  Also  this  integrator’s  output  goes 
to  the  oscillograph  only. 

The  other  type  of  analysis  possible  with 
this  computer  is  designated  as  the  Ampli¬ 
tude  Distribution  (A.  D.)  mode.  With  it  the 
amplitude  distribution,  actually  the  proba¬ 
bility  density  function,  is  computed.  This 
analysis  is  also  for  stationary  data  and 
permits  one  to  determine  if  the  data  is  ran¬ 
dom  or  periodic.  The  results  of  analyzing 
a  sine  wave  is  presented  in  Part  A  of  Fig. 

13;  noise  is  presented  in  Part  B  of  Fig.  13, 
and  a  combination  of  sine  and  noise  is  pre¬ 
sented  in  Part  C  of  Fig.  13.  A  block  dia¬ 
gram  of  the  computer  for  this  mode  of  ana¬ 
lysis  is  presented  in  Fig.  14.  The  circuitry 
for  this  mode  is  identical  to  that  for  both 
the  M.  S.  and  S.  D.  modes  up  to  the  output 
of  variable-gain  amplifier. 

At  this  point  in  the  A.  D.  mode,  the  out¬ 
put  of  this  amplifier  is  connected  to  a  bank 
of  11  discriminators  biased  in  equal  steps 
from  0  to  full  scale.  Each  discriminator 
opens  a  gate  whenever  its  bias  level  is 


Fig.  12  -  The  analysis  system  for  the  S.  D.  analysis  mode 
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Fie-  14  -  Analysis  syster*’  for  the  A.  D.  analysis  mode 


exceeded.  Each  gate  (except  number  1 1)  when 
opened,  then  adds  al-Mc  clock  iothe  register 
(electronic  counter),  associated  with  it.  The 
lirstcountei  measures  the  time  0  is  exceeded 
(in  one  direction)  and  the  eleventh  discrimina¬ 
tor  signals  an  overload  condition,  if  full  scale 
hi.sbeen  exceeded.  To  calculate  the  probabil¬ 
ity  that  the  signal  lies  between  any  two  dis¬ 
criminator  levels,  one  merely  divides  the  dif¬ 
ference  between  the  two  corresponding  counter 
readings  by  twice  the  zero  counter  reading. 

CONCLUSION 

A  special  purpose  computer  that  will 
permit  the  detailed  analysis  of  nonstatioaary 


as  well  as  stationary  data  has  been  designed 
and  built.  No  claim  is  made  that  this 
computer  is  the  answer  to  all  vibration 
analysis  problems.  This  computer’s 
applications  range  from  the  analysis  of  field 
measurements  to  laboratory  measurements, 
from  records  of  a  few  seconds  duration 
to  an  hour’s  durati  m,  ai«);  from  nonstation¬ 
ary  data  through  stationary  data  even  to 
periodic  data.  So  it  can  be  seen  that  in 
addition  to  this  computer’s  unique  ability  to 
analyze  nonstatloiary  data,  it  also  is  a 
very  useful  tool  for  the  analysis  of  a  large 
percentage  of  the  total  range  of  vibration 
analysis. 
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DISCUSSION 


Dr.  Mor row  (Chairman.  Aerospace 
Corp.):  I  had  one  question  in  cuiuiectlon 
with  FiK.  13.  There  were  probability  den¬ 
sity  functions  plotted  versus  Instantaneous 
amplitudes.  I  wonder  if  you  don’t  mean 
instantaneous  value? 

Mr.  Kelly:  It’s  not  a  peak  amplitude. 

I  tried  to  convey  what  you’re  saying- 
instantaneous  value.  I  don’t  wand  to  be  mis¬ 
leading  and  say  it’s  versus  peak  amplitude. 
It’s  not.  This  is  the  density  (unction. 

Galef  (National  Engineering  Science 
Co.):  I’m  very  curious  to  know  what  you 
would  do  with  that  three-dimensional  spec¬ 
tral  density,  if  you  had  it.  To  go  a  little 
further,  why  do  we  want  the  data  In  the  first 
place?  It  would  appear  that  we  want  the 
data  In  order  to  tell  what  is  going  to  happen 
to  the  equipment.  If  the  process  is  station¬ 
ary,  the  spectral  density  is  extremely  useful 
in  telling  us  what  will  happen  to  the  equip¬ 
ment.  If  it  is  not  stationary,  I  assume 
somebody,  some  time,  will  be  able  to  tell 
us  what  will  happen,  but  I  haven’t  seen  any 
results  yet  of  anyone  who  has  analyzed  the 
response  to  nonstationary  random  data.  I 
wonder  if  it  might  be  worthwhile  to  suggest 
tiiat.  Instead  of  using  power  spectral  analy¬ 
ses  when  we  have  very  definitely  non¬ 
stationary  data,  it  might  be  wise  to  consider 
getting  something  very  closely  equivalent  to 
a  shock  spectrum-simply  the  response  of  a 
single-degree-o( -freedom  system  of  many 
different  frequencies.  In  this  case  It  would 
have  to  be  a  damped  s  ingle -degree -of - 
freedom  system.  I  think  we  would  like  to 
see  a  shock  spectrum  (or  perhaps  1,  5,  or 
10  percent  damping.  This  might  tell  us,  in 
a  very  concise  manner,  what  the  data  of 
your  entire  4  seconds  is  doing,  whereas  I 
don’t  really  believe  the  three  dimensional, 
power  spectral  density  can  tell  us  that. 

Mr.  Kelly:  Well,  I  have  two  comments 
on  that:  One,  somebody  has  to  set  up  a 
test  level;  and  the  question  Is  how  are  you 
going  to  set  up  a  test  level,  if  you  don’t 
know  what  Is  happening?  The  second 
comment -your  reference  to  using  a  shock- 
spectrum  type  of  equivalent -is  that  I  have 
done  a  little  bit  of  work  on  this;  in  fact,  I 
modified  a  shock-spectrum  computer  to 
have  damping.  But  essentially  all  you’re 
doing  is  saying,  “Ah  hah,  now  I  have  a  filter 


whose  response  curves  I  know.”  The  only 
difference  I  can  see  is  that  you  have  one 
filter  characteristic  as  compared  to  another 
filter  characteristic. 

Dr.  Morrow:  May  I  add  a  comment  to 
tills.  1  think  there  has  been  a  little  bit  too 
much  worry  over  whether  vibration  is 
stationary  or  not.  There  is  really  nothing 
In  the  definition  of  power  spectral  density 
which  says  or  implies  anything  about 
statlonarity.  It  does  turn  out  that  the 
concept  is  more  useful  when  the  vibration 
has  a  certain  degree  of  statioiiirlty,  but  the 
idea  of  statlonarity  is  very  closely  related 
to  the  concept  of  steady-state  conditions 
when  one  has  periodic  or  quaslperiodic 
excitation.  It’s  generally  accepted  to  be 
reasonable  that  a  peak  value  and  a  fre¬ 
quency  con.s(ltute  a  good  description  of  a 
sinusoid  at  a  particular  moment,  if  one 
can  compute  the  response  fairly  closely  on 
the  basis  of  this  information.  Now,  whether 
you  can  do  this  or  not  depends  on  whether 
the  sinusoid  is  changing  rapidly  or  slowly 
by  comparison  with  the  response  time  of  the 
various  resonators  which  may  be  excited  by 
it.  If  things  happen  too  fast,  the  steady- 
state  computation  gives  you  very  little 
insight  at  all;  whereas  if  things  are  happen¬ 
ing  very  slowly,  then  this  traditional  method 
of  computation  works  very  well.  With  sta¬ 
tlonarity,  it’s  much  the  same  story.  Inthose 
cases  where  the  variations  are  slow  enough 
so  that  in  the  sinusoidal  case  you  could  use 
the  steady-state  analysis,  then  for  essenti¬ 
ally  the  same  degree  of  slowness  in  the 
random  case  you  can  get  useful  results  from 
power  spectral  density. 

Mr.  Nute  (Convair  Astronautics):  I 
would  like  to  suggest  an  alternate  answer  to 
the  last  question,  regarding  the  usefubiess 
of  a  three-dimensional  power  spectrum  plot. 
This  relates  to  some  work  we  have  been 
doing  quite  recently.  So  far,  we've  had  no 
success,  but  it  seems  as  If  it  should  be 
promising.  Namely,  to  use  this  three- 
dimensional  plot  to  discover  cases  where 
you  have  modulated  sinusoids.  When  devel¬ 
oped  adequately,  Uils  could  turn  out  to  be  a 
very  powerful  diagnostic  tool  for  describing, 
let  us  say,  the  origin  of  certain  types  of 
vlbratlon-partlcularly  where  you  get  two 
coupled  modes  of  vibration  whose  frequen¬ 
cies  are  slightly  separated,  you  will  get  a 
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certain  frequency  modulation  of  the  spec¬ 
trum.  I  might  say  In  this  connection  tiiat  1 
have  heard  of  work  done  by  a  different  firm 
(and  I  do  not  feel  free  to  divulge  too  many 
details),  where  they  took  a  stochastic  pro¬ 
cess  and  they  analyzed  It.  They  look  a 
power  spectral  density  at  one  moment; 
took  another  density  from  a  different  inter¬ 
val  of  time  which  overlapped  the  first  Inter¬ 
val  by  about  98  percent;  and  took  a  third 
spectrum  which  overlapped  the  last  one  by 
98  percent.  Thus  they  got  a  sequence  of 
about  50  polnts-50  spectra.  Each  of  these 
spectra  had  about  four  peaks.  The  four  peaks 
occurred  at  the  same  frequencies  but  had 
different  ampllUides.  So  they  selected  one 
of  U.cse  peaks,  let  us  say  at  300  cycles, 
and  then  they  took  a  hei^t  of  the  300 -cycle 
peak  in  each  of  tliese  50  spectra  which 
gave  tliem  50  points;  they  subjected  this  to 
another  spectral  analysis  and  they  found 
that  this  was  amplitude  modulating  at  a  very 
clear  cut  frequency.  A  physical  signifi¬ 
cance  was  attached  to  this  frequency  which 
brings  me  to  the  question  tliat  I’m  very 
anxious  to  see  answered:  When  you  are 
preparing  a  tliree-dlmensional  plot,  you 
have  a  certain  trade-off  between  tlie  banC- 
wldth  and  the  frequency  resolution  of  a 
single  filter,  or  the  rtsolutlcm,  or  the 
amount  of  time  that  you  allow  to  elapse  from 
one  sample  interval  to  the  other.  As  1  say, 
in  the  case  1  just  described,  the  amount  of 
time  elapsbig  between  one  sample  Interval 
and  the  other  was,  you  might  say,  less  than 
zero -they  had  them  overlap.  But  if  you 
choose  a  spectral  density  with  a  very-high- 
frequency  resolution  you  have  to  take  a  long 
sample  Interval  and,  then,  the  next  sample 
interval  has  to  start  a  lot  later.  Have  you 
seen  any  work  done  in  answer  to  this  ques¬ 
tion  of  how  to  get  the  most  out  of  the 
three-dimensional  spectrum? 

Mr.  Kelly:  Offhand,  I  can’t  say  I’ve 
seen  any  v/ork  on  that.  I’d  like  to  comment 
on  this  process  a  little  bit.  If  you  recall 
Fig.  3  on  the  commutated  integrators,  you 
will  remember  that  during  any  integration 
time  we  read  out  four  values  of  spectral 
density.  So,  we  obviously  have  these  values 
overlapping  during  Uiat  time  and  this  con¬ 
tinues  for  the  entire  record.  I  don't  know 
if  this  is  any  help  or  not. 

Mr.  Galet:  I’d  like  to  go  back  to  your 
answer  that  you  would  use  the  three- 
dimensional  spectral  plot  to  get  a 


specification  and  to  Dr.  Morrow's  comment 
that  if  the  spectral  density  is  changing 
slowly,  it  is  extremely  useful.  I  agree  com¬ 
pletely  v,..ii  Dr.  Morrow;  however,  for  the 
situation  which  you  have  showed  which 
includes  the  shock  of  Ignition  and  the  very 
rapidly  changing  spectral  density  during 
first  blast,  I  would  hate  to  have  to  design 
something  for  a  spectral  density  which  was 
derived  from  the  ignition  shock.  This  would 
be  an  extremely  difficult  thlng-nor  would  it 
be  an  appropriate  thing.  This  Is  definitely  a 
shock  and  should  be  treated  as  a  shock. 


Mr.  Kelly:  I  agree  with  you  whole- 
heartedly.  As  a  matter  of  fact,  we  don’t 
use  that  bit  of  data.  I  mean,  you  have  to 
use  some  Judgment  when  you’re  analyzing 
this  data;  and,  certainly,  if  it  is  a  shock, 

I  don’t  think  we  should  call  it  vibration. 

Mr.  Bendat  (Ramo-Wooldrldge):  !  want 
to  compliment  the  speaker  for  the  material 
presented  in  his  paper,  I  feel  it  represents 
a  mest  significant  contribution;  and  the  fact 
that  there  has  been  this  discussion,  I  think, 
bears  that  out.  As  was  pointed  out  in  an 
earlier  paper,  when  a  process  is  ergoiUc, 
a  single  representative  record  analyzed 
timewise  can  give  you  a  great  deal  of  infor¬ 
mation  about  the  entire  ensemble  of  which 
it  is  a  part.  When  the  process  is  stationary, 
this  is  no  longer  necessarily  true;  and  when 
the  process  is  nonstationary,  it’s  definitely 
not  true.  So  that,  for  nonstationary  phe¬ 
nomena;  one  record  is  never  representa¬ 
tive 'of  anything,  except  that  one  record. 
Therefore,  it  is  essential  in  analyzing 
nonstationary  phenomena  to  always  obtain 
as  many  samples  as  possible  and  do  con¬ 
ventional  statistical  averaging  over  the 
results.  This  was  not  brought  out  in  the 
paper,  but  I’m  sure  that  the  speaker  Is 
aware  of  this  point.  Secondly,  the  last  part 
of  the  paper  presented  some  work  with 
amplitude  probability  distribution  analysis. 
This  is  another  aspect  of  the  problem  that 
has  to  go  hand-in-hand  with  power  spectral 
analysis.  He  mentioned  the  fact  that  they 
compute  the  t  inoint  of  time  that  the  record 
will  stay  above  various  levels.  1  would  like 
to  ask  whether  or  not  they  may  have  it  .sl- 
dered  ways  of  extending  this  to  also  consider 
tlie  expected  number  of  times  per  unit  of 
time  that  you  cross  various  levels-the  so- 
called  threshold-crossing  problem  which 
has  application  to  fatigue  studies? 
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Mr.  Kelly:  Yes,  frankly,  we  did  con¬ 
sider  It  but  unfortunately  the  circuitry 
doesn’t  lend  itself  to  modification  very  readily. 

Dr.  Curtis  (Hughes  Aircraft  Co.):  1 
would  like  to  point  out  to  Mr.  Galef  that  one 
of  the  whole  purposes  of  this  computer  was 
to  be  able  to  separate  the  shock  from  the 
following  vibration,  so  that  we  didn’t  com¬ 
mit  the  sin  of  which  he  is  accusing  us. 
Secondly,  I  would  like  to  comment  that  this 
business  of  confidence  interval  and  the 
probability  distribution  anaiysis  are  very 
intimately  tied  together,  since  it  makes  no 
sense  to  base  your  confidence  interval  on 
having  a  gaussian,  or  normal  distribution, 
etc.,  until  after  you’ve  found  out  that  you  do 


have  such  a  distribution.  Therefore,  this  is 
another  reason  why  you  have  to  find  out 
whether  these  peaks  in  the  spectra  really 
represent  narrow  band  random  vibration, 
or  quasisinusoids,  or  some  mixture  of  the 
two.  Otherwise,  you  don’t  know  what  varia¬ 
tion  to  expect.  In  case  somebody  is  wonder¬ 
ing  why  didn’t  we  show  confidence  intervals 
about  this  data  in  tills  present  paper -first,  I 
don’t  know  how  to  do  it  for  a  nonstationary 
process;  and  second,  we’re  trying  to  say 
what  went  on  during  this  one  burning  of  a 
rocket  engine  for  which  we  had  a  record 
of  the  complete  duration.  Usually,  we’re 
in  the  position  of  taking  a  small  sample 
of  a  long  duration,  then  confidence  Intervals 
come  into  play. 
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k  SPECTRAL  ANALYZER  FOR  SHOCK  ENVIRONMENT 


Ward  P.  Barnes 
Boeing  Airplane  Company 
Seattle,  Washington 


Recent  military  specifications  require  that  a  shock  environment  be 
described  in  terms  of  a  shock-response  spectrum  rather  than  the  tradi¬ 
tional  terms  of  intensity,  duration,  and  waveform.  This  paper  describes 
a  new  method  of  determining  the  response  to  a  shock  pulse,  the  analysis 
equipment,  and  the  results  of  analyses  of  both  test  shocks  and  actual 
shock  environments. 


INTRODUCTION 

Recent  Research  and  Development  Pro¬ 
grams  in  the  Aero-Space  industry  have 
emphasized  the  design  and  development  of 
electronic  packages.  The  reliability  require¬ 
ments  of  these  packages  have  in  turn  attached 
greater  Importance  to  dynamic  testing  in 
general,  and  to  shock  testing  in  particular. 

The  definition  of  shock  environment  through 
the  use  of  shock-response  spectra  i.s  an 
example  of  one  method  developed  to  refine 
shock -testing  techniques. 

The  use  of  shock  spectra,  however,  has 
necessitated  the  development  of  valid  methocis 
for  determining  the  response  of  dynamic 
systems  to  shock. 

The  purpose  of  this  paper  is  to  describe 
a  response  analysis  method  employed  at 
Boeing,  to  describe  the  analyzer  In  detail, 
aid  to  present  the  results  of  some  of  the 
analyses. 

BACKGROUND 

Shock-test  .specifications  have  assumed 
a  variety  of  forms.  In  general,  however, 
they  can  be  grouped  into  three  categories: 

1.  TestCondltlons  Specified.  A  partic¬ 
ular  test  setup,  or  shock-test  machine,  is 
specified.  The  test  environment,  though  not 
defined,  can  be  repeated  for  each  test  with 
a  fair  decree  of  accuracy.  Shock-test  machines 
of  tne  Naval  Ordnance  Laboratories  are  typi¬ 
cal  of  this  type  of  specification. 


2.  Shock  Pulse  Specified.  The  actual 
shock  pulse  Is  described  in  terms  of  maxi¬ 
mum  acceleration,  duration,  rise  time,  fall 
time,  and/or  wave  shape.  This  type  of 
specification  is  represented  by  any  one  of  a 
number  of  current  MIL  specs. 

3.  Shock  Spectrum  Specified.  Here  the 
response  to  the  shock  pulse  is  specified  in 
terms  of  the  maximum  acceleration  experi¬ 
enced  bv  simple  spring-mass  systems. 

Recent  specifications  from  STL  have  included 
test  requirements  of  this  type. 

The  test  conditions  (drop  height,  Impact 
medium,  pneumatic  pressure,  etc.)  can  be 
readily  determined  for  tests  in  the  first 
category.  The  second  type  of  specification 
required  only  that  the  shock  pulse  be  moni¬ 
tored  with  an  accelerometer  and  displayed. 
The  shock-spectra  method,  however,  requires 
that  an  analysis  be  performed  to  determine 
the  response  to  the  shock  pulse.  This 
requirement  prompted  the  development  of 
the  shock-response  analyzer  described  in 
this  paper. 


SHOCK  SPECTRUM  DEFINED 

Undoubtedly  there  are  engineers  in 
environmental  testing,  and  even  in  the  partic¬ 
ular  field  of  shock  testing,  that  have  not  yet 
encountered  shock-response  spectra.  For 
this  reason,  it  would  be  advantageous  to 
spend  a  few  moments  on  a  brief  description 
of  this  type  of  specification. 
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A  shock  spectrum  has  been  defined  as 
follows:  “A  shock  spectrum  is  the  envelope 
formed  by  the  maximum  acceleration  response 
of  an  infinite  number  of  simple,  undamped, 
single  degree  of  freedom,  spring -mass  sys¬ 
tems  when  simultaneously  subjected  to  a 
given  shock  environment.”  In  simple  lan¬ 
guage,  just  what  does  this  mean? 

Figure  1  shows  the  steps  involved  in 
developing  a  shock  spectrum.  Figure  1(a) 
shows  a  plate  upon  which  are  mounted  three 
simple,  undamped  .spring-mass  systems  with 
varying  natural  frequencies.  Assuming  the 
acceleration  of  the  masses  may  be  deter¬ 
mined  with  an  accelerometer,  their  response 
to  the  applied  half-sine  pulse  would  be  as 
shown  in  Fig.  1(b),  (c),  and  (d).  The  maxi¬ 
mum  positive-acceleration  response  of  each 
of  the  systems  («,,  ,  anda  )  is  shown  in 

Fig.  1(e),  plotted  against  natural  frequency. 

If  this  procedure  were  to  be  repeated  with 
an  infinite  number  of  spring -mass  systems, 
the  maximum  positive  response  would  form 
the  envelope  indicated  by  the  upper  dotted 


line.  This  is  generally  referred  to  as  the 
primary  shock -response  spectrum.  It 
should  be  noted  that  the  maximum  negative 
acceleration  response  of  each  of  the  systems 
would  also  form  an  envelope,  referred  to  as 
the  residual  shock-response  spectrum. 

Either  the  primary  or,  in  some  cases,  both 
spectra  are  used  to  define  a  shock-test 
specification. 

SHOCK-TEST  INSTRUMENTATION 

The  system  employed  at  Boeing  for 
instrumenting  shock  environment  is  shown 
in  the  block  diagram  in  Fig.  2. 

Normally,  the  shock  is  either  produced 
with  a  machine  in  the  laboratory  or  it  is  an 
actual,  measured-field  environment.  Measure¬ 
ment  of  the  acceleration  level  is  accomplished 
with  an  accelerometer  mounted  on  or  adjacent 
to  the  test  specimen.  For  part  of  the  work 
done  with  shock  spectra,  however,  the  sig¬ 
nal  has  been  synthesized  electrically  with  a 
shock  pulse  simulator. 


Fig.  1  -  Steps  involved  in  developing  a  shock  spectrum: 
(a),  plate  with  three  vibratory  systems;  (b),  (c),  and  <d', 
acceleration  response  of  the  systems  to  half-sine  shock 
pulse;  (e),  resulting  shock-response  spectrum 
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The  shock  pulse  Is  ineasured  by  intro- 
duf.ing  the  electronic  shock  signal  to  the  y 
axis  of  an  oscilloscope  and  photographing  the 
resulting  tr-ace  with  a  Polaroid  camera.  The 
response  spectra  is  measured  by  performing 
an  analysis  on  the  shock  pulse  with  the  shock- 
response  analyzer. 


*,  =  the  displacement  of  M, .  inches, 

Xj  =  the  displacement  of  Mj  ,  inches. 

The  system  of  differential  equations  which 
describe  the  relationship  between  Ml  andMj  is 
as  follows  if  friction  is  neglected: 


SHOCK  RESPONSE  ANAI.YZER 

The  basic  analyzer  (Figs.  3  and  4)  is 
comprised  of  a  series  of  simple  electronic 
circuits,  each  analogous  to  one  simple  spring- 
mass  system.  The  theory  behind  the  opera¬ 
tion  of  the  analyzer  can  be  illustrated  by 
analytically  comparing  an  Individual  electrical 
circuit  to  the  equivalent  mechanical  system 


•’  *1 

M,  -  ^  kfxj  -  Xj)  =  0. 


ll^Xj 


-  k(X|  -  xj)  -  F(  t )  , 


(1) 

(2) 


Eqs.  (1)  and  (2)  may  be  put  into  a  dimen¬ 
sionless  form  by  using  the  following  substitutions. 


r 


I 


i  ‘ 


^MOC*  MATMIW 


SHOCK  PULSE 
SIMULATOR 


1 


OSCtLLOtCOrt  I 
POLGiURO  CAMUA 


SHOCK 

aiSfONVi 

AP4ALY2lt 


_ I 


Fig.  2  -  ShocK'teBt  instrumentation 


The  Mechanical  System 


Let 


*1  ■ 


Figure  5(a)  shows  the  symbolic  mecha 
nlcal  system  where. 


then 

dt 


dX, 

"d? 


‘  dt  dT  ' 


dX, 


Mj  =  mass  of  the  equipment  being  tested, 

Mj  =  mass  of  the  test  equipment  table, 

k  =  spring  constant  of  the  linkage 

between  Mj  and  Mj  ,  pounds  per  inch, 

F(t)  =  the  input  shock  pulse,  Inches  per 
second  per  second, 


dT* 


let 


X  2  “ 
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l-ig.  J  -  'Ihc  shock-rcsponsi'  analyzer 


fig.  4  -  Electrical  componenta  of  the  ahock-rosponse  analyzer 
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then 


dxj 

Tu"  "  'it 


dl 

ch 


r  aul 


clXj 

n  IPT 


If  we  neglect  the  resistance,  then  the 
system  of  differential  equations  which  describe 
the  electrical  system  are  as  follows; 


.  1.- 

d^Xj  /, 

ITN  2  th 

dt2  dT  V 

H 

-c 

c 

1 

Let 

then 

.IT 

.T7 

Define 


fL 

V'**> 

n  =  Constant  . 


d’ui  (qi  -  q^)  _ 


=  O' 


dt  = 


(7) 


(qi  -  qj) 


=  e(t) 


(8) 


Eqs.  (7)  and  (8)  can  be  put  into  dimension¬ 
less  form  by  making  the  substitutions  below: 

Let 

qj  =“01. 

then 


From  Eq.  (1)  and  the  above  substitutions, 
we  have 


M, 


d’X, 

- L  +  kn  (X,  -  X^)  =  0. 

dT^ 


(3) 


From  Eq.  (2), 

,  d^X,  ^  T  iA\ 


Eqs.  (3)  and  (4)  become, 


d^X. 

- i  +  (X,  -  Xj)  =  0 

dT^ 


d’Xj 

dT^ 


-X,) 


“■''fe) 


M,  '  ‘ 


(5) 

(6) 


The  Analogous  Electrical  System 

The  electrical  circuit  which  is  equiva¬ 
lent  to  the  mechanical  system  shown  in  Fig. 
5(a)  is  given  in  Fig.  5(b)  where, 

Lj  =  inductance,  henries 
c  =  capacitance,  farads 
L,  =  Inductance,  henries 
e(  t )  =  input  pulse  in  volts. 


dqj  d(a0|) 

"dt  dip  dt  '  d.* 


Let 

qj  =  aOj, 


then 

dqj  <l(vO2)d0.  ^ 

^  =  -dr'3t ‘  ' 

and 


dt2 

d4>  dt 

Let 

II 

«> 

3 

then 

d4>  _ 

dt  ■ 

Define 

1 

a  =  Constant. 
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Fig.  5  -  Analogous  vibratory  systems: 
(a),  mechanical  and  (b),  electrical 


Eqs.  (7)  and  (8)  become, 

d^Q, 

L.aw^ -  +  —  (0i  ■  O2)  ■ 

'  '  d<^2  C 

(9) 

h-l 

(10) 

Also, 

_.(Q.-Q,)=0. 

(11) 

L. 

(12) 

By  comparing  the  mechanical  and  electri¬ 
cal  systems  of  differential  equations,  we  find 
the  following  relations; 

l , 

Lj  nij 

(13) 

X,  =Q, 

(14) 

Xj=Qj 

(15) 

J  T  _  "n 

"n 

(16) 

-  1 

^=LiC02orC~  1- 

(16a) 

The  Analyzer  Circuit 

Fic:ure  6  shows  the  circuit  diagram  of  the 
shock-response  analyzer.  Tiie  complete  cir¬ 
cuit  is  essentially  an  extension  of  the  electrical 
analogy  (Fig.  5),  and  it  comprises  20  tuned 
L-C  circuits,  each  using  the  same  inductances. 
It  should  be  noted  that  L,  has  20  times  the 
inductance  of  Lj.  The  resistance  circuit,  with 
its  switch  coupled  to  the  L-C  circuit  switch, 
functions  as  a  voltage  divider  for  locating  the 
position  of  the  response  signal  on  the  hori¬ 
zontal  axis  of  an  oscilloscope. 


Tape  Speed  Up 

The  response  of  circuits  with  natural  fre¬ 
quencies  as  low  as  10  cps  was  desired.  It  is 
extremely  difficult,  to  devise  a  practical 
electrical  circuit  with  a  resonant  frequency 
much  less  than  100  cps.  This  problem  was 
solved  by  recording  the  shock  on  a  tape  loop 
and  playing  the  loop  back  at  eight  times  the 
recording  speed.  In  this  manner,  it  was 
possible  to  use  circuits  with  resonant  fre¬ 
quencies  from  12.5  to  100  cps. 


Damping 

In  the  electrical  circuit,  as  in  any  real 
mechanical  spring-mass  system,  there  is  a 
certain  amount  of  resistance  or  damping. 
The  mechanical  system  called  out  in  the  test 
specification  is  theoretical,  however,  with 


143 


no  damping.  For  accurate  test  results.  It  is 
therefore  desirable  to  keep  the  resistance  In 
the  electrical  circuit  as  low  as  pudslble.  A 
problem  faced  in  the  use  of  an  L-C  circuit, 

Is  that  the  coUs  necessary  to  produce  Induct¬ 
ance  also  create  resistance.  This  resistance 
Is  not  of  sufficient  magnitude;  however,  to 
have  a  significant  effect  on  the  response  of 
the  system  to  transient  signals  of  short 
duration.  Maximum  magnification  at 
resonance  of  the  20  circuits  Is  shown  in  the 
envelope  (Fig.  7).  Response  curves  for  the 
100-,  300-,  and  SOO-cps  analyzer  circuits 
(actually  800,  2400,  and  400  cps)  are  shown 
in  detail.  The  result  of  the  circuit  resist¬ 
ance  is  shown  latei*  in  the  actual  test  results . 

It  should  be  noted  that  the  maximum 
response  envelope  is  r.ot  flat  throughout  the 
frequency  range .  The  drop  In  magnification 
at  lower  frequencies  Is  due  to  the  larger 
parallel  capacitances  required.  The 


proportionally  greater  effect  of  series  capac¬ 
itance  in  the  inductive  circuit  is  responsible 
lor  the  slight  drop  at  natural  frequencies 
above  3000  cps. 

Operation 

An  analysis  of  a  typical  shock  pulse  would 
be  the  best  way  to  demonstrate  the  operation 
of  the  analyzer.  The  response  to  a  half -sine 
shock  will  be  used  as  an  example.  This 
shock  pulse  Is  selected  as  it  has  been  the 
basis  for  a  large  percentage  of  shock-test 
specifications,  and  because  it  Is  by  far  the 
easiest  shape  to  produce,  requiring  only  an 
elastic  impact  between  two  masses.  Figure 
8  shows  the  shock  pulse,  its  spectrum,  and  the 
response  of  each  of  the  20  tuned  circuits 
to  the  shock.  The  response  spectrum  is  the 
result  of  placing  each  of  the  response  signals 
in  its  respective  position  according  to  fre¬ 
quency,  with  the  time  base  extending  into  the  Z 
axis,  or  perpendicular  to  the  plane  of  the  picture . 
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Fig.  7  -  Magnilication  curves  for  the  individual  circuits. 
^Note:  Magnification  =  ^  ) 


Looking  now  at  the  response  of  the  indi¬ 
vidual  circuits,  the  lower  freiuencies  - 
because  of  a  large  mass  and/or  low  spring 
rate  -  have  only  started  to  accelerate  before 
the  transient  forcing  function  is  passed.  As 
a  result,  systems  wltli  natural  frequencies  in 
this  range  will  not  experience  an  acceleration 
as  high  as  the  level  of  the  shock.  Even  low 
acceleration,  however,  can  result  in  high 
relative  amplitude  at  low  frequencies. 

Systems  with  natural  frequencies  in 
the  middle  range  experience  what  might  be 
called  "psuedo-rcsonance.*  Response  acceler¬ 
ations  are  considerably  higher  than  the 
maximum  acceleration  of  the  shock  pulse  and 
continue  at  this  level  until  diminished  by  the 
damping  in  the  system.  This  effect  can  be 
seen  willi  varying  degree  in  frequencies 
through  200  cps. 

The  response  of  each  of  the  higl  er  natural 
frequencies  can  be  generally  described  as 
a  modulated  si.ock  pulse.  Variation  from  tlie 
shock  input  acceleration  becomes  less  as 


the  natural  frequency  of  the  system  increases. 
The  rcspofi.’e  would  be  undlstlngulshable 
from  the  input  signal  if  the  frequency  were 
sufficiently  high. 


TEST  RESULTS 

Spectral  analyses  have  been  performed 
on  both  laboratory -produced  shocks  and  on 
actual  field  data.  Several  examples  of  this 
work  follow. 


Sawtooth  Pulse 

Figure  9(a)  shows  the  response  of  the 
system  to  a  sawtooth  pulse.  TTiis  type  of 
pulse  has  formed  the  basis  for  the  great 
majority  of  recent  “shock -spectrum”  test 
specifications.  The  reason  is  r-pparent  when 
it  is  noted  that  the  response  accelerations  in 
both  positive  and  negative  directions  are  of 
high  magnitude,  even  at  higher  frequencies. 
It  has  been  proven  mathematically  that  the 
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Fig.  8  -  Response  of  the  20  resonant  circuits  in  the  analyzer  to  a  hidf-sine  pulse 


146 


200  cpj  300  cp»  ^00  cps 

'  \WTOOTH  '.HOCK  PULSE 
f  o  . 


SHOCK  PU13( 


RE  .PONSE  SPECTRURA 


200  spi  300  'P' 

REVERSE  SAWTOOTH  .HOCK  PULSE 

(b) 


VeHleol 

•  Rsjporae  ip«c»rutii  O.R  Voll»  /  Div. 

Shock  pulM  ond  r««pon»«  0.4  Volti/DIv. 


Horiiontol 
100  cpi  '  Oly. 

4  Mlllls«c.  .  Div. 


Fie  9  -  Response  of  the  analyzer  to  sudden  acceleration:  (a),  the  response 
to  a  sawtooth  shock  and  (b),  the  response  to  a  reverse  sawtooth 


negative  response  is  equal  to  at  least  the 
maxlniutn  input  acceleration  to  infinitely  high 
frequencies,  provided  the  input  pulse  drops 
from  maximum  to  zero  acceleration  in  zero 
time.  This  fact  is  shown  to  some  extent  in 
the  responses  to  the  sawtooth  pulse  at  various 
frequencies  (Fig.  9).  Unfortunately,  it  was 
impossible  to  produce  a  “fall -time*  of  short 
enough  duration  with  available  equipment. 

Reverse  Sawtooth 

An  interesting  comparison  can  be  made 
between  the  response  to  the  “sawtooth*  shock 
pulse  previously  shown  and  the  response  to 
the  “reverse-sawtooth*  pulse  shown  in  Fig. 

9  (b) .  It  might  be  assumed  that  simply  re  .  ers- 
Ing  the  shock  pattern  would  have  little  effect  on 
the  spectrum.  This,  however,  Is  not  the  case, 
as  can  be  seen.  The  primary  difference  occurs 
at  the  higher  frequencies  where  the  short  “rise- 
time*  induces  a  response  approximately  twice 
the  maximum  acceleration  of  the  shock  pulse. 
Again,  as  before,  an  infinitely  short  rise- 
time  result  In  a  flat  response  spectrum  to 
infinite  frequency. 

Sine -Wave  Response 

The  response  to  a  half -sine  pulse  has 
previously  been  demonstrated.  This  shock 


pulse,  its  spectrum,  and  the  response  at  75 
cps  are  repeated  in  Fig.  10(a).  The  results 
of  continuing  the  shock  pulse  beyond  this 
half-sine  are  shown  in  Fig.  10(b)  through  10 
(e).  As  expected,  the  ‘pseudo-resonance*  at 
75  cps  to  the  half-sine  pulse  approaches  a 
true  resonant  condition  as  the  sine  wave  is 
continued.  The  maximum  response  acceler¬ 
ation  of  the  resonant  system  can  be  several 
times  the  maximum  acceleration  of  the  shock 
pulse  under  these  conditions. 

The  significance  of  this  effect  is  demon¬ 
strated  in  Fig.  11.  The  shock  traces  in  Fig. 
11(a)  and(b)  represent  the  shocks  experienced 
by  large  and  small  electronic  packages, 
respectively,  in  pivot  drop  tests.  Both  shocks, 
while  essentially  half-sine  in  concept,  are 
modulated  by  several  continuous  sine-wave 
pulses.  The  result  of  these  small  sine-waves 
can  be  seen  in  the  response  spectrums,  where 
theoretical  response  accelerations  at  certain 
frequencies  are  shown  to  be  at  least  5  to  10 
times  the  maximum  acceleration  of  the  shock 
pulse. 

A  similar  response  is  obtained  in  the 
laboratory  with  shock  machines  having  table 
resonances  less  than  the  maximum  frequency 
of  the  required  shock  spectrum. 
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Fig.  11  -  The  response  of  the  ana¬ 
lyzer  to  shocks  resulting  from  field 
environment:  (a),  a  pivot  drop  of  a 
solid,  simple  structure  and  (b),  the 
pivot  drop  of  a  complex  structure 
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DISCUSSION 

It  is  not  intended  in  this  paper  to  pre¬ 
sent  a’"g'aments  on  the  merits  or  disadvan¬ 
tages  nf  the  spectral  method  of  shock 
measurement.  A  brief  discussion  of  one 
important  consideration  is  in  order,  however. 

Figure  12  (a)  shows  a  spectrum  from  a  typi¬ 
cal  shock-test  specification,  '-equlring  a  level 
acceleration  response  from  100  to  700  cps  both 
in  the  positive  (primary)  and  negative  (residual) 
spectrum.  This  response  must  be  obtained  in 
three  mutually  perpendicular  axes.  From  the 
high-frequency  response  to  the  sawtooth  shock 
(Fig.  12(b)),  it  is  apparent  that  this  type  of 
pulse  produces  positive  and  negative  response 
spectra  within  the  required  tolerances.  As 
a  result,  testing  is  required  only  in  one  direc¬ 
tion  of  each  axis  of  the  test  specimen. 

There  is  a  second  approved  method, 
however,  for  meeting  the  shock-test  speci- 
tications.  The  specimen  may  be  tested  in 
each  direction  of  each  of  three  mutually- 
perpendicular  axes.  In  this  case  only  the 


primary  spectrum  must  fall  within  the  speci¬ 
fied  tolerances.  Any  one  of  a  variety  of 
pulse  shapes  are  than  able  to  produce  the 
desired  response. 

A  comparison  of  these  alternate  methods,  how 
ever,  discloses  a  great  difference  in  damaging 
potential.  The  two  opposite  half -sine  shocks 
(Fig.  12(c))  are  typical  of  the  type  of  shock 
pulse  used  when  only  one-half  of  the  spectrum 
requirement  need  be  met  at  one  time.  Com¬ 
paring  the  response  to  these  “half-sine” 
shocks  with  the  response  to  the  “sawtooth” 
pulse  reveals  a  considerable  difference  in 
damaging  potential  at  this  frequency.  The 
sawtooth  shock  produces  a  continuous  high- 
level  vibratory  response,  diminished  only 
by  the  damping  in  the  resonant  system.  The 
use  of  opposed  half-sine  shock  pulses  pro¬ 
duces  only  a  single  transient  half-sine 
response  of  this  magnitude  in  each  direction. 

There  is,  then,  an  apparent  limitation 
to  the  spectral  type  of  shock  specification. 
Even  though  the  peak  acceleraUon  each 
resonant  system  experiences  is  specified. 


Fig.  12  -  Two  method*  of  meeting 
a  spectral  shock -test  specification 
((a),  the  specification  envelope;  (b), 
a  single  sawtooth  shock  response; 
and  (c),  opposed  half-sine  shock 
responses) 


(b) 


(() 
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no  consideration  is  given  to  the  number  of 
times  this  acceleration  is  reached.  This 
becomes  of  even  greater  significance  when 
niultidegree-of-freedom  systems  are  sub¬ 
jected  to  the  sliock,  wliere  the  vibrating  mass 
of  the  response  system  becomes  a  forcing 
function  for  a  smaller  component. 


CONCLUSION 

It  is  apparent  that  the  problems  associ¬ 
ated  with  testing  to  shock -spectrum  specifi¬ 
cations  are  not  derived  from  a  failure  in 
basic  theory,  but  due  to  unfamiliarity  with 
the  concept.  The  discrepancy  listed  pre¬ 
viously  is  a  result  of  this.  Engineers, 


particularly  at  the  test  level,  still  think  in 
terms  of  the  shock  rather  than  the  response. 

This  unfamiliarity  results  from  there 
being  no  simple  means  to  demonstrate  the 
acceleration  response  to  a  shock  pulse. 

Many  shock -testing  laboratories  have  no 
equipment  for  spectral  analysis.  The 
analyzer,  described  in  this  paper  and  pres¬ 
ently  in  use  at  Boeing,  is  a  simple  low- 
cost  solution  to  the  problem.  It  represents 
no  new  engineering  concepts,  but  only  a  new 
application  of  well -proven  principles.  This 
analyzer  has  made  it  possible  for  Boeing 
engineers  to  study  the  response  spectrums 
resulting  from  a  multitude  of  shock  environ¬ 
ments.  It  is  likely  that  (iqulpment  developed 
on  the  same  principles  can  be  as  useful  elsewhere. 


DISCUSSION 


Mr.  Foikois  (U.  S.  Naval  Research 
Laboratory);  I  was  particularly  pleased  to 
see  that  you  showed  a  positive  .sawtooth  and 
a  negative  sawtooth  and  Indicated  that  the 
spectra  results  were  different.  Last  night 
when  we  discussed  this  problem,  there  was 
a  general  feeling  on  the  part  of  some  people 
that  (for  a  given  spectrum)  there  would  be 
possibly  very  many  shock  motions  which 
give  you  this  spectrum.  I’m  of  the  opinion 
that  any  shock  spectrum  is  a  discrete  func¬ 
tion  of  a  particular  siiock  motion.  Would 
you  care  to  comment  on  this? 

Mr.  Barnes:  Yes,  I’d  like  to  mention 
one  thing.  I  think  a  lot  of  people  feel  that 
this  particular  sawtooth  pulse  is  an  answer, 
and  I  think  it  is  if  we  could  produce  It.  It 
is  getting  a  very  rapid  fall  time  that  gives 
you  this  residual  spectrum  of  high  magni¬ 
tude  and  high  frequency.  I  agree  with  the 
fact  that  each  of  a  variety  of  shocks  would 
probably  have  a  different  spectrum.  This  is 
particularly  true  if  your  spectrum  is  modu¬ 
lated  by  a  sine  wave  as  you  would  have  with 
a  resonant  shock  table,  etc.  But  there  is,  I 
would  say,  a  correlation.  These  all  can  meet 
certain  specifications.  I  can  show  you  a  very 
large  number  of  shock  pulses  that  would  all  be 
close  enough  so  that  they  wiuld  probably  fall 
in  the  same  envelope  as  that  required  by  the 
test  specifications.  I  think  this  is  one  of 
the  advantages  of  the  shock-spectra  method. 

It  allows  you  to  use  a  number  of  different 
shocks  and  still  meet  your  specifications. 


Dr.  Belslv;im  (U.  S.  Naval  Research 
Laboratory):  I  would  like  to  clarify  the 
positive,  negative,  and  residual  shock  spec¬ 
trum.  There  are  really  three  kinds  of  shock 
spectra'  the  positive,  which  repreaents  the 
maxima  r  positive  peak;  the  nagative,  the 
maximum  negative  peak;  and  the  residual, 
which  is  of  course  the  peak  after  the  tran- 
sienthaspassed.  The  residual  may  be  equal 
to  the  negative  shock  spectrum,  if  the  dura¬ 
tion  of  the  shock  is  short  compared  to  the 
frequency  of  the  responding  system.  I  think 
this  is  something  worth  pointing  out.  I  think 
also  it  is  worth  noting  that  one  can  code  for 
shock-spectrum  production  from  a  digital 
computer  by  sending  in  the  input,  coding  the 
computer  for  the  response  of  a  system,  and 
obtaining  from  the  computer  all  of  the  posi¬ 
tive,  negative,  and  residual  shock  spectrum  - 
also  the  Fourier  shock  spectrum.  This  is  a 
very  general  method,  perhaps  a  little  more 
sophisticated,  but  I  also  would  want  to  remark 
that  your  analyzer  is  a  very  useful  tool  for 
the  laboratory.  This  is  a  nondamped  system, 

I  believe.  Could  you  add  damping  to  your 
system? 

Mr.  Barnes:  Yes,  I’d  like  to  comment  on 
these  one  at  a  time.  Your  point  is  extremely 
well  taken.  For  continuous  shocks,  of  course, 
we  can’t  consider  a  residual  until  the  shock 
pulse  has  passed.  For  a  simple  one-direr.tlonal 
shock,  such  as  I’ve  shown,  of  course  the 
residual  is  that  part  that  goes  below  the 
line  -  Just  because  it  happens  to  be  that  way. 
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I  think  I  might  have  been  confusing  on  that 
point.  I’d  also  like  to  reiterate  what  we  have 
said.  There  are  several  methods  of  deter- 
mlnlngshockspectra.  We’ve  tried  analyzers. 
We’ve  tried  actually  mounting  accelerometers 
directly  on  some  reeds  and  trying  to  plot 
these.  The  problem,  of  course,  in  all  of 
these  are  time  and  cost.  Now  your  third  point 
regarding  damping.  We  have  damping  in  our 
system.  It's  an  uncontrolled  amount  and  il’s 
fairly  low.  It  would  be  very  easy,  and  we  have 
considered  this,  to  add  damping  to  the  system 
so  that  we  can  get  a  more  controlled  amount. 
We  would  also,  of  course,  like  to  get  a  system 
with  no  damping.  Tm  afraid  it  would  be  impos¬ 
sible  with  the  type  of  system  that  we  have. 

Dr.  Belsheim.  I  think  this  is  possibly 
one  advantage  of  the  computer  coding  -  that 
there  you  can  set  your  degree  of  damping 
very  readily.  We  have  a  coding  at  our  com¬ 
puter  for  obtaining  the  response  of  100  dif¬ 
ferent  frequency  systems.  We  can  choose 
the  frequency  and  the  damping  and  obtain 
various  spectra.  So,  this  perhaps  is  an 
advantage  of  a  more  sophisticated  system. 

Mr.  Darnes:  This  is  definitely  an 
advantage.  Of  course,  you  can  actually  code 
these  things  to  get  a  negative  damping  If  you 
so  desire.  You  can  fool  around  with  this 
sort  of  thing,  if  you  want  and  this  definitely 
affords  a  great  deal  more  flexibility  than 
we  have  here. 

(NOTE'  At  this  point  some  of  the  discussion 
was  missed  while  changing  tapes.) 

Mr.  Hawkins  (Sperry  Gyroscope  Co): 
Pursuing  the  same  question  area,  practically 


to  use  any  spectra  to  exactly  define  the 
original  time  function,  it  must  be  carried  to 
an  infinite  number  of  frequencies;  and, 
practically,  we’re  always  limited  to  a  rather 
finite  range  of  frequencies,  so  that  we  cannot 
say  that  we’re  rigorously  defining  the 
original  function  in  the  way  in  which  we  use 
spectra. 

Mr,  Barnes:  Yes,  I  think  that  reiterates 
what  we’ve  mentioned. 

Dr.  Curtis  (Hughes  Aircraft  Co.):  I 
wonder  if  ’he  author  would  care  to  describe 
briefly  how  he  managed  to  get  all  the  read¬ 
out  of  all  the  frequencies  on  the  one  photograph, 
which  seems  to  me  a  very  convenient  method. 

Mr.  Barnes:  I  think  you’re  referring  to 
Fig.  8  showing  the  spectrum  -  the  shock  and 
the  20  responses.  Actually,  what  we  can  do 
as  you  may  have  gathered  from  this,  we  can 
analyze  each  individual  frequency  by  simply 
displaying  the  shock  pulse  across  the  x-axis 
of  the  oscilliscope.  'Wlien  we  make  a  spectrum, 
of  course,  we  run  the  time  function  into  the 
z-axis  and  all  you  see  then  Is  the  vertical 
response.  This  is  how  we  make  an  actual 
analysis.  But  if  we  do  care  to  look  at  the 
resiK>nse  and  see  what  is  liappening,  we  can 
change  the  oscilloscope  onto  sweep,  and 
then  simply  run  this  same  frequency  back. 

I  mentioned  we  could  put  these  things  on  a  tape, 
loop;  of  course  that  is  necessary  to  store  a 
transient  function  such  as  this.  This  tape 
loop  is  around  10  feet  long  and  we  play  it 
back  at  30  in.  per  sec,  so  that  every  4  seconds, 
approximately,  we  get  another  picture  of  the 
shock  pulse.  You  can  continue  to  display  this 
shock  or  any  response  of  any  circuit  at 
your  leisure. 


«  *  * 
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Generally,  the  designer  needs  to  be  aware  of  the  probability  that  a 
specifi  sd  level  of  vibration  intensity  is  not  exceeded  during  a  given 
test.  This  report  discusses  two  methods  of  determining  this  probabil¬ 
ity.  In  addition  to  the  theoretical  studies,  an  analog  computer  sim'ola- 
tion  of  the  mechanical  s/stem  was  made. 


INTRODUCTION 

In  present  vibration  tests  on  many  missile  components,  a  program  of  combined  random - 
and  sinusoidal-vibration  testing  is  required.  Heretofore,  only  sinusoidal  vibration  has  been 
specified  in  such  tests  and  the  Inclusion  of  random  vibration  has  complicated  the  problem  of 
predicting  the  effect  nf  vibration  on  these  components.  Nevertheless,  analysis  methods  are 
required  in  order  to  predict  such  things  as  whether  a  given  component  would  fail  in  a  combined 
vibration  environment. 

The  type  of  failure  investigated,  and  which  is  the  topic  of  this  paper,  was  a  deflection  of 
some  physical  part  due  to  vibiation  exceeding  some  maximum  permissible  value.  For  instance, 
a  gas  spin  bearing  (Fig,  1)  has  a  certain  clearance  C  between  the  fixed  and  moving  parts.  If  the 
the  deflection  s  =  c,  the  bearing  “bottoms,"  and  there  is  metal-to-metal  contact.  Such  a  con¬ 
tact  can  cause  damage  to  the  bearing  and  may  be  considered  a  “failure."  It  was  possible  to 
define  a  ratio  p  =  l/c  where  p  is  the  ratio  of  rotor  deflection  to  the  total  clearance  c.  Accord¬ 
ing  to  this  definition,  the  bearing  has  “bottomed*  when  ^  =  1.  For  p<l  transfer  functions 
have  been  defined  for  p  per  g  acceleration  input,  where  p/%^  is  a  function  of  frequency.  * 


Fig,  1  -  Single-mass  and  two- 
mass  representations  of 
mounting  structure  and  bearing 
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The  Investigation  was  pursued  along  three  lines,  each  of  which  will  be  discussed  sepa¬ 
rately.  These  methods  are:  (a)  computation  of  expected  peak  bearing  deflection  levels;  (b) 
analog  computer  simulation  of  the  structure  and  bearing;  (c)  theoretical  computation  of  mean 
number  of  tottomings  per  second. 


LIST  OF  SYMBOLS 


Standard  deviation  and  rms  value  of  a  Gaussian  random  signal 
Deflection  of  the  rotating  part  of  a  gas  bearing  from  the  equilibrium  piiint 
with  respect  to  the  housing 

Clearance  between  the  housing  and  rotating  part  of  a  gas  bearing 
Flatio  of  bearing  deflection  S  to  clearance  C 
Acceleration  intensity  in  multip'es  of  earth’s  gravity 
Input  vibrational  acceleration,  usually  measured  in  g’s 
Output  vibrational  acceleration  at  the  bearing 
Sinusoidal  component  of  vibrational  acceleration 
Random  component  of  vibrational  acceleration 
Frequency  In  cycles  per  second  (cps) 

Damping  ratio 

Natural  or  resonant  frequencies  of  supporting  structure 

Duration  of  test  with  random  vibration  combined  with  a  single  sinusoidal 

frequency 

Lower  frequency  limit  of  random-vibration  input  spectrum 

Frequency  above  which  the  sinusoidal-  and  random -vibration  inputs 
Increase  to  their  upper  levels 

Cutoff  frequency  for  the  sinusoidal  and  random  Inputs 
Frequency  of  the  applied  sinusoidal  vibration  component 
A  given  level  of  p  at  wiiich  crossings  are  counted 
Average  number  of  crossings  of  per  second 


Total  rms  value  of  p 

cri  Total  rms  value  of  time  derivative  of  p 

P 

rms  component  of  P  due  to  random  vibration  input  alone 
O'.  rms  component  of  d/3/dt  due  to  random  input  alone 
p(n,T)  The  probability  that  n  bottoralngs  occur  In  t  seconds 
e  Naperlan  base  =  2.719 


0  Magnitude  of  sinusoidal  component  of  p  measured  at  the  bearing  location 
^/W2  rms  value  of  a  sinusoidal  process 

a  Ratio  of  0  to  the  rms  of  the  random  component 


y 

b  2wf„0/oji 
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^(y)  Tht'  Normal  distribution  curve  for  y,  given  as 


^.(y) 


ti  +  l;-bV2 


Confluent  hypergeomctric  function,  Involving  the  variables  1/2,  n  +  1,  and 
l)*/2 


f)  Power  spectral  density  function  of  random-vibration  input 

The  kth  member  of  an  easembie  of  sine  waves,  comprising  a  sinusoidal 
process 

|C(f')|  Magniiaide  ofG(f),  tlie  transfer  function  between  the  vibration  input  and  /3 
T  Time  to  take  the  output  to  cross  a  width  tifi 

m  Ratio  of  the  rnis  ol  tlie  sine  process  >'0^  to  the  rms  of  the  noise 

e  A  measure  of  tlie  ratio  of  sine  process  to  that  of  equivalent  fixed  sinusoid. 

c/l  +  m^//l  +  (1^,  2 
S  La  place  operator 

A  rms  sinusoidal  input  multiplied  by  the  constant  gains  of  the  bearing- 
support  combination 

Acceleration-squared  spectral  density  multiplied  by  the  Equare  of  the 
constant  gains  of  the  bearing-support  combination 

(t  Phase  angle 

e  Angle  of  inte.'^ration 

n  An  integer,  0,  1,  2, .  „ 

Gamma  function  of  n  defined  an  Pfn)  =|  e  "x"  for  n  >  0. 


COMPUTATION  OF  EXPECTED  PEAK 
BEARING  DEFLECTION 

A  method  which  has  been  often  used  to  treat  combined  sinusoida)  and  random  vibration 
is  that  of  computing  the  peak  deflection  P  for  the  sinusoidal-  and  random-vibration  inputs 
separately  and  adding  them  together.  Since  a  random  signal  actually  has  no  definite  peak 
value,  it  was  assumed  that  ‘he  peaks  were  no  greater  than  3  times  the  rms  value  (the  3a 
value).  Actually,  the  ran- ..  signal  has  no  peak  as  such  but  the  probability  of  exceeding  3a  is 
only  0.26  percent.  A  block  diagram  which  shows  how  the  random  and  sinusoidal  components 
of  the  bearing  deflection  combine  is  presented  as  Fig,  2. 

Two  forms  of  transmissibllity  of  tlie  supporting  member  were  considered.  The  first,  a 
second-order  transfer  function  for  a  single  mass  (Eq.(l)  and  Fig.  1(a)),  is  a  good  approxima¬ 
tion  of  the  actual  transfer  function  for  structural  damping,  if  J  is  sufficiently  small.  The 
second  form  studied  was  a  transmissibllity  function  for  a  two-mass  system  (Eq.  (2)  and 
Fig.  1(b)). 


(1) 
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Fig.  2  -  Diugr.iin  of  the  manner  in  which  vibration 
input  contribute  to  bottoming  of  a  bearing 


_ 

‘  ■]  [(^r '  •  ■ 


S  =  }2n! 

The  computations  indicated  in  Fig.  2  can  be  carried  out  either  manually  or  with  the  aid 
of  a  digital  computer  for  different  kinds  of  transfer  functions  if  and  0/ii^. 

Since  there  is  a  finite  probability  that  the  random  signal  will  at  time  °xceed  the  3<r  value, 
it  was  attempted  to  find  a  more  realistic  method  of  determining  the  incidence  of  bottoming. 
Next,  it  seemed  feasible  to  employ  analog  methods  of  study. 


ANALOG  SIMUI^TION  OF  BEAltlNG  AND 
SUPPORTING  STRUCTUPvE 

As  a  first  attempt  in  the  simulation  of  a  combination  of  a  gas  bearing  and  its  support,  a 
crude  electrical  analog  circuit  using  passive  circuit  elements,  as  shown  in  Fig.  3,  was  con¬ 
structed.  A  random-nuLse  generator  and  a  sine-wave  generator  were  connected  in  series  and, 
after  amplification,  the  combined  output  was  fed  into  the  network.  The  output  of  the  network 
v.-r.z  viewed  on  an  oscilloscope,  and  the  number  of  crossings  of  an  appropriate  output  level 
representing  ==  1  was  counted  by  the  operator.  Although  some  useful  results  ^'ere  obtained 
from  these  teste,  it  was  believed  that  it  would  be  better  to  have  some  more  sop?  listicated 
investigation  carried  out  with  the  aid  of  an  analog  computer.  The  computer  mao  e  it  possible 
to  make  many  experimental  runs  by  using  several  different  sets  of  parami^t:;  s  for  the 
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Fig.  3  -  Typical  circuit  diagram  for  simplified  analog 
stady  of  bearing  bottoming 


structure  and  bearing  and,  therefore,  Improving  the  scheme  by  which  bottomings  were  counted. 
It  was  also  thought  possible  to  nimulate  the  actual  input  more  exactly.  The  computer  results 
^us  obta^ed  agreed  ^  pneral  with  the  method  using  the  passive  network,  thereby  demon¬ 
strating  the  validity  of  that  method.  ^  ucmun 


INPUTS 

11  inputs  tor  a  typical  vibration  test  is  shown  in  Fig.  4.  The  shapes  shown 

allow  for  ^e  fact  that  the  vibration  intensity  in  the  physical  system  was  expected  to  be  larger 
on^h?Lp!it8^'**"'^^*'  ^  proposed  shake  test  these  additional  restrictions  were  imposed 

1.  In  addition  to  the  separate  low-frequency  attenuation  of  the  sinusoidal  displacement 
amplitude,  a  3<r-Ilmit  was  also  imposed  on  the  random  input. 

2.  >^ter  the  inputs  were  added,  hardware  limitations  caused  the  peaks  of  the  total 
acceleration  to  be  clipped  at  two  or  three  times  its  total  root-mean-square  (rms)  value  and 
imposed  a  fixed  displacement  limit  on  the  total  vibration  input  to  the  equalized  shaker. 

jifti  additional  criteria  had  to  be  mechanized  on  the  analog  computer:  however  some 
difficulties  were  encountered.  These  are  enumerated  below:  nowever,  some 

1.  The  three  times  rms  acceleration  limit  was  imposed  on  the  random  input  but  not  on 
toe  cc-mblned  Inputs,  because  of  difficulty  in  mechanizing  toe  latter.  However,  on  calculation 
of  toe  rms  random  toput  it  was  found  that  it  is  much  greater  than  toe  rms  of  the  slnusowT 
input  in  the  cases  cited  here.  Hence,  this  change  should  not  materially  affect  the  over-all 
rcsislvS  • 
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mEQUENCY  (CPS) 

KANDOM  INPUT  ACCELEBATIC-N  -  SQUARED  SPECTRAL  DENSITY 


Fig,  4  -  Typical  acceleration  profiles  for  combined, 
random-  and  sinusoidal-vibration  input 


2.  The  displacement  limit  on  the  total  Input  to  the  shaker  was  not  mechanized  because  it 
would  entail  a  double  integration,  followed  by  a  double  differentiation  in  the  analog  computer. 
The  noise  and  drift  introdouced  by  these  operations  made  it  impossible  to  obtain  usable 
results.  However,  even  without  this  limit,  bottomings  were  not  noticed  at  the  low  frequencies 
where  it  would  apply,  because  the  transmissibillty  of  the  mounting  structure  is  small  in  that 
frequency  range. 

3.  The  sinusoidal  sweep  was  not  carried  to  the  upper  frequency  limit  of  the  original 
specification  in  each  case,  because  the  highest  frequency  which  tlie  computer  would  handle 
was  between  fg  and  fc.  However,  this  limitation  was  not  expected  to  affect  the  final  results, 
because  the  filters  which  were  used  to  simulate  the  transmissibilities  transmit  relatively 
little  energy  above  f„. 

4.  The  computer  run  was  carried  out  in  two  separate  parts  for  each  case:  the  first, 
comprising  the  lower  random  Input  of  the  entire  bandwldtli  combined  with  the  lower  sinuscij, 
swept  from  to  the  upper  frequency  limit  of  the  computer;  tlie  second,  comprising  the 
i.igtier  intensity  random  Input  across  the  entire  bandwidth  combined  with  the  higher  level 
sinusoid,  swept  from  f„  to  the  computer  frequency  limit.  Again,  li  is  the  writer’s  opinion  that 
those  changes  did  not  invalidate  the  results,  because  little  of  the  random  energy  above  fg 
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contributes  to  the  over-all  vibration  “seen”  by  the  bearing.  In  the  high-frequency  run,  the 
number  of  recorded  Ixittoraings  would  tend  to  be  slightly  high  because  of  the  high  random 
Input  in  the  range  from  to  fg  . 

It  is  expected  that  these  changes  in  the  inputs  for  the  computer  simulation  would  cause  the 
results  to  err  slightly  on  the  conservative  side.  The  grossest  single  assumption  which  has 
been  made  is  that  the  transfer  functions  are  linear  and  tJiat  there  is  no  “bounce  effect,”  or 
absorption  of  energy,  .i»hen  the  bearing  bottoms.  Therefore,  it  is  possible  to  believe  that  the 
computer  results  do  have  some  factual  basis.  Some  of  the  computer  results  have  been  listed 
in  Table  1, 


THKOPJETICAL  CALCULATION  OF  THE  MEAN 
NUMBER  OF  BOTTOMINGS  PER  SECOND 

In  the  course  of  this  investigation,  it  was  learned  that  the  mean  number  of  bottomLngs  per 
second  could  be  calculated  theoretically  if  a  sufficient  number  of  assumtions  were  made.  A 
theoretical  investigation  has  been  followed  along  two  lines:  (1)  a  method  by  which  a  sinusoi¬ 
dal  process  could  be  substituted  for  the  sinusoidal-vibration  input  and  (2)  a  more  exact  but 
more  difficult  method  involving  the  use  of  a  fixed  sinusoid  plus  random  input.  These  theoreti¬ 
cal  results  have  been  compared  with  the  analog  computer  data  and  hopefully  will  be  compared 
with  operational  test  results  at  a  later  date. 

The  chief  assumptions  which  have  been  made  for  these  theoretical  calculations  are:  (1) 
the  system  is  linear;  (2)  the  sinusoidal  and  random  hiputs  are  independent  and  ergodic;  (3) 
there  is  no  “bounce  effect”  or  absorption  of  energy  due  to  snubbing  of  the  contacting  surfaces 
of  the  bearing  when  the  bearing  bottoms.  It  is  recognized  from  journal  bearing  theory  that  the 
function  is  nonlinear  in  general;  however.  It  appears  reasonable  to  assume  linearity  in  a 
small  region  near  bottoming.  Tlie  third  assumption  causes  the  calculated  results  to  be 
pessimistic,  because  the  displacement  of  an  actual  bearing  is  limited  and  cannot  reach  as 
large  values  as  predicted  by  the  linear  theory. 


SINUSOIDAL  PROCESS  PLUS 
RANDOM  NOISE 

To  find  the  probabUity  of  bottoming  during  a  given  test,  it  is  first  necessary  to  determine 
the  expression  for  the  average  number  of  bottomings  per  second  of  the  bearing.  This  expres¬ 
sion  is  shown  as  Eq.  (3),  and  its  derivation  which  follows  that  of  Bendat  [  1]  is  given  in 
Appendix  A. 


(3) 


where  =  the  level  of  /3  at  which  crossings  are  counted  (in  this  case,  =  1).  2^^  =  the 

angular  frequency  of  the  sinusoidal  process  in  radians  per  second. 


cps  random 


(4) 
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In  the  cases  consiaerea  here,  the  frequency  of  the  applied  sinusoid  is  swept  at  a  constant 
rate  across  the  totai  frequency  range,  and  it  is  necessary  to  break  up  the  frequency  range  into 
several  increments.  The  sinusoid  is  then  assumed  to  dwell  at  a  constant  frequency  within 
each  increment.  However,  in  most  problems  involving  mechanical  resonances  it  is  necessary 
to  consider  only  those  frequency  increments  lying  between  the  half -power  points  of  each 
resonant  peak.  Tlierefore,  for  the  problems  discussed  here,  the  time  r  spent  in  the  range 
between  half -power  points  was  computed,  and  the  sinusoid  was  assumed  to  dwell  at  the  reso¬ 
nant  frequency  for  that  period.  Thus,  in  the  transmissibillty  function  of  Eq.  (1),  one  peak  is 
involved.  For  the  function  of  Eq.  (2),  two  peaks  and  two  determinations  ol  r  are  required  one 
for  each  resonant  peak. 

Tile  values  of 


can  ue  ubtauied  by  manual  integration.  The  integration  is  made  much  easier,  if  it  can  be 
assumed  that  f 2  =  o  and  f  i  =  0.  In  mose  cases  the  integral  over  a  finite  band  of  filtered 
random  output  is  nearly  equal  to  the  Integral  from  0  to  ®.  If  the  over-all  transfer  function  V 
cps  is  supplied  in  graphical  form  rather  than  an  analytical  function,  tlie  integrals  can  be 
obtained  graphically.  Thus,  experimental  data  can  be  used  directly  without  the  necessity  of  a 
curve -fitting  process  as  required  for  the  analog  computer  solution.  In  the  problems  worked 
here  the  integrations  were  performed  graphically,  and  a  typical  curve  representing  /3^/cps 
and  f  277f)2|/3J/cps  |  per  input  gVeps  are  shown  in  Fig.  5.  Values  for  a.,  <t  and  other  param¬ 
eters  involved  in  the  bottoming  study  are  presented  in  Table  1. 

When  the  value  of  is  determined  it  is  divided  by  2,  because  there  are  2  crossings  of 

^  P®*'  bottoming.  The  probability  p(n,T)  can  then  be  determined,  where  p(n,T)  is  the 
probability  that  there  are  n  bottomings  in  r  sec.  Because  it  has  been  assumed  that  the  Inputs 
are  normally  distributed  random  functions  and  because  the  system  is  assumed  to  be  linear 
the  total  output  should  be  a  normally  distributed  random  function.  Therefore,  pfn.ri  follows 
a  Poisson  distribution  and  is  given  by  ' 


P(n,T) 


r 


and  p(0,T) ,  the  probability  that  there  are  zero  bottomings  in  r  seconds  is  given  by 


(6) 


P{0,T)  =  £ 


(7) 


The  results  compare  favorably  with  the  analog  computer  results-tbat  is,  the  cases  yleldhig 
a  very  low  probability  p(0,t)  of  no  bottomings  In  a  given  Interval  corresponded  with  the  cases 
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Fig.  5  -  Typical  curv'Q  for  ySVcps  and  (/T)’/cps  spectral  densities 
per  s’/cps  random  it.put,  includingtransmissibllities  of  bearing  and 
support 


yielding  a  higli  number  of  bottomlngs  In  the  computer  simulation.  Conversely,  those  cases 
which  showed  a  high  probability  of  no  bottomings  p(o,t)  >  0.9  corresponded  with  tlie  computer 
runs  giving  very  few  or  no  bottomings.  These  results  are  also  presented  in  Table  1. 

The  results  giving  the  average  number  Nj"  of  crossings  per  second  of  =  1  are  accurate 

only  if  the  magnitude  of  the  sinusoidal  component  of  0  is  not  much  larger  than  the  rms  of  the 
random  component.  From  a  comparison  of  the  total  probability  densities  of  0  with  random 
+  sine-wave  process  input  and  random  +  fixed  sinusoidal  input  (Appendix  A  and  Fig,  6),  it  is 
possible  to  draw  the  following  conclusions: 

1.  For  a  (the  ratio  of  Q,  the  fixed  sine  amplitude  to  the  rms  of  the  random  noise), 
equal  to  1  or  less,  a  sine-wave  process  of  the  same  rms  can  be  substituted  for  the  fixed 
sinusoid. 

2,  For  a  about  3,  a  sine-wave  process  with  rms  of  l/v^  that  of  the  fixed  sinusoid  must 
be  substituted  for  the  applied  fixed  sinusoid.  As  shown  in  Fig.  0,  the  probability  densities  are 
not  very  similar,  yet  it  was  possible  to  get  good  agreement  with  computer  results  by  using 
this  method.  If  a  Is  much  greater  than  3,  the  probability  density  curves  are  so  different  in 
shape  that  the  substitution  of  a  sine-wave  process  for  purposes  of  analysis  does  not  appear 
practical.  This  sii  nation  is  discussed  in  the  next  paragraph  and  also  in  Appendix  B. 


FIXED  SINUSOID  PLUS  RANDOM  VIBRATION 

The  substitution  of  a  sinusoidal  proc -^ss  for  the  input  sine  wave  in  a  combined  vibration 
input  gives  useful  results,  if  the  sinusoidal  component  is  not  large  compared  to  the  random 
component.  However  as  ir  some  of  the  cases  studied  here,  the  sinusoidal  component  is 
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Fig.  6  -  Probability  density  curves  o£  p/trf  lor  fixed  sinusoid  plut 
random  noise  and  sine-wave  process  plus  random  noise 
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solution  is  accurate  when  a^n^y  a“rCe  co^ 

tlian  1  discussed  in  the  previous  section  is  satisfactory  THp  a  '"‘^thod  for  a  and  y  being  loss 
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It  can  be  shown  [4]  that  p,fy)  can  be  approximated  by 


1 

Plfy)  =  a  *  F(y  -  a) 
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In  the  cases  discussed  in  Uiis  paper,  =  1,  and  for  each  gyro  bottoming  there  are  2 
crossings  of  /3„  =  1.  For  these  purposes  the  average  number  of  bottomings  per  second  is 


2I»  ]  . 

A>  +  ,rf„B*tJ 


(A-8) 
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Then  p(0,7)  is  determined  by  applying  Eq.  (7): 


n{0,T> 


(7) 


l  or  some  cf  the  cases  given  in  Table  1,  the  order  oi  the  transfer  functions  is  g.  '-ater  thM 
2,  In  tliGse  cases,  tlie  intograls  Involved  in  obtaining  and  can  be  evaluated  using  Table  , 
2-1,  of  Newton,  (lould,  and  Kaiser  [2],  or  by  graphical  methods. 


APPENDIX  B 

As  indicated  in  Fig.  6,  the  shape  of  the  probability  density  of  the  combined  fixed  sinusoidal 
and  random  vibration  becomes  greatly  different  from  that  of  the  sinusoidal  process  plus  ran¬ 
dom  noise  if  a,  the  ratio  of  the  peak  of  the  fixed  sinusoid  to  the  rms  of  the  r^doin  input  Is 
greater  than  about  3.  Tlierefore,  for  these  large  values  of  n,  the  more  exact  solution  of 
Rice  [  1,4]  mu.st  be  resorted  to. 

Without  going  into  the  details  of  the  derivation  of  the  expressions  it  can  be  said  that  the 
same  general  considerations  apply  as  In  Appendix  A.  That  Is,  it  is  necessary  to  find  the 
value  of 


d/3. 


(B-1) 


The  probability  densities 
process  +  random  noise. 


p,(/3  ,»)  and  p,(/3,e)  are  quite  different  from  those  for  a  sinusoidal 
Bencfat  [1]  supplies  the  derivation  of  Pifdo.^l  and  >  giving 
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+  277f  Q  sin  9 
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where 


1 

/2v 
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Substituting  Eq.  (B-2)  Into  (B-1)  we  have  the  resuP  for  the  number  of  crossings  of  any 
level 


fi  •  0  s  ^ 


t  27Tf  0  sin 


mc\B. 


(B-3) 


174 


nice  has  solved  this  double  integral  directly,  in  terms  of  a  double  summation,  giving 


where 


n  =  0, 1,2,3.  .. 


— ;  n  +  1; 
2 


is  a  confluent  hypergeometric  ftmction  given  by 


for  h  1. 


(B-4) 
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In  the  case  discussed  in  this  appendix,  the  sinusoidal  component  of  the  combined  vibration 
input  is  predominant,  therefore  a  is  large.  It  turns  out  that  y  is  also  large,  since  the  bottom¬ 
ing  level  is  considerably  greater  than  the  rms  for  the  random  noise  alone.  Fortunately  for 
this  case,  as  Rice  points  out,  the  value  for 

«■  o 


can  be  approximated  by 


p,(y)  :r 


a  ^F(y  -  a) 


i  +  y  -  a)  I 


h\2 


(B-5) 


where 


is  a  modified  Bessel  function  of  order  1/4  and  is  plotted  in  Fig.  9. 

A  curve  if  F(y  vs  (y  -  a)  has  been  plotted  by  Rice  [4]  and  is  replotted  for  a  wider 
range  of  (y  -  a)  as  shown  bi  Fig.  7.  TTie  confluent  hypergeometric  function  in  this  case  is 
simply 


since  only  the  first  term  (for  n  =  0)  of 
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1 


is  used  ill  Eq.  (D-6).  A  plot  of 


vs 


2 


is  shown  in  Fig.  8,  and  from  these  curves  it  is  possible  to  obtain  values  of 


N„/V2 


for  values  of  (y  -  s)  from  -4  to  +6  and  values  of  bV2  from  2  to  10. 

In  almost  all  of  the  cases  for  this  study  the  parameters  were  in  these  ranges.  Table  1 
lists  these  parameters  and  gives  a  comparison  of  the  average  number  of  bottomings  per 
second  computed  by  this  method  and  by  the  method  of  Appendix  A. 
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A  “QUICK-LCOK”  TECHNIQUE  FOR  SERVICE  VIBRATION  DATA 


Donald  W.  Nelson 
Boeing  Airplane  Company 
Seattle,  Washington 


The  purpose  of  this  paper  is  to  present  a  means  by  which  service  vibra¬ 
tion  data  can  be  processed  so  as  to  present  an  accurate  picture  of  the 
vibration  environment  with  a  minimum  of  engineering  and  wave-analyzer 
time . 


INTRODUCTION 

The  basic  problem  ol  any  missile  manu¬ 
facturer  is  to  produce  a  missile  which  will 
perform  in  a  satisfactory  manner.  Operating 
conditions,  vibration  environment,  and  weight 
restrictions  combine  to  pose  a  formidable 
engineering  problem  in  the  design  of  satis¬ 
factorily  operating  electronics  packages  and 
mechanical  hardware. 

Unfortunately,  the  design  reguireiiients 
which  meet  vibration  and  weight  conditions 
tend  to  go  in  opposite  directions.  In  order  to 
satisfy  the  demands  imposed  by  these  re¬ 
quirements,  it  is  -  among  other  things  - 
necessary  to  have  an  accurate  picture  of  the 
vibration  environment  to  which  the  equip¬ 
ment  is  to  be  subjected.  This  includes  not 
only  vibration  amplitude  but  also  the  distri¬ 
bution  ol  energy  in  frequency  described  by 
what  we  call  the  “power  spectral  density.” 
An  accurate  knowledge  ol  power  spectral 
density,  which  tells  us  the  “color”  of  the 
vibration,  is  extremely  Important  and  is 
found  to  have  more  influence  on  malfunction¬ 
ing  of  equipment  than  does  the  over-all 
vibration  level. 

The  purpose  of  this  paper  is  to  present 
,a  means  by  which  service  vibration  data  can 
be  processed  so  as  to  present  an  accurate 
picture  of  Ihe  vibration  environment  with  a 
minimum  of  engineering  and  wave-analyzer 
time.  In  order  to  carry  out  tt  is  objective,  a 
device  called  a  “comb  filter”  is  utilized  in 
the  process  of  selecting  data  samples  which 
are  to  be  further  examined  in  more  detail 


with  the  wave  analyzer.  The  following 
description  and  figures  are  presented  to 
show  how  the  comb  filter  is  integrated  in 
the  over-all  vibralioii  uuta-liandling  system. 


METHOD 

First,  the  missile  location  at  which  the 
vibration  environment  is  to  be  analyzed  is 
instrumented  with  piezoceramic  acceler¬ 
ometers  and  connected  to  a  conventional 
FM/FM  Telemeter  channel  of  suitable  band¬ 
width.  The  output  of  the  telemeter  receiver 
is  recorded  on  magnetic  tape  at  the  ground 
station. 

This  step  immediately  brings  up  the 
problem  of  the  selection  of  a  satisfactory 
gain  figure  for  the  entire  telemeter  channel. 
The  gain  must  be  such  that  the  accelerometer 
signal  is  well  above  the  Instrumentation  noise 
level  but  below  that  which  will  cause  over¬ 
loading  and  accelerometer  signal  clipping. 
Since  random-vibration  data  and  instrumen¬ 
tation  noise  look  alike,  the  only  practical 
way  to  differentiate  between  the  two  is  to 
have  the  instrumentation  noise  absent  or,  in 
a  real-life  situation,  present  in  an  insignifi¬ 
cant  amount. 

After  obtaining  a  properly  recorded 
vibration  signal,  the  signal  is  then  played 
off  the  tape  and  recorded  on  a  multit:hannel 
oscillograph,  with  a  paper  speed  of  approxi¬ 
mately  1/4  inch  per  second.  One  osclllograpa 
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Tin.  I  •  Atypical  comb  filter  recnrdiiiu 


trace  represents  a  direct  recording  of  the 
acceleronieter  signal,  while  the  remaining 
traces  show  the  individual  outputs  of  the 
“comb  filter  unit”  whose  input  is  connected 
to  the  accelerometer  output  signal.  Figure  1 
shows  a  typical  “comb  filter  recording.” 

The  “comb”  in  this  case  consists  of  a 
group  of  24  narrow  bandpass  filters  which 
are  spread  nut  side  by  side  in  the  frequency 
domain  of  interest.  The  vibration  signal  Is 
connected  to  the  paralleled  inputs  of  all  the 
filters,  and  the  output  of  each  filter  goes  to 
a  separate  trace  on  the  recording  oscillo¬ 
graph.  Figure  2  is  a  bloch  diagram  of  the 
comb  filter  unit. 


Several  useful  purposes  are  served  by 
making  an  oscillograph  recording  of  this  tape 
which  shows  both  the  raw  and  the  combed 
data.  First  of  all,  it  gives  -  on  a  compara¬ 
tively  short  oscillograph  record  -  an  over-all 
picture  of  the  vibration  level  and  how  it  varies 
during  the  entire  missile  flight.  By  examining 
the  remaining  traces,  which  represent  the 
outputs  of  the  individual  filters  in  the  comb 
filter,  it  is  possible  qualitatively  to  measure 
the  frequency  distribution  of  the  vibration 
energy  and  how  this  distribution  changes  with 
respect  to  missile  flight  conditions. 

The  data  presented  by  the  comb  filter 
outputs  are  very  important  to  structural 
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Fig.  2  -  Diagram  of  the  comb  filter  unit 


dynamics  engineers  because  these  data  make 
it  possible  for  them  to  select  a  minimum 
number  of  data  samples  which  must  be  fur¬ 
ther  analyzed  on  the  wave  analyzer.  Data 
saiiiples  which  have  been  found  to  be  very 
important  are  those  in  which  a  large  amount 
of  energy  is  distributed  over  a  comparatively 
narrow  band.  This  characteristic  does  not 
show  on  the  unfiltered  data  trace;  and  in 
many  instances,  the  over-all  energy  level 
will  show  an  appreciable  drop  -  when,  in 
fact,  a  critical  situation  exists.  It  is  also 
possible,  in  many  instances,  to  differentiate 
between  true  transient-type  data  and  tran¬ 
sients  which  may  be  caused  by  Instrumenta¬ 
tion  overloading  or  other  malfunctioning. 


The  comb  filter  unit  consists  of  a  group 
of  conventional,  commercially  available 
L.  C.  Filters,  with  approximately  constant 
percentage-bandwidth.  The  inputs  of  all  the 
filters  are  driven  by  a  single  20-watt  linear 
amplifier.  Each  filter  has  its  own  output 
attenuator  which  can  be  adjusted  in  several 
ways. 

One  method  is  to  measure  the  effective 
bandwidth  of  each  filter  and  then  to  adjust 
the  corresponding  attenuators  so  that  the 
output  is  indicative  of  the  power  spectral 
density  of  the  input  signal.  This  permits 
the  engineer,  by  examination  of  the  oscillo¬ 
graph  record,  to  get  a  rough  approximation 
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o£  the  energy  love!  distribution  throughout 
the  frequency  spectrum. 

The  other  method,  which  is  used  almost 
e.Kclusivoly,  is  to  adjust  each  attenuator  so 
as  to  get  an  oscillograph  trace  of  optimum 
magnitude  and  dynamic  range  from  each 
filter.  When  adjusted  in  this  raarmer,  the 
oscillograph  record  is  primarily  used  to 


observe  how  the  distribution  of  energy 
changes  with  respect  to  time,  so  as  to 
select  data  samples  which  will  give  the 
most  vital  information. 

It  is  these  selected  data  samples 
which  are  run  through  the  spectrum 
analyzer  and  yield  the  final  power  spectral 
density  curves. 


*  * 
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THE  PRINCIPLES  INVOLVED  IN  CHOOSING 
ANALYZER  BANDWIDTH,  AVERAGING  TIME,  SCANNING  RATE, 
AND  THE  LENGTH  OF  THE  SAMPLE  TO  BE  ANALYZED* 


R.  C.  Moody 

Technical  Products  Company 
Los  Angeles,  California 


This  paper  presents  a  dis'  ussion  (from  a  physical  standpoint)  of  the 
function  performed  by  the  random-wave  analyzer  in  random-wave  test¬ 
ing.  Other  papers  [1,2]  have  discussed  the  general  techniques  of 
random-wave  testing,  including  the  preparation  of  a  specification 
vibration,  calibration  of  accelerometers,  and  shaker  tables. 


STATEMENT  OF  THE  PROBLEM 

The  basic  problem  in  the  analysis  of 
random  waves  resides  in  the  fact  that  power 
spectral  density  is  described  by  an  infinite 
integral.  It  is  necessary  to  solve  this  inte¬ 
gral  by  analyzing  a  sample  vibration.!  This 
should  be  done  in  a  manner  which  will  give 
a  sufficient  confidence  in  the  results  of  the 
analysis  to  permit  us  to  make  predictions. 
These  predictions  must  be  liased  on  the 
behavior  of  the  specimen  under  the  condi¬ 
tions  described  by  the  infinite  integral,  and 
not  be  our  approximate  solution. 

Solving  the  infinite  integral,  by  means 
of  the  approximate  methods  we  must  take, 
leaves  three  areas  of  uncertainty.  These 
are; 

1.  Having  a  sample  of  finite,  and  often 
very  short  length,  we  can  only  approximate 
the  total  ensemble. 

2.  Since  the  filter  is  of  finite  bandwidth, 
it  is  difficult,  in  some  cases,  to  produce  a 


*This  paper  was  not  presented  at  the 
Symposium. 

tSince  we  have  only  a  sample  to  work  with, 
our  “solution"  is  in  reality  an  “estimate," 
even  if  all  the  analyzer  operations  are 
mathematically  accurate. 


power  spectral  density  plot  having  sufficient 
resolution  to  reveal  all  of  the  resonances  of 
the  specimen  under  test. 

3.  We  cannot  average  over  an  infinite 
time,  and  therefore,  the  power  spectral 
density  estimate  will  fluctuate;  that  is,  it 
will  consist  of  a  fluctuating  signal  superim¬ 
posed  on  the  true  average. 


VARIABLES  UNDER  OUR  CONTROL 

There  are  several  variables  in  the 
analyzer  system  over  which  we  have  more 
or  less  control.  It  is  by  the  optimum  choice 
of  these  variables  that  we  will  be  able  to 
control  the  accuracy  of  the  results.  These 
variables  are  length  of  the  sample,  bandwidth 
of  filter,  and  averaging  time. 


Length  of  Sample 

When  the  sample  is  a  portion  of  a  real 
environment,  such  as  telemetered  data,  tlie 
sample  length  is  often  not  in  our  control.  In 
some  cases  we  will  find  that  a  sample  of 
1/2  minute  or  more  is  necessary  to  establish 
a  reasonable  accuracy.  In  other  cases  a 
sample  as  short  as  1  second  may  be  used. 

The  accuracy  of  the  power  spectral  density 
estimate  is  proportional  to  the  sample  length. 
We  are  sometimes  able  to  control  the  sample 
length  when  a  shake-table  type  and  random 
analyzing  system  is  used.  We  can  shake  the 
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specimen  as  long  as  we  deem  desirable  to 
obtain  a  suitable  sample.  Later  In  the 
memorandum  we  will  discuss  methods  by 
which  we  can  predict  the  probable  accuracy 
of  the  power  spectral  density  estimate  in 
terms  of  the  sample  length. 


Bandwidth  of  Filter 

The  wider  the  filter,  the  more  confidence 
we  may  have  In  our  power  spectral  density 
estimate,  but  the  less  detail  we  will  obtain  in 
the  power  spectral  density  plot.*  This  is  the 
area  in  which  the  greatest  compromise  will 
have  to  be  made.  The  accuracy  of  the  esti¬ 
mate  is  proportional  to  the  bandwidth;  how¬ 
ever,  we  cannot  increase  the  bandwidth 
without  limit.  Figure  1  shows  the  difference 
in  detail  obtained  with  filters  of  three  differ¬ 
ent  ban.lwidths.t  Note  that  the  2-cps  filter 
reveals  a  complex  resonance  characteristic, 
whereas  the  lO-cps  filter  indicates  a  single 
resonance.  Figure  1  also  illustrates  the 
rea.son  for  dividing  the  infinite  integral  by 
the  bandwidth  of  the  lilter  used.  The  area 
under  the  2-cp8  filter  curve  is  one-fifth  of 
the  area  under  the  iO-cps  filter  curve.  If 
the  area  under  each  curve  is  divided  by  the 
b.Tndwidth  used,  they  will  all  have  the  same 
area. 

In  determining  the  filter  bandwidth  we 
must  keep  two  things  in  mind.  As  a  practical 
compromise,  the  filter  should  be  no  more 
than  one-fourth  as  wide  as  the  narrowest 
resonance  expected  to  be  encountered  in  the 
specimen.  Under  these  circumstances  the 
accuracy  of  the  power  spectral  density  plot 
will  be  approximately  proportional  to  the 
filter  bandwidth.  If,  however,  the  resonances 
are  narrower  in  width  than  the  lilter,  the 
accuracy  of  the  power  spectral  density  esti¬ 
mate  will  be  proportional  to  the  width  of  the 
resonance  in  the  specimen  and  not  of  the 
filter.  Two  solutions  have  been  suggested 
for  this  dilemma.  One  method  [3],  that  of 
Morrow,  is  to  make  two  analyses.  As  an 


*We  might  think  of  a  wider  filter  giving  us 
more  data  per  second,  and  thus  shortening 
the  time  of  analysis. 

fFor  Figs.  1  and  2,  the  author  owes  gratitude 
to  Dr.  Wilbur  Marks  of  the  David  Taylor 
Model  Basin,  Navy  Department,  Washington, 
D.  C. 


Fig.  1  -  Complex  resonances  which  are  not 
shown  by  a  10-cps  filter  are  revealed  by  a 
2-cps  filter.  The  lO-cps  filter  has  five 
times  as  much  energy  in  its  passband  as 
does  the  2-cps  filter,  therefore, the  area 
under  the  lO-cps  filter  plot  is  five  times 
greater  than  the  2-cp8  plot.  Generally,  the 
plots  are  normalised  by  dividing  the  filter 
output  by  its  bandwidth,  and  so  obtaining  the 
energy  per  cycle.  In  such  cases,  the  area 
under  all  plots  will  be  the  same. 


adaption  to  thla  technique  we  shall  use  the 
narrowest  filter  we  have  to  establish  the 
resonances  present.  We  will  then  make  a 
second  analysis,  in  which  a  wide  filter  will 
be  used,  and  by  this  analysis  we  will  improve 
the  accuracy  of  the  power  spectral  density 
estimate. 

This  is  readily  done  with  the  Technical 
Products  Company  TP-625  Wave  Analyzer 
System.  In  the  first  case  a  2-cps  filter  is 
recommended  for  use.  The  power  spectral 
density  plot  will  reveal  a  rapid  energy  versus 
frequency  change  if  sharp  resonances  are 
present.  The  frequency  of  the  resonances 
will  be  noted.  These  regions  of  interest 
can  then  be  scanned  with  a  wider  flltei ,  say, 
of  10  to  50  cps.  Scanning  can  start  at  any 
arbitrary  point  below  the  resonances  in  toe 
spectrum  and  end  at  any  other  point  above 
the  resonances.  When  the  “integrate”  mode 
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of  the  TP- 033  Power  Integrator  is  used,  a 
better  approximation  of  the  energy  within 
those  scanned  frequency  limits  can  be  ob  ¬ 
tained.  This  will  establish  the  Y-axis  scale 
of  the  first  plot,  within  the  frequency  band 
chosen.  An  example  of  this  technique  is 
shown  in  Fig.  2. 


Fig.  2  -  Power  opectral  density  le  defined 
by  an  infinite  integral.  If  the  integral  is 
averaged  over  an  infinite  time,  the  result 
will  be  approximately  as  showt-  in  the 
figure.  If  the  integral  is  averaged  over  a 
short  time,  the  resonances  of  the  speci¬ 
men  under  test  will  be  revealed.  The 
ordinate  of  the  integral  plot  is  propor¬ 
tional  to  mean  square,  as  is  the  area 
under  th  jectrum  plot.  The  energy 
between  '>  equencies  can  thus  be 

estimated. 


The  second  method  [4,5],  by  Press  and 
Tukey,  v  pends  on  “prewhitening.”  In  this 
schera  i  '-.ite  ar.d  random  noise  is  applied 
to  a  variable  filter,  which  may  become  quite 
complicated  In  some  cases.  The  output  of 
the  variable  filter  is  applied  to  the  specimen 
under  test.  The  filter  is  adjusted  to  remove 
as  many  of  the  hills  and  dales  in  the  power 
spectral  density  plot  as  possible ,  If  this  is 
done  well,  we  will  obtain  a  “pastel”  output 
from  the  specimen,  which  will  have  no  rapid 
energy  changes.  The  power  spectral  density 
plot  will  reflect  the  energy  distribution  when 
adjusted  with  the  frequency  characteristic 
of  the  variable  filter. 


Averaging  Time 

The  infln  ,te  integral  which  defines  power 
spectral  density  requires  an  infinite  averaging 
time.  The  error  in  not  being  able  to  average 
over  an  infinite  time  can  be  predicted,  as  will 
be  discussed  later.  However,  the  error,  or 
uncertainty,  can  never  be  less  than  that  im¬ 
posed  by  the  sample  lenglh. 

In  the  TP- 625  Wave  Analyzer  System 
there  are  two  modes  of  averaging.  The  first, 
called  the  "averaging”  mode,  is  variable  con¬ 
tinuously  from  0.1  second  time  constant  to 
100  seconds.  The  second,  called  the  “Inte¬ 
grating”  mode,  haa  a  time  constant  of  about 
250,000  seconds  and  therefore  approaches 
the  true  Infinite  average. 

When  a  function  is  summed  over  a 
period  of  time  it  must  be  divided  by’ the  time 
to  obtain  the  Hme  average.  When  the  aver¬ 
aging  mode  of  ihe  TP- 625  Wave  Analyzer  is 
used,  the  R-C  averaging  circuit  will  discharge 
as  well  as  charge,  this  being  tantamount  to 
continuous  time  division.  Thus  the  average 
is  taken  over  the  time  constant  of  the  R-C 
filter.  The  integrating  mode  of  the  TP-625 
Wave  Analyzer,  however,  makes  use  of  an 
operational  integrator;  and  with  the  conse¬ 
quent  high  storage  capacity  the  rate  of 
discharge  Is  very  slow,  or  absent,  for  all 
practical  purposes.  Thus,  when  the  integrate 
mode  is  used,  the  average  is  taken  over  the 
entire  time  of  the  analysis,  and  there  is 'no 
division  by  time.  The  area  under  a  power 
spectral  density  curve  Is  equal  to  o  ^  and  is, 
of  course,  the  integral  of  the  power  spectral 
functions  over  the  frequency  range  “  f,- 
The  Integrate  mode  gives  this  Integral 
directly.  Since  the  integral  has  the  value 
it  Is  a  direct  check  on  the  measured  value  of 
the  Ir.put,  l.e.,  o  itself,  obtained  before  the 
analysis  is  made. 

The  averaging  time,  if  very  long,  will 
tend  to  obscure  the  detail  in  the  power  spec¬ 
tral  density  plot.  Figure  2  Illustrates  this. 
The  curve  with  the  detail  employs  the  aver¬ 
aging  mode  of  the  TP-625  Wave  Analyzer; 
and,  as  can  be  seen,  the  average  value  of  the 
function  from  moment  to  moment  is  well 
established.  The  smooth  curve  was  made 
with  the  integrating  mode,  and  it  is  in  fact 
the  integral  of  the  detail  curve.  lor  each 
value  of  the  abscissa,  the  ordinate  of  the 
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Fig.  3  -  The  solid  curve  illustrates  the  energy  distribution  in  a  1-cps 
bandpass  filter.  The  dashed  curve  indicates  that  the  distribution  is 
restored  by  making  the  smoothing  filler,  which  follows  the  rectifier, 
have  a  cutoff  frequency  four  orfive  times  lower  than  that  of  the  band¬ 
pass  filter.  Note  that  frequencies  below  about  0.2  cpj,  shown  by  the 
cross-hatched  area,  are  rectified  but  not  smoothed.'  Thishasthc 
effect  of  a  very-low-frequency -Bignal  superimposed  on  the  smoothed 
dc  output.  Therefore,  there  is  an  uncertainty  as  to  what  thelrue  moan 
is  at  any  instant  of  time.  The  uncertainty  can  be  reduced  by  making 
the  time  constant  of  the  R-C  filter  large  —  the  condition  also  required 
to  restore  the  normal  distribution. 


Coetficlont  of  Variation  = 


According  to  Morrow  [3]  \  e  can  write 


Standard  Deviation  of  Estimate 
Mean  of  Estimate 


A4(  oi) 


(1) 


vBW  «  SL 

where 

Oj  =  rms  deviation 


(2) 


Physically,  this  coefficient  can  be  interpreted 
a  fluctuation  GupcrliVipoBed  on  the  true  es¬ 
timate.  It  i-s  the  probable  error  Inherent  in 
our  estimate  due  to  the  finite  length  of  the 
sample  and  rate  of  analysis.  The  coefficient 
of  variation  should  not  bo  used  as  a  measure 
of  uncertainty  when  its  numerical  value 
exceeds  0.2  (20  percent).  crj/<a*>  can  be 
calculated  ( 3],  or  it  can  be  arbitrarily  as¬ 
sumed  to  have  some  nominal  value,  say,  0.1. 
When  it  is  used,  we  make  two  assumptions: 

(1)  the  power  spectral  density  does  not  vary 
in  any  appreciable  degree  over  the  passband 
of  the  filter  and  (2)  it  does  not  appreciably 
change  over  the  averaging  time  of  the 
aciaiyzer. 


<(n2>  =  average  of  the  instantaneous 
squares 

nw  -  effective  bandwidth*  of  bandpass 
filters  in  cps 

SL  =  sample  length  in  seconds. 


*A  method  of  determining  the  effective 
bandwidth  is  given  in  the  TP-633  Power 
Integrator  handbook.  It  is  also  described 
in  a  Technical  Products  Co.  memorandum 
“Effective  Squared  Bandwidlli  of  TP-218 
Fillers,"  Dec.  1,  1959. 


smooth  curve  is  directly  proportional  to  the 
area  under  the  detail  curve.  With  a  plot  of 
this  sort  one  can  establish  the  energy  be¬ 
tween  any  two  frequencies  in  the  detail  curve. 

Another  illustration  of  hovj  the  averaging 
time  can  obscure  the  detail  of  the  plot  is 
shown  in  Fig.  1.  If  the  averaging  time  is 
made  tong,  the  curve  lor  the  L'  cps  filter  will 
tend  toward  a  single  resonance  shape  having 
the  same  area  as  before,  but  a  smooth  shape 
such  as  the  10-cps  filter  has. 


RELATIONSHIP  BETWEEN 
THE  VARIABLES 

It  's  often  helpful  to  the  engineer  to 
obtain  a  physical  picture  of  a  mathematical 
relationship.  In  this  section  we  will  attempt 
to  express  the  problem  in  physical  terms. 

Let  us  apply  a  white,  and  normally  dis¬ 
tributed,  ranoom  wave  to  the  analyzer  inijut. 
We  will  choose  a  1-cps-wlde  bandpass  filter. 
We  will  connect  a  cathode -ray  oscilloscope 
across  the  output  of  this  filter.  The  cathode - 
ray  oscilloscope  will  show  a  single  wave¬ 
length  of  the  frequency  to  which  the  analyzer 
is  tuned.  This  single  cycle  will  have  a 
blurred  appearance  due  to  its  random  phase. 
It  will  wax  and  wane  in  amplitude  at  a  ran¬ 
dom  rate  of  up  to  approximately  1  cps  and 
will  reach  a  maximum  about  each  0.8  sec¬ 
ond  [  6].  As  we  observe  this  wave,  we  will 
be  inclined  to  wait  a  considerable  time  before 
we  attempt  to  state  its  probable  average 
value.  Ill  other  words,  we  require  a  fairly 
long  sample  to  make  a  good  estimate. 

Now,  if  the  1-cps  filter  is  switched  out 
of  the  circuit  and  replaced  by  a  10-cps  filter, 
we  will  find  that  ten  times  as  many  maxi- 
mums  occur  in  a  second  t'lan  in  the  previous 
case.  We  are  now  able  to  make  a  good  esti¬ 
mate  in  about  one-tenth  of  the  time.  In  other 
words,  for  the  same  degree  of  accuracy,  we 
need  only  one-tenth  of  the  sample  length.  In 
fact,  the  product  of  bandwidth  and  sample 
length  Is  a  measure  of  the  accuracy  of  the 
estimate.  In  tliis  example  we  have  looked  at 
the  instantaneous  fluctuations  of  the  filtered 
signal  before  they  are  averaged.  The  next 
step  is  lo  rectify  and  smooth  these  Instanta¬ 
neous  fluctuations  and  obtain  their  average. 


after  rectification.  Before  rectification,  the 
spectrum  is  nonlinear  and  the  randomness  of 
the  wave  iJiereby  is  destroyed.  The  altered 
spectrum  is  indicated  by  the  dash  line.  The 
passband  of  the  R-C  smoothing  filter,  which 
fol,  ows  the  rectifier,  is  shown  by  the  dot-dash 
lino  It  has  a  i.nuch  lower  frequency  cutoff 
tha  1  the  bandpass  filter  for  two  reasons.  The 
firf''  reason  is  to  restore  the  randomness  of 
the  wave.  It  can  be  shown  [7]  that  a  narrow 
frequency  band  of  a  nongaussian  spectrum 
tends  toward  normalcy.  Now,  if  the  wave 
does  not  have  a  normal  distribution,  the 
usefulness  of  the  power  spectrum  is  Impaired. 
Therefore,  to  avoid  this  we  should  make  the 
cutoff  frequency  of  the  R-C  filter  abo-it  one- 
fourth  to  one- fifth  of  the  bandwidth  of  the 
bandpass  filter.*  This  restores  the  normal 
distribution. 

The  second  reason  is  to  reduce  the  fluc¬ 
tuations  in  the  rectifier  output.  As  shown  by 
the  continuous  spectrum  of  Fig.  3,  there  are 
an  infinite  number  of  frequencies  in  the  band, 
extending  from  0  cps  to  something  more  than 
1  cps,  of  the  rectifier  output.  The  R-C  filter 
will  smooth  out  all  of  these  (average  them) 
above  0.2  cps.  Frequencies  below  0.2  cps 
are  not  effectively  smoothed.  If  the  energy 
below  0.2  cps  is  a  significant  part  of  the 
whole,  we  can  visualize  the  effect  as  that  of 
a  very-low-frequency  random  signal  super¬ 
imposed  on  the  dc  output  of  the  rectifier. 

There  will  then  be  an  uncertainty  as  to  the 
exact  value  of  the  average  at  any  time.  A 
measure  of  the  uncertainty  in  the  power 
spectral  estimate  is  the  ratio  of  the  cutoff 
frequency  of  the  R-C  filter  to  the  bandpass 
filter;  it  is  more  usual  to  express  this  rela¬ 
tionship  as  the  product  of  the  bandpass  filter 
width,  with  the  time  constant  of  the  averag¬ 
ing  filter. 


THE  MEASURES  OF  ACCURACY 

There  are  two  measures  commonly  used 
by  which  we  can  establish  the  accuracy  of  our 
estimate.  These  are  approximately  equiva¬ 
lent.  The  first  of  these  is  the  statistical  co¬ 
efficient  of  variation. 


Figure  3  shows  the  spectrum  of  the 
output  of  a  1-cps  bandpass  filter  before  and 
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■J'The  time  constant  of  tho  chart  recorder 
must  be  taken  into  consideration,  as  it  .adds 
to  the  total  time  constant. 


Example  1 

Assume  a  permissible  error  of  10  per- 
rent.*  This-makcs  the  coefficient  of  variation 
equal  to  0.1 


<„J> 


_ 1 

/liW  X  SL  ■ 


(3) 


The  required  product  of  RW  and  SL  must  then 
be  100.  This  can  be  obtained  by  either 
m  =  1  cps  and  SL  =  100  seconds,  or  by 
'r,v  =  100  cps  and  Si.  =  1  second,  or  by  Inter- 
mec’iate  values. 


How  much  confidence  T  can  we  have  in 
the  error  being  within  10  percent?  It  has 
been  pointed  out  [  4]  that  the  error  has  an 
approximate  normal  distribution  when  it  is 
less  than  20  percent.  Consequently,  we  can 
establish  confidence  bands  for  the  estimated 
error.  Such  confidence  bands  can  be  estab¬ 
lished  by  referring  to  tuinulative  distribution 
tables  [  8],  or  from  a  probability  density 
curve  with  a  cumulative  distribution 
abscissa  [  9]. 

> 


Example  2 

We  ash  ourselves,  what  is  the  probability 
that  a^  will  be  within  the  limits  necessary 
for  =  0.1  =  10  percent?  That  is, 

what  is  the  probability  of  ct,  remaining  in  the 
region  of  *1  times  its  assumed  value.  Refer¬ 
ring  to  Table  A-4  of  Ref.  8,  or  to  the  prob¬ 
ability  curve  on  page  988  of  Ref.  9,  we  see 
that  there  is  a  34.13-percent  probability 
that  <7,  will  be  greater  than  -1  times  its 
assumed  value.  Thus  the  probability  that  a, 
will  be  between  il  is  68.26  percent;  or  we 
have  a  68-percent  confidence  that  the  error 
will  be  within  10  percent.  There  is,  therefore, 
also  a  32-percent  probability  that  the  error 
will  be  greater  than  10  percent.  We  can 
establish  additional  confidence  bands.  Thus, 


*This  is  not  to  be  confused  with  instrumenta¬ 
tion  error  in  data  acquisition,  processing, 
and/or  analysis. 

fEstimales  of  error  vary  in  precision.  It  is 
important  that  the  estimate  be  accompanied 
by  a  statement  of  the  coitfidence  we  have  in 
the  estimate. 


what  is  the  probability  that  the  error  will  Ire 
within  20  percent,  in  other  words,  within 
twice  its  assumed  value?  From  o,  =  -2  to 
tr,  =■  +2  in  the  table  referenced  above  is 
0.9722  -  0.0228  =  0.9484  ~95  percent.  Thus 
the  confidence  that  the  error  will  be  within 
20  percent  is  9fi  percent. 

The  same  coefficient,  maybe 

used  to  estimate  the  uncertainty  due  to  a 
finite  averaging  time  as  well  as  the  error 
due  to  sample  length.  Again,  according  to 
Morrow  [  31, 


v:!  X  nw  X  T 

where  T  =  averaging  time  in  seconds. 

It  is  the  us'K'.l  case  where  the  sample 
length  is  the  dominating  uncertainty,  since  T 
is  readily  adjustable  over  wide  limits.  Also, 
the  uncertainty  can  never  be  less  than  the 
amount  imposed  by  the  sample  length.  In 
effect,  the  above  formula  says  that,  for  the 
same  confidence  level,  the  averaging  time 
should  be  half  the  length  of  the  sample  in 
seconds. 

A  second  measure  of  the  accuracy  of 
our  estimate  makes  use  of  the  chi-square 
distribution  [8, 10, 11].  Figure  4  is  an 
example  which  was  constructed  from 
Table  A6-b  in  Ref.  8.  The  ordinate  of 
Fig.  4  is  the  ratio  of  the  observed  to  the  true 
power  spectral  density;  the  abscissa  is 
“degrees  of  freedom,”  and  the  parameters 
are  confidence  bands.  Degrees  of  freedom 
is  a  term  used  by  statisticians  to  Indicate 
the  ratio  of  the  mean- square  fluctuation  of 
a  variable  to  the  true  squared  average.  It 
is  given  by  [  11] 

n  =  2  X  nw  X  SL  (5) 


where 

n  =  degrees  of  freedom 
BW  =  effective  bandwidth 
SL  =  sample  length. 

Example 

If  the  effective  bandwidth  is  3.5  cps 
(typical  of  a  TP-218H  Filter)  and  the  sample 
length  is  10  seconds,  the  number  of  degrees 
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Fig,  4  -  fhc  ordinate  of  the  figure  gives 
the  ratio  ut  the  true  mean  to  the  observed 
moan.  As  an  example  of  its  use  with  a 
bandwidth  of  lOcps  and  a  s,i.mple  length 
of  Z  seconds,  the  degrees  of  freedoirv  is 
40.  Entering  the  abscissa  at  this  point 
indicates  a  I-pe rcent  confidence  level  that 
the  observed  mean  will  be  less  than  0.55 
of  the  true  mean,  and  99-percent  confi¬ 
dence  that  it  will  be  less  than  1.6.  It  is 
also  evident  that,  for  the  same  40  degrees 
of  freedom,  we  have  a  70-percent  confi- 
g  deuce  that  our  estimate  will  be  below  1.1, 
£  and  30  percent  that  it  will  be  below  0.88. 

^  Oar  observed  mean  thus  has  a  dual  param- 

E  eler  nature  -  the  interval  of  the  estimate 
must  be  accompanied  by  an  expression  of 
the  confidence  level. 


Of  frpodom  is  70.  The  abscissa  of  Fig.  4  is 
entered  at  this  point,  and  we  have  the  follow¬ 
ing  eoniidence  bands: 


Table  1 


Confidence 

{%) 

That  Value 
Will  Be  Above 

That  Value 
Will  Be  Below 

99 

0.649 

1.43 

95 

0.739 

1.29 

90 

0.790 

1.22 

80 

0.856 

1.14 

70 

0.905 

1.08 

This  data  could  be  prepared  another  way. 


Table  2 


Confidence 

(%) 

That  the  Value 
Will  Be  Between 

98 

0.649  and  1.43 

90 

0.739  and  1.29 

80 

0.790  and  1,22 

60 

0.856  and  1.14 

40 

0.905  and  1.08 

It  is  evident  that  we  need  a  large  number 
of  degrees  of  freedom  to  obtain  a  high  conii- 
dence  in  an  estimate.  The  problem  is  most 
acute  at  the  low-frequency  end  of  the  spec¬ 
trum  due  to  the  narrowness  of  the  filter  re¬ 
quired  to  resolve  the  resonances.  At  higher 
frequencies  the  accuracy  increases  because 
we  are  able  to  u.se  much  wider  filters. 


A  NOTE  ON  THE  SCANNING 
RATE  OF  FILTERS 

If  filters  are  scanned  too  rapidly,  two 
phenomena  will  occur:  a  growth  and  a  decay 
transient.  The  energy  v/ill  not  have  time  to 
rise  in  the  filter,  and  lienee  we  will  record 
an  output  which  is  less  than  the  steady-state 
output.  This  results  in  a  “blurring"  of  the 
output  am  plitude.  Technical  Products  Com¬ 
pany  recommends  that  the  maximum  scanning 
rate  be  chosen  from  Eq.  (6)  below 


=  {jJ  (6) 
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where  BW  =  filter  bandwidth  and  cp&'s  -  cycles 
per  second  per  second.  This  rate  will  allow 
the  energy  to  rise  to  very  nearly  the 


steady- state  value  before  the  filter  has  been 
moved  in  the  spectrum  by  more  than  25  per- 
reti!  of  tts  band’.vldth.  However,  it  is  possi¬ 
ble  to  scan  the  filter  at  a  faster  rate  when 
the  power  spectrum  is  comparatively 
smooth  -  “pastel,"  for  example.  In  this 
case  we  can  use  the  equation  =  CPS  S. 

All  energy  contained  in  the  filter  must 
decay  as  the  filter  is  moved  in  the  spectrum. 
Decay  is  not  instantaneous;  and  thus  energy 
present  in  one  bandwidth  of  the  filter  will 
still  be  present,  but  at  a  lesser  degree,  in 
the  next  adjacent  bandwidth.  This  produces 
a  blurring  effect;  stated  in  another  way,  the 
filter  appears  somewhat  wider  than  its 
effective  stationary  width. 


When  the  filter  is  scanned  at  a  rate 
according  to  Eq.  (6),  the  transient  effects  of 
the  filter  may  be  regarded  as  negligible.  If 
scanning  is  made  at  higher  rates,  the  appar¬ 
ent  increased  filter  width  should  be  taken 
into  account.  Hence,  we  have  an  amplitude 
blurring  and  a  width  blurring,  which  are 
functions,  in  a  complex  way,  of  the 
smoothness  of  the  power  spectral  density 
plot. 

In  conclusion,  it  has  been  the  author’s 
Intention  to  present  a  brief  introduction  to 
the  principles  involved  in  choosing  analyzer 
constants.  Only  the  physical  aspect  has 
been  presented,  and  it  is  recommended  that 
the  cited  references  be  studied. 
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AUTOMATIC  TRANSMISSIBILITY  PLOTTER 


M.  Matrullo  and  O.  R.  'Diomas 
The  Marlin  Company 
Baltimore,  Maryland 


Describej  a  technique  developed  to  obtain,  quickly,  vibration  transmis- 
sibility  da  a.  Only  equipment  which  could  be  considered  standard  in 
moat  aero-space  company  facilities  ia  used. 


INTRODUCTION 

Prcseiil-day  techniques  used  to  obtain 
vibration  transnilssibllity  data  on  aircraft 
and  missile  subassemblies  and  ground  sup¬ 
port  equipment  require  an  excessive  expend¬ 
iture  of  engineering  manpower  solely  for 
data  reduction.  A  typical  technique  consists 
of  (1)  recording  the  forcing  function  and  the 
various  responses  of  the  article  under  lest 
on  an  oscillograph,  (2)  visually  measuring 
the  trace  amplitudes,  and  (3)  ratioing  these 
values  to  obtain  the  desired  transmissibility 
as  a  function  of  frequency.  When  a  largo 
number  of  data  points  are  to  be  evaluated, 
such  as  in  preliminary  engineering  study 
tests,  one  can  readily  see  that  the  cost  and 
time  factors  will  be  quite  large.  Aside  from 
these  important  factors,  this  technique  is 
cumbersome  and  at  times  produces  inaccu¬ 
rate  results  because  of  wave  form  distortion. 

A  technique  has  been  developed  at  the 
lialtimore  Division  of  The  Martin  Company 
to  minimise  the  conditions  outlined  above, 
and  it  is  done  through  the  use  of  equipment 
Which  could  be  considered  “standard”  in 
most  aero-space  company  test  facilities. 

The  system  consists  basically  of  a  Technical 
Products  Company  Spectrum  Analyzer,  log 
converters,  difference  networks,  and  X-Y 
plotters.  F.'.gure  1  shows  a  block  diagram  of 
the  system. 


♦This  paper  /as  not  priiscnted  at  the 
Symposium. 


EQUIPMENT 

The  analyzer  is  the  Technical  Products 
Company  TP625  wave  analyzer  system  which 
includes  a  TP627  wave  analyzer  and  a  TP626 
oscillator.  This  analyzer  uses  the  heterodyne 
principle  whereby  a  local  oscillator  combines 
with  the  incoming  signal  to  produce  a  new 
frequency.  This  frequency  is  passed  by  a 
narrow  bandpass  filter  and  recombines  with 
the  local  oscillator,  thus  allowing  the  re¬ 
covery  of  the  original  signal.  The  process 
is  a  continuous  one,  with  the  entire  frequency 
spectrum  of  interest  being  scanned  by  auto¬ 
matically  changing  the  oscillator  with  a 
constant-speed  motor.  The  center  frequency 
of  the  filters  is  in  the  vicinity  of  97  kc,  thus 
allowing  the  use  of  crystal  filters  with  their 
inherent  high  Q  characteristics  and  making 
it  possible  to  have  highly  selective  filters 
in  the  audio  range  of  frequencies. 

The  oscillator-modulator,  TP643,  which 
is  also  made  by  Technical  Products  Company, 
is  used  to  provide  a  method  of  maintaining 
synchronization  between  the  shaker  driving 
frequency  and  the  frequency  that  the  analyzer 
is  scanning  at  any  instant  of  time.  If  the 
shaker  is  driven  sinusoidally,  it  will  be  nec¬ 
essary  that  the  frequency  being  scanned  by 
the  analyzer  is  identical  to  the  frequency 
driving  the  shaker.  This  becomes  important 
when  extremely  narrow  bandpass  filters  are 
used.  For  wider  filter  widths,  however,  it  is 
unly  necessary  that  the  driven  frequency  be 
within  the  passband  of  the  filter.  The  TP643 
oscillator-modulator  makes  it  possible  to 
obtain  exact  synchronization.  This  is  done 
in  the  following  manner.  The  oscillator- 
modulator  has  a  crystal  controlled  oscillator 
having  a  frequency  of  97  kc.  The  local 
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oscillator  frequency  combines  with  this 
frequency  and  the  difference  frequency  is 
used  to  drive  the  shaker.  Since  the  local 
oscillator  is  common  to  both  the  oscillator- 
modulator  and  the  wave  analyzer,  the  fre¬ 
quency  driving  the  shaker  (input  frequency) 
will  be  the  same  frequency  that  the  analyzer 
will  be  scanning  (output  frequency). 

The  system  has  a  frequency  response 
of  from  10  to  20,000  cps.  The  6sclllator 
scanning  can  be  driven  either  internally  at 
fixed  swoop  rates  or  externally  using  any 
scanning  rate  desired 

The  logarithmic  converters  used  are 
Moseley  Model  BOB.  These  units  have  a 
dynamic  range  of  60  db  and  an  adjusted  fre¬ 
quency  response  of  10  to  20,000  cycles. 

They  are  used  in  pairs  as  computing  ele¬ 
ments  in  performing  the  necessary  division 
to  obtain  transmissibillty,and  their  outputs 
are  terminated  in  a  resistance -type  differ¬ 
ence  network.  The  readout  device  used  to 
detect  tliis  difference  Is  a  Moseley  Model  5 
Autograf  recorder  which  has  been  converted 
to  potentiometer  operation  (Fig.  2). 

The  normalizing  circuits  are  calibrated 
10-turn  potentiometers  used  in  conjunction 
with  step  attenuators.  Their  purpose  is  to 
adjust  the  gain  of  each  transducer  and 


its  respective  signal  conditioner,  so  that  the 
electrical  signals  being  applied  to  the  analy¬ 
zers  are  of  equal  magnitude  when  identical 
physical  phenomena  are  present  on  each. 

This  unit  also  serves  to  attenuate  all  channels 
equally  in  the  event  that  the  signal  amplitude 
out  of  the  signal  conditioners  exceeds  the 
dynamic  range  of  the  analyzers.  Simultane¬ 
ously  changing  the  signal  level  of  both  trans¬ 
ducers  into  the  analyzers  will  not  affect  the 
ratio  of  the  two  signals.  However,  with 
proper  adjustment  of  the  equipment  operating 
range  for  the  physical  phenomena  expected, 
dynamic  ranges  well  in  excess  of  40  db  can 
be  obtained  with  a  single  setting.  The  limi¬ 
tations  will  most  likely  be  determined  by  the 
transducer  amplifiers  used  as  signal  condi¬ 
tioners,  since  a  60-db  dynamic  range  can  be 
obtained  easily  in  both  the  analyzers  (when 
used  with  narrow  band  filters)  and  the  log 
converters. 


OPERATION 

The  system  functions  in  the  following 
manner;  A  transducer  is  located  at  an  area 
ot  interest  on  the  specimen  being  vibrated, 
which  we  will  consider  the  “response”  or 
“output,”  and  a  tran.sducer  is  located  at  a 
point  on  the  shaker  table  fixture  where  the 
force  is  being  applied.  The  signal  from  this 
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triinsduc'or  is  called  the  “input”  or 
“reference”  signal.  Tliese  transducers 
terminate  into  identical  amplifiers  which 
condition  the  signals  for  acceptance  to  the 
normalizing  circuits.  The  type  of  signal 
conditioning  needed  depends  on  the  trans¬ 
ducers  being  used. 

The  normalizing  circuits  .adjust  the 
sensitivity  of  the  transducers  and  their 
respective  aniijllfiers,  so  that  the  ratio  ot 
the  "output"  to  "ini  it"  will  be  unity  when 
bolli  transdueors  experience  identical 
physical  units  of  force. 

The  normalized  sig  lals  are  then  applied 
to  identical  analyzers  having  narrow  band¬ 
pass  filters.  The  analyzers  arc  made  iden¬ 
tical,  by  adjusting  the  input  gain  controls  so 
that  ociual  inputs  give  equal  outputs.  For 
sinusoidal  testing,  wo  have  selected  a  10- 
cycTo  filler,  since  it  will  adequately  define 
resolution  for  most  traiisitiicsion  testing. 

It  is  narrow  enough  to  suppress  electrical 
and  mechanical  distortions  ordinarily  pres¬ 
ent  in  the  transducer  outputs  from  approxi¬ 
mately  15  cycles  up.  For  resonances  lower 
than  this,  it  is  advisable  to  use  narrower 
filters.  The  lO-eycle  filter  also  satisfies 
conditions  encountered  when  synchronizing 
tape-recorded  data  which  will  be  explained 
in  greater  detail  later  in  this  paper. 

The  frequency  sweep  rate  of  the  vibra¬ 
tion  table  and  the  analyzer  sweep  rate  are 
adjusted  so  that  specimen  resonances  en¬ 
countered  during  the  testing  will  not  be 
blurred.  This  rate  is  determined  by  the  Q 
of  the  structures  at  resonance.  The  sweep 
rales  available  with  th”  Technical  Products 
equipment  used  at  the  Martin  Baltimore 
Division  are  0.185  cps/sec’  to  0.375 
cps/sec“  for  0  to  250  cps.  These  rates  go 
up  by  a  factor  of  10  when  sweeping  from 
0  to  2500  cps.  Thus,  if  testing  is  to  be 
performed  from  10  to  500  cps,  the  slowest 
sweep  rate  available  would  be  approximately 
2  cps/sec“ .  This  rate  is  too  fast  for  some 
resonance  conditions,  in  which  case  it  world 
be  necessary  to  use  an  external  drive. 

The  filtered  signals  from  the  analyzers 
are  then  applied  to  two  identical  logarithmic 
converters  which  produce  an  output  propor- 
■.uinal  to  the  logarithm  of  the  applied  signals. 
Here,  again,  the  gains  of  the  log  converters 
can  be  made  identical  by  inserting  a  poten¬ 
tiometer  at  the  inputs  of  these  units  or,  if 


preferred,  by  considering  an  analyzer  with 
its  res  active  log  converter  as  a  unit  and 
adjusting  the  over-all  gain  by  the  gain  con¬ 
trol  of  the  analyzer.  The  latter  method  has 
been  adoptca,  since  it  minimizes  the  number 
of  adjustments  to  be  made  when  operating 
the  system. 

The  log  converter  outputs  are  combined 
into  a  difference  network,  and  the  resultant 
signal  is  applied  to  the  Y-axis  of  the  Autograf 
recorder.  Since  the  two  signals  have  been 
converted  into  logarithmic  form,  the  differ¬ 
ence  plotted  on  the  recorder  is  also  in  log 
form.  The  system  thus  plots  transmissi- 
bility  in  decibels  with  an  accuracy  of  +l/2db. 
This  method  offers  the  advantage  of  a  greater 
dynamic  range  than  can  be  obtained  using  a 
linear  plot. 

The  frequency  is  plotted  along  the  X-axis 
which  is  driven  by  a  voltage  obtained  from  a 
potentiometer,  mounted  on  the  frequency 
dial  of  the  local  oscillator. 


MAGNETIC-TAPE  OPERATION 

It  is  often  desirable  to  perform  trans¬ 
mission  testing  on  several  points  of  a 
structure  without  subjecting  the  structure 
to  repeated  testing.  With  a  limited  number 
of  automatic  plotters,  this  can  be  accom¬ 
plished  by  recording  the  raw  data  on  magnet¬ 
ic  tape  and  then  reproducing  this  tape  into 
the  plotter.  However,  with  sinusoidal  testing, 
it  becomes  necessary  that  the  frequency  on 
tape  be  synchronized  with  the  frequency  being 
viewed  by  tlie  analyzer  at  any  instant  of  time. 
This  synchronization  is  obtained  by  using  the 
“speed  lock”  features  of  the  tape  recorder. 

A  block  diagram  of  the  system  is  shown  in 
Fig.  3. 

During  the  recording  process,  the 
forcing  frequency  into  the  shaker  is  also 
recorded  on  a  separate  track  of  the  tape 
recorder.  The  capstan  drive  is  taken  from 
the  tape  system’s  built-in  precision  standard 
60-cycle  oscillator.  In  the  playback  mode, 
the  recorded  forcing  frequency  is  used  to 
control  the  tape  speed.  This  is  accomplished 
bv  comparing  the  recorded  forcing  frequency 
with  the  reference  frequency  taken  from  the 
oscillator-modulator.  Any  difference  be¬ 
tween  these  frequencies  will  produce  a  volt¬ 
age  which  changes  the  frequency  ot  the 
capstan  motor  source,  thus  correcting  the 
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Fig.  3  •  Diagram  ot  rccord-and- reproduce  modrti»  u«ing  magr4ctic  tapes  for  a  multiple  ^channel  system 


Transmlssibility  (db) 


Fia.  4  -  Transmissibility  of  a  simple  cantilever-beam 
aeceleralion  output  to  acceleration  input 


tape  speed  until  both  frequencies  are  identi¬ 
cal.  The  use  of  a  10-cycle  filter  in  the 
analyzer  permits  analysis  at  the  start  of 
the  playback  operation  until  the  system  is 
synchronized.  Synchronization  has  been 
maintained  to  greater  than  500  cps. 

To  evaluate  the  performance  of  the 
transmissibility  plotter,  a  clamped 
cantilever  beam  system  was  designed  and 
fabricated  as  a  test  model.  Beam  dimen¬ 
sions  were  1/2  by  1  inch  wide  by  12  inches 
long,  with  a  3-inch  square  base  (Fig.  4). 

The  beam  and  base  were  one  piece  of  alumi¬ 
num  so  that  proper  beam  edge  conditions 
could  be  obtained.  The  beam  base  was 
cemented  to  the  shaker,  and  a  transmissi¬ 
bility  plot  was  obtained  as  shown  in  Fig.  4. 

The  dashed  curve  (Fig.  4)  is  the  theoretical 
transmissibility  which  agrees  very  closely 
with  the  measured  results.  The  deviation 
from  the  measured  cm  ve  in  the  second  mode 
response  is  due  to  the  assumptions  -  ,de  in 
the  theoretical  calculations.  The  teaiJ  do 
show  the  accuracy  of  the  system,  basad  '  ^ 


first  mode  calculations,  and  the  wide  dyna¬ 
mic  range  of  the  system. 

SUMMARY 

The  system  provides  a  plot  of  trans¬ 
missibility  versus  frequency  upon  the 
completion  of  testing.  This  represents  a 
considerable  saving  of  engineering  manpower. 
The  plots  are  con*lnuous,  and  errors  duo  to 
point-to-point  methods  of  evaluation  are 
eliminated.  As  a  result  of  the  filtering, 
extraneous  signals  are  rejected,  and  a  true 
transmission  plot  is  obtained  for  the  fre¬ 
quencies  of  interest.  The  filtering  action 
also  makes  it  possible  to  plot  transmissibility 
using  a  random  Input  forcing  function. 

The  use  of  the  oscillator- modulator 
eliminates  costly  servo  systems.  This  unit 
also  eliminates  any  tracking  errors,  since 
the  frequency  to  which  the  analyzer  is  tuned 
is  identical  to  the  forcing  frequency  applied 
to  tbc  shaker. 
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Section  3 

ANALYSIS  AND  DESIGN 


RESPONSE  OF  A  VIBRATING  SYSTEM  TO  SEVERAL  TYPES 
OF  TIME-VARYING  FREQUENCY  VARIATIONS 


A.  V.  Parker 

Collina  Radio  Company,  Cedar  Rapids,  Iowa 


This  paper  presents  itn  analysis  and  discussion  of  two  types  of  sweep 
methods:  the  logarithmic  sweep  function  which  is  used  in  many  testing 
laboratories  and  the  so-C£illed  "log-log"  sweep  function. 


INTRODUCTION 

In  laboratory  testing  programs,  it  is  common  to  use  sweep  testii  g  in  which  the  test  frequency 
ij  varied  continuously  over  the  frequency  range  of  interest.  Many  military  vibration  specifica¬ 
tions  require  this  method  of  testing.  Little  has  been  done,  however,  to  determine  the  best  type  of 
frequency  variation  to  use  or  the  effect  of  using  a  particular  type  of  sweep. 

F.  M.  1-ewis  has  analyzed  the  response  of  a  system  to  a  linear  sweep,  which  is  characterized 
by  a  constant  time  ral:  of  change  of  frequency  [1].  However,  more  commonly  used  in  vibration 
testing  laboratories  today  is  the  logarithmic  sweep,  which  is  produced  by  turning  a  logarithmically 
calibrated  frequency  control  dial  at  a  constant  angular  velocity. 

Both  the  linear  and  logarithmic  sweeps  have  a  failing  which  is  undesirable  for  sweep  testing 
purposes.  Under  each  of  these  sweeps,  a  piece  of  equipment  being  tested  receives  more  significant 
stress  reversals  at  resonant  points  of  high  frequency  than  at  those  of  low  frequency,  assuming 
there  is  equal  damping  in  each  case  [1].  Also,  sweeping  lowers  the  peak  amplitude  of  the  response 
curve,  and  under  these  two  sweeps  tills  diminuation  in  response  is  more  pronounced  at  low-resonant 
frequencies  than  at  higher  resonant  frequencies,  again  assuming  equal  damping  on  the  resonant 
systems  being  compared  [1].  Both  of  these  facts  result  in  less  potential  damage  being  administered 
to  the  eq\ilpment  at  low- resonant  frequencies  than  at  higher  resonant  frequencies;  this  results  in 
the  completion  of  the  required  number  of  test  cycles  on  resonant  frequencies  at  the  upper  range  of 
interest  before  those  resonant  frequencies  in  the  lower  frequency  range  have  completed  sufficient 
testing.  By  the  time  sufficient  potential  damage  has  been  administered  to  the  resonant  points  at 
low  frequency  under  the  accelerated  life  testing  process,  failures  may  have  occurred  at  the  reso¬ 
nant  points  of  higher  frequency  due  to  the  excessive  potential  damage  administered  at  those  fre¬ 
quencies.  A  suggested  solution  to  this  problem  is  the  use  of  the  so-called  "log-log"  sweep  [2].* 

The  log-log  sweep  provides  an  equal  number  of  stress  reversals  between  the  halt-power 
points  of  all  resonant  systems  with  equal  damping.  It  will  also  be  shown  that  under  the  log-log 


*The  log-log  sweep  is  so  named  because  it  is  generated  by  turning  a  frequency  control  dial  cali¬ 
brated  on  a  log-log  scale  at  a  co.astant  angular  velocity. 
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sweep,  the  dirnimiation  in  amplitude  of  vibration  due  to  sweeping  is  independent  of  the  frequency  at 
which  resonance  occurs.  This  paper  analyzes  and  discusser  ;hr  propcrliCi.  uf  the  logarithmic  and 
log-log  sweeps  and  presents  mathematical  solutions  (or  the  equations  of  motion;  those  solutions 
are  presented  in  the  form  of  transmissibility  envelopes.  The  mathematical  model  used  in  the 
analysis  is  the  simple  linear  oscillator.  Response  curves,  generr'ed  from  these  solutions,  should 
be  useful  to  engineers  in  applying  the  methods  of  accelerated  life  testing  to  sweep  tests  using 
those  sweep  functions. 


THE  LOG- LOG  SWEEP 

Consider  the  differential  equation  for  the  forced  vibration  of  a  simple  linear  harmonic 
oscillator 

‘  ci  t  Kx  cos  F(t)  (1) 

where  m  is  the  mass,  with  damping  coefficient  c,  which  is  attached  to  a  spring  with  constant  K, 
l’„  is  the  amplitude  factor  on  the  driving  function  cos  Fft),  and  x  is  the  displacement  of  the  mass 
measured  from  the  relaxed  position  of  the  spring. 

The  present  proolem,  as  outlined  In  the  introduction,  consists  in  finding  and  studying  the 
sweep  function  F(0  which  provides  an  equal  number  of  cycles  between  frequencies  corresponding 
to  cquiamplitude  points  on  the  response  curve  Independent  of  the  natural  frequency. 

For  example,  if  an  equipment  has  resonances  at  50  and  250  cps,  the  function  F(t)  should  gen¬ 
erate  the  same  number  of  cycles  between  the  response  curve's  half-amplitude  frequencies  (about 
50  cps)  as  it  docs  between  the  half-amplitude  frequencies  (about  250  cps),  provided  damping  is  the 
same  In  each  v,use  (Fig  1). 


K  eyelet  K  eyelet 


Fig.  1  -  RcBponee  curves  of  an  equipment  having  resonances  at  50  and  iSO  cps 


It  should  be  kept  in  mind  from  the  beginning  that  when  the  response  curve  is  referred  to, 
what  is  actually  involved  is  the  envelope  of  the  response  curve.  Maximum  response  acceleration 
during  a  cycle  Is  the  desired  quantity  which  permits  analysis  of  the  damage  due  to  the  cycle,  so 
It  i'l  only  the  acceleration  (or  displacement)  peaks  which  are  of  Interest.  The  common  method  of 
presenting  the  response  curve  Is  as  a  plot  of  transmlsslbillty  versus  the  ratio  of  driver  frequency 
to  natural  frequency.  Transmlssiblllty  is  defined  as  the  ratio  of  transmitted  force  to  applied 
force.  Hence,  in  the  present  problem  Involving  the  simple  linear  oscillator,  transmlssiblllty  .a 


wrH*e.n  as 


(Kx,)^  ^  (ciy 


where  x,  is  the  envelope  value  of  x  and  is  the  envelope  value  of  *. 


Now  consider  two  simple  linear  oscillators,  the  i.rst  having  a  natural  frequency  and  the 
second  having  a  natural  frequency  where  a  >  i.  Both  systems  have  equal  damping.  Under 
frequency  dwelling  the  response  curve  can  be  written  as 


where  j  -  c  c,,.  The  quantity  aw^  replaces  in  the  expression  for  the  second  oscillator.  Let  H 
represent  the  fraction  of  maximum  T  where  the  equiamplitude  points  are  chosen  on  the  response 
cui  ves.  From  the  expression  (just  pr  'sented)  for  the  response  curve,  the  expression 


is  obtained  which  gives  the  frequencies  about  which  correspond  to  the  equiamplitude  points 
which  have  been  chosen  on  the  response  curve.  The  smaller  of  the  two  values  will  be  referred  to 
as  -  Aw,  and  the  larger  will  be  called  +  Awj.  By  substitution  of  aw^  into  Eq.  (2)  in  place  of 
the  corresponding  pair  of  frequencies  associated  with  aw^  are  obtained.  In  this  case,  the 
smaller  will  be  called  aoi^  -  AwJ,  and  the  larger  will  be  called  +  Awj  (Fig.  2). 


From  Eq.  (2)  it  follows  that 


and 


Tills  leads  to 


(aw^  +  Awj)*  -  a*(w„  +  owj)- 


(aw^  -  AwJ)*  =  '  Aw,)*  , 

% 


and 


Awj  =  bAW] 


Aw^  =  a  Aw,  . 
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Thus  the  .;oiKiltion  on  the  sweep  function  F(t)  can  be  wi'itlen  as 

F  (cfiiK  •  /v^j] ))  -  F  (oifatw,,  -  Aa.,]  =  F  ^  Ao,,])^  -  f(o(  [6-„  -  Ao,,])]  ,  (3) 

where  t  =  C(w) .  This  is  true  because  F(t)  is  the  angle  which  the  argument  of  the  driving  function 
has  passed  through  trom  time  zena  to  time  t ,  F(t)/2n  is  then  the  number  of  cycles  which  have 
occurred  between  time  zerr  and  time  t,  provided  F(tl  is  expressed  in  radians.  If  wj  represents 
initial  frequency  at  time  zero,  F(Ci(a>,))  -  0. 

Credo  and  Lunny  [2]  state  witlhout  proof  that  the  condition  of.Eq.  (3)  is  satisfied  if 

h  =  COJ*  ,  (4) 

where  h  is  the  rate  of  change  of  driver  frequency  with  respect  to  time,  and  c  is  a  constant.  The 
letter  h  will  be  referred  to  as  the  sweep  rate,  F(t )  will  be  called  the  sweep  function,  and  c  is  the 
sweep  constant.  For  increasing  frequency  c  >  o,  and  for  decreasing  frequency  c  <  0. 

Nov/  what  kind  of  sweep  function  is  obtained  as  a  result  of  the  hypothesized  sweep  rate? 

Since  DF(t)/3t  =  w,  Kq.  (4)  is  integrated  twice  to  give 


and  then 


F(t) 


—  In  (-c«. 
c  '  O 


-ct)  t  «. 


(6) 


where  and  mj  arc  constants  to  be  evaluated.  Substituting  zero  into  Eq.  (5)  for  t,  it  is  seen  that 

a„  .  -JL, 

®  cotj 


Then 


F(t)  -  i  In  (1  -  co'jt)  ♦  i  in  Wj  ♦  a,  . 

The  expression  (i/c)  in  w,  *  s,  Is  merely  the  phase  angle  of  the  driver  which  will  be  called  tr.  The 
resulting  sweep  function  is  then 


F(t)  = 


c 


In  (1  -  C6ijt) 


+  £7  . 


P) 


It  will  now  be  shown  that  tills  sweep  function  does  Indeed  possess  the  prcqperty  described  by 
Eq.  (3),  even  though  ths  analysis  used  In  Its  development  was  based  on  the  reqionse  curve  asso¬ 
ciate  with  frequency  dwelling.  Differentiating  Eq.  (6)  with  respect  to  time, 


Mil  = 

dt 


M 


- 

1  -  CWjt  ' 


(8) 


Solving  Eq.  (8)  for  t  results  in 


t  =  0(ai) 


(9) 


Let  • ,  and  be  the  times  at  which  the  driving  function  attains  the  instantaneous  frequencies 
"n  "  "n  *  re^ectlvely.  Likewise  let  t  J  and  tj  be  the  times  at  which  the  driving 

function  attains  the  instantaneous  frequencies  aiai„  -  Auj]  and  a[<o^  *  huj],  respectively.  Then  a 
necessary  and  sufficient  condition  that  F(t)  satisfies  Eq.  (3)  is  that 
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F(t2)  -  F(»i)  --  mi)  F(t;). 


(10) 


Substituting  into  Eq.  (10)  results  in 


Fttj)  -F(ti)  ^  In 


u>  "  AW| 


In 


‘■'n  ~  '^‘^1 

6J_  +  Awo 


-‘-In 


*  In  ,  -V- 


F(ti)  -  F(ti) 


c  a  +  AoJj] 

Thus  the  conjecture  is  established. 

This  sweep  (unction  F(t)  has  come  to  be  calletl  the  log- log  function  [21.  It  is  desirable  to 
know  if  the  log-log  sweep  function  shares  the  property  expressed  in  Eq(.  (3)  with  any  other  possible 
sweep  (unction.  It  is  conceivable  that  if  another  sweep  function  possesses  this  prqierty,  it  may  be 
easier  to  handle  analytically.  Assume  ?‘(t)  is  such  a  (unction.  Then 

if(tj)  -  =  ffti)  -  fdl)  til) 

where  the  subscripted  t's  have  the  same  significance  as  before.  Also  f'(O)  =  0  and  dF(t)/dt  =  o>, 
since  f‘(t)  »s  a  sweep  (unction.  Substituting  tj  =  0,  and  expressing  time  in  terms  of  frequency  In 
Eq.  (11),  results  in 


^  '  ('  [  *1  ■  ^  (c  [«,  ■  •<-,])  • 

Differentiating  Eq.  (12)  with  respect  to  <  Aaij,  and  then  with  respect  to  a,  results  in 

(c  [i;  ■  ('  ["(  "  ^7*  ’■  “ 


(12) 


(13) 


and 


"if  (I  ('  [n  *  ^])  '  “• 

It  follows  from  Eqs.  (13)  and  (14)  that 

»*  Si,  [i  ■  “»  ‘h])  -^i  ^  ('  ’  ^])  ■ 

Since  the  right-hand  member  of  Eq.  (15)  Is  independent  of  +  ^<^^2  ^*1  H*®  left-hand  member  is 
independent  of  a ,  it  is  true  that 

F'  (7  [i;  ■  ♦"at:;])  '  (constant  c)  . 

Since  <  ^2  POslUFe  value,  it  may  as  well  be  replaced  by  &>.  Integrating  the 

resulting  equation  with  respect  to  1/-), 

F  (-i  =  -  (constant  c)  In  ^  +  (constant  K)  . 

Letting  «  =  in  Eq.  (17),  it  is  seen  that 

F(0)  =  0  =  -  (constant  c)  In  ^  +  (constant  K)  . 

Thus 

F  (7  [4;  ■  ^])  =  =  (constant  c)  In  ^  . 


(14) 


(15) 


(16) 


(17) 


(18) 
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Differentiating  Eq.  (18)  results  In 


(IF  ‘1“'' 

—  =  u  =  (constant  c)  — 

Calline  the  constant  In  the  previous  equation  i/c  results  In  h  -  cru^,  which  Is  known  to  generate 
S2-log  sSplnctlon.  Thus  F(t)  =  F(t)  and  the  uniqueness  of  F(t)  is  established. 

It  is  interesting  to  note  that  since  c.  =  (.>,/( becomes  unbounded  as  c«,t  ..1,  the  product 
€(..  sets  not  only  a  practical  but  an  absolute  limit  to  the  time  consumed  by  a  single  sweep. 

Now  the  response  curve  will  be  found  for  a  simple  linear  oscillator  excited  by  a  log-log 
sweeping  function.  In  order  to  find  the  transmlssibility  envelope,  the  envelopes  of 
meiAnd  velocity  of  the  oscillator  must  be  found.  This  is  done  by  solving  the  differential  equation 
resulting  from  the  substitution  of  Eq.  (7)  into  Eq.  (1).  This  results  in 

(19) 


mS  +  ci  +  Kx  =  Pg  cos  *  in  (1  -  +  aj  . 


The  auxiliary  solution  to  this  equation  is  neglected  since  it  represents  only 

which  will  s^n  die  out  under  damping.  Before  finding  the  particular  solution,  Eq.  (19)  is  put  in  a 

more  convenient  form  by  dividing  through  by  m.  This  results  in 


where 


2nx  +  c  ^ ”  *^“1  *  ^  ^  ' 


c  j  2  K 
2n  =  2^  =  -  anri  =  -S' 


(20) 


By  the  usual  method  of  operators  a  particular  solution 

X  .  ^  cos  F(t)  t-'Ht  -  £^‘  cos  F(t)e-''clt|  (21) 

is  Obtained  where  a  =  -n  +  iS  and  /3  =  -n  -  iS.  is  the  usual  damped  natural  frequency 
Rewriting  Eq.  (21)  results  in 


j-nt  p 

„  _  - a  -{sin  Sit  cos 


e"*  cos  2Jt  dt 


+  sin  Sit  sin  a 


cos  ciit  cos  cr 


-  cos  25t  sin 


a  ^  cos  [in 

gin  [in  Z^]  e"*  cos  ut  dt 
I  cos  [in  Z']  e" 
o  I  sin  [in  Z']  £"» 


sin  Kit  dt 


sin  uit  dt 


where 


Z  =  (1  -  c";‘)  =  — 


(22) 
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In  order  to  obtain  the  envelope  ol  x  it  is  necess  iry  to  find  the  phase  ancle  o  which  extrem- 
alizos  X  and  substitute  it  into  Eq.  (22)  to  give  x^.  ’'hat  phase  angle  is  obtaftied  by  solving  the 
equation,  3x,  0,  for  a. 


This  results  in 


where 


and 


a  ~  tan 


0^  c.M  wt  -  sin 


-  j*  cos  [^In 

O2  f  sin  fin  Z^]  t 

•^0 

0^  =  I  cox  [in  Z=j  £"*  si 

04  ■  [  sin  [in  Z'] 


^  COS  25t  dt 


COS  tjt  dt 


in  oit  (It 


sin  uJt  dt  . 


(23) 


Rewriting  Eq.  (22)  in  terms  of  0's  gives 


j-nt  p  r 

=  — -  K  *' 

(.xn  1 


1  £■"'  P  f  .V,  1  . 

t  I  cos  a  +  - -  (  02  sin  a!t  -  0^  cos  cjt  1  sir 

J  aim  1  •* 


(24) 


.‘inbstltuting  O'  from  Eq.  (23)  into  Eq.  (24)  gives 


aim 


Y^i 


*  r  ^2* 


(25) 


where  =  04  cos  wt  ■  O2  sin  ait  and  <i>2  "  ^3  *  ^1 

Next,  the  velocity  envelope  of  the  oscillator  njust  be  found.  First,  Eq.  (22)  is  differentiated 
with  respect  to  time  to  obtain 


Hx 

Ht 


(26) 
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It  is  then  necessary  to  find  the  phase  angle  a  which  extren  alizes  *  and  substitute  it  into  Eq. 
(26)  to  solve  for  .  That  phase  angle  is  obtained  by  solving  U.e  equation,  3x/3a  =  0 ,  for  o .  Sub¬ 
stituting  the  result  in  Eq,  (26)  results  in 


where 

,  /n  sin  (St  „  \  /  n  cos  3t  ,  .  „ 

■/'l  =  I - ^ - cos  uit)  Oj  -  I  - ■  +  sin  ot  1 

and 

,  /n  sin  St  /n  cos  St  .  ,  „ 

'/'2  =  ( - Z - wt  j  d,  -  I - ^ -  +  sin  utl  dj  . 

Recalling  that 


T 


(Kx  +  (cx,)2 
P. 


it  is  now  seen  that  the  response  curve  may  be  written  as 


T  =  (0*  +  a>„£  .  (28) 

The  only  remaining  problem  in  the  computation  of  the  response  curve  is  the  evaluation  of  the 
0  integrals.  These  Integrals  are  oscillatory  irtegrals  and  extremely  impractical  to  solve  by 
numerical  integration  techniques.  For  example,  consider  d,.  In  most  cases  of  practical  Interest 
S  will  be  30  radians  per  second  or  larger;  and  in  a  great  many  cases,  it  will  be  one  to  three  orders 
of  magnitude  larger  than  that.  Thus  the  factor,  cos  St,  oscillates  rapidly  about  the  t  axis  as  t 
increases.  In  many  vibration  testing  programs,  t  runs  over  400  seconds,  furthermore,  the 
.sweep  constant  c  would  necessarily  be  smaller  than  lO'^fl/radians)  to  fulfill  many  of  the  govern¬ 
ment  specifications  for  vibration  testing.  Thus  the  integrand  factor,  cos  ((l/c)  in  (1  -  cw.t)] , 
would  also  oscillate  rapidly  as  t  increased.  Therefore,  a  plot  of  the  integrand  function  would 
include  thousands  of  peaks  and  troughs  of  nearly  equal  size.  Summation  of  the  area  under  tlie  plot 
of  the  integrand  function  by  numerical  integration  techniques  would  consequently  involve  taking 
extremely  small  incremental  steps  to  insure  that  all  .accuracy  wasn't  lost.  Another  complication 
arises  due  to  the  fact  that  even  the  larger  hlgh-^eed  digital  computers  now  in  use  have  a  floating¬ 
point  word  size  of  only  9-declmal  digit  capacity  or  less.  It  would  be  necessary  to  resort  to  mul¬ 
tiple  precision  programming,  in  order  to  compute  the  integrand  factor  e"*  with  sufficient  precision 
to  maintain  any  accuracy  in  the  final  answer.  This,  too,  would  slow  down  the  computing  process 
greatly.  Considering  the  fact  that  is  only  one  of  four  such  B  integrals,  it  becomes  apparent 
that  this  approach  to  the  solution  tor  the  many  variations  of  damping  and  sweep  constant  which  will 
be  desired  is  inconceivably  time  consuming  and  expensive. 

In  this  light,  a  series  solution  approach  was  taken.  First,  the  9  integrals  were  written 
entirely  in  terms  of  the  variable  Z ,  This  resulted  in 
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and 


(30) 


(31) 


(32) 


For  purposes  of  handling,  it  was  convenient  to  code  -n/cu^  as  bj  tuid  u^/cul^  as  b^.  Each  of 
the  integrands  in  the  integrals  in  z  was  then  put  in  the  form  of  a  power  series  which  was  inte¬ 
grated  to  give  an  infinite  series  solution  to  the  integral.  Thus, 

/co.  [in  2^]  ,in  b,Z  dZ  =  ±  f  co.  [in  Z^]  -  /'’.*'’>>>■)  uz 

'  ^  J  cos  [in  Z^]  [(I'l  ^  lb,)*  -  (bj  -  ib^l^j  dZ 

.  A )=»[.-']£ 

.  /  ...  [in  z']  y  dZ 

K  ■  0  ' 
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(33) 

(Continued) 


IE— K-j'- 

K-  0 


1  ^  K^ 

2  Z_,  K! 

K  =  0 


i 

_ ^ 

K  +  1 


1  sin  Kfl 

(K  +  n  (z*  *  ^ 

2  E  K! 

K  0 

L 

V  sin  KO 

(K  *  n  cos  (in  Z®^)  +  ^  sin  (in  Z’' 

E  K! 

.,2  /‘V 

K  0 

[_  (KM)2 

(33) 


whprp  r  -J'^\  *  2Lnd  0  =  tnn*  ^(b2/bj). 


In  the  same  manner, 


and 


r  (  'A  t.. 7  V’  r'‘z'‘*‘  cos  K6» 

(K  +  1)  cos  (in  Z^)  t  sin  (in  Z') 

jeos  \  In  Z^l  e  '  cos  b.^Z  dZ  =  ^  K; 

J  K^O 

(k  +  i)’+^e] 

r  /  b.Z  V’  r*/'^**  sin  KB  | 

(K  +  1)  sin  (in  Z'^)  -  ^  cos  (in  Z') 

1  sin  \ln  Z°  j  €  '  sin  b2Z  dZ  -  ^  jfl 

•'  K*0 

(K  +  1)^ 

f  (  l\  b.7  V*  r*Z'‘*»  COS  KS 

(K  +  1)  sin  (in  Z*^)  -  ^  cos  (in  Z^) 

sin  \\n  I  €  ‘  cos  hjZ  dZ  ^ 

2  (i? 

J  K>0 

(K  +  l)’+^fj 

(34) 


(35) 


•  (36) 


The  summation  of  the  resulting  series  is  also  a  formidable  oomputatlonal  job.  The  factorial 
term  in  each  denominator  insures  absolute  convergence,  but  in  most  cases  rZ  will  be  of  the  order 
of  magnitude  of  10^  or  iarger,  and  it  would  be  necessary  to  sum  tens  of  thousands  of  terms  in 
each  series  before  suitable  accuracy  of  the  final  result  was  Insured,  And,  as  in  the  case  of  the  6 
integrals,  it  would  be  necessary  to  use  multiple  precision  programming  techniques  in  order  to 
maintain  accuracy  when  differencing  two  very  large  numbers  of  nearly  equal  size. 

The  solution  to  this  enigma  is  obtained  by  rearranging  the  series  in  a  form  more  tractable 
tor  computational  purposes.  Consider  the  Integral 

j CO*  [in  Z*]  t  '  sin  b2Z  dZ  . 

It  was  shown  earlier  that 


■  ‘  4  ■> 

r  r  il  b.Z  1  r*Z**'  sin  KB 

1  cos  [in  Z'J  £  ‘  sin  b2Z  dZ  -  j  /  .  |f1 

J  K-O 

.  "El 

It  +  1  +  i  K  +  '  -  7J 
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The  recursion  relation 


/,  i  \  sin  (K  ^  /  1  \  rZ  cot  $  ■  /  -7  ■  a  .  a\ 

1 1  +  n  1  -  I  /  ^ -  VI  - - 1 - r  =  +  nO) 

( rZ)*^  sin  (K  +n  1)6  / _ 1 

tTo  ^  *  n  t  2  t  ^ 

is  used  to  rewrite  the  integral  as 

f  r  cl  *’1^ 

I  cos  Lin  Z'J  e  sin  bjZ  dZ 


Zee'^  costf-< 


(u  vK  /k*1 

^  -v) 

n‘-:,4v-rT 


sin  ( rZ  sin  cos 


1*0 


+  sin  (rZ  sin  sin 


COS 


(-?)■ 


sin  T'  tan’ 


n]:: 


+  cos  (  rZ  sin  cos 


•»■  cos  ( rZ  s.'n  S)  sin 


(■" 


/  ““nX*  /“♦*  it 

cos  tan->  ^ 

sin  Kg  (-^)  Sink's  tan- » 


d::  #. 


i»i 


c'  +  1 


Note  that  erZ  = 

The  details  of  this  computation  and  the  results  for  the  other  integrals  have  been  completed  by 
the  author,  along  with  curves  generated  from  these  results.  For  values  of  <  1,  the  new 
series  converge  relatively  rapidly.  For  <  1,  asymptotic  expansions  were  obtained.  It  will 
be  noted  that 


2 


ri  gin  1(3 


K! 


K  +  l  +  e  ^ 

.  f  i  f  f  i  ] 

K»0  J 


dZ  . 


(37) 


The  final  expression  was  integrated  by  parts  using  the  relation 

f  I.  x'’e.**  b  f 

J  x‘-6«d*  =  —5 - j  J 


E"dx 
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lo  oliiain  a  power  senes  tn  ,  rZ>  *.  While  the  resulUnK  senes  sre  .livnr,;ent,  the  error  in  the  k"’ 
partial  s.im  is  quite  small  if  K  is  chosen  properly.  This  may  be  seen  bv  examininir  the  remainder 
Inley.ral  alter  K  inlejiratlon  liy  parts.  It  has  the  lo-m 


{-1)K 


17^.,  CiU-i) 


■d» 


or  in  the  case  at  hand 


(- 


’)  Ji 


f  rZ)* 


HZ 


(38) 


is  the  type  of  expression  encountered.  It  can  be  shown  that  the  numerator  of  the  integrand  in 
Uon'^of'^  **  bounded  and  the  magnitude  of  the  error  in  the  a.symptotic  expansion  is  a  func- 


since  c  «  i,  wAj  need  not  bo  much  less  than  one  to  obtain  good  accuracy.  A  detailed  error 
analysis  of  the  asymptotic  expansions  has  been  developed  by  the  author,  along  with  the  develop¬ 
ment  of  the  expression  for  response  and  the  response  curves  generated  therefrom. 

ft  Hignificarit  point  which  emerges  from  the  final  expressions  for  response  is  that  they  are 
dependent  only  on  the  parameters  and  c. 


THE  LOG  SWEEP 

The  development  of  the  analysis  of  the  log  sweep  Is  analogous  to  that  for  the  log-log  sweep. 
The  approach  to  the  problem  and  the  techniques  used  in  the  solution  for  the  response  are  the 
same. 

The  log-log  sweep  was  characterUed  as  providing  an  equal  number  of  cycles  between  fre¬ 
quencies,  corre^unding  to  equiamplitude  points  on  the  rei^nsc  curve,  independent  of  the  natural 
frequency.  It  will  n<w  be  shown  that  the  log  sweep  spends  an  equal  amount  of  time  between  fre¬ 
quencies,  corresponding  to  equiamplitude  points  on  the  response  curve,  independent  of  the  natural 
frequency.  For  example,  if  an  equipment  has  resonances  at  50  and  250  cps  under  the  log  sweep 
requires  the  same  amount  of  time  to  sweep  between  the  half- amplitude  frequencies 
(abuu  50  cps)  as  it  does  to  sweep  ^tween  the  half- amplitude  frequencies  (about  250  cps),  provided 
dk  iiping  is  the  same  in  each  case  (Fig.  3).  i*  /.  k  •“'ft' 

V/ .  X functional  form  of  the  log  sweep  must  first  be  found.  This  function, 
F(  t )  Is  generated  by  turning  a  logarithmically  calibrated  frequency  control  dial  at  a  constant 
angular  velocity.  Let  (g)  represent  the  angle  through  which  the  dial  has  turned.  Then 


3t 


=  K, 


and 


Kj  in  to  =  (H) 


(Kj  =  constant) 


(Kj  =  constant) 


(39) 


('lO) 


by  the  above  conditions.  So, 


K, 


doj 

dt 


(41) 
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Fig.  3  -  Log  sweep  for  f.n  equipment  with  resonances  at  50  and  250  cps 


By  integrating  Eq.  (41),  there  results 


in  (I)  =  rr—  t  + 


(K3  "  constant) 


K K, 
a»  -  e  *  e  ^ 


Time  is  measured  from  t  =  0,  so  from  Eq.  (43)  the  initial  frequency  Is 


Since  3F(t)/3t  =  u,  integrating  Eq.  (43)  yields 


Kj 

Ttr*  „ 

(t)  =  e  '  +  Kj 


Kj  Is  simply  the  phase  angle  <r  which  will  be  ignored  at  present.  The  constant  oijKi/Kj  will  be 


called  c  so  that 


F(t)  =  ee  . 

Hence,  Eq.  (46)  gives  the  logarithmic  sweep  function.  Equation  (46)  l.s  then  differentiated,  with 
respect,  to  time  to  give 


which  is  solved  for  t ,  yielding 


C  ,  01 

t  =  —  In  —  . 


As  in  the  log-log  case,  consider  two  simple  linear  oscillators  with  equal  damping.  The  first 
has  a  natural  frequency  of  while  the  second  has  a  natural  frequency  of  aaj„  with  a  >  1.  Again 
the  equiamplitude  points  about  are  called  -  Am,,  and  +  Amj-  H  follows,  as  before,  that 
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(he  equi amplitude  points  about  are  -  Au^)  and  «(«„  +  icjj).  The  times  at  which  -  Am,, 
and  ■»  Amj  occur  are  called  t ,  and  tj,  respectively,  and  the  times  at  which  a(M^  -  Am,)  and 
a(a>„  t  Amj)  occur  are  called  t|  and  tj,  respectively.  Hence,  the  condition  that  the  frequency  under 
the  log  sweep  spends  the  same  time  between  a>„  -  Ac..,  and  +  Amj  as  between  a(M„  -  Am,)  and 
n(a.„  *  A  is  true,  provided 


From  Eq.  (47),  it  follows  that 


‘  2  ■  t  i  *  2  "  *  1 


g  o,^  +  Amj  ^  *  Am, 

—  In  —  -  -  —  in - 


L  i„  S.  In 

i  "  •'^n  ■  *“’1  "i  "  “’("n  ■ 

a(Mn  -  Amj) 


f  a(Mn  +  Amj) 

ui  j  a)| 


Ir 


(48) 


Thus  the  criterion  of  Eq.  (48)  is  satisfied,  and  the  conjecture  is  established. 


From  Eqs.  (46)  and  (47),  it  follows  that 


Cco 

F(t)  =  —  .  (49) 

Thus, 

c(M  +  Am,)  c(a)  -  Aco^) 

F(t2)  -Ff^i)  =  — - - 

and 

.  .  f[n(M„+AM,)]  c[a(a)  -  Am,)] 

F(ti)  -  F(t,)  =  - - . 

So  Fftj)  -  F(t[)  =  alFftj)  -  F(t,)] ,  and  in  contrast  with  the  log-log  sweep,  the  logarithmic 
sweep  provides  a  greater  number  of  cycles  between  the  equiamplitude  points  about  80)^  than  it 
does  between  the  equiamplitude  points  about  the  lower  frequency  . 

The  log  sweep  function  is  substituted  into  the  differential  equation  for  the  linear  oscillator 
resulting  in 


ii  +  2rw 


(50) 


which  must  be  solved  to  obtain  the  log  sw'>ep  response  curve.  Solving  the  differential  .equation  by 
the  method  of  operators  again  results  in  Eq.  (21).  The  result  is  rewritten  in  a  form  free  of  the 
imaginary  unit.  This  gives 
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The  phase  angle  o-  which  estreraallzes  x  is  found  i-y  solving  the  equation  3x,/3a  o  for  c^.  Sub¬ 
stituting  this  into  Eq.  (51)  yields  the  envelope  of  b.s  amplitude  which  is 


f"*P 

ont 


-  *  0/ 


(52) 


where 


and 


■  cos  oH  6^  -  sin  6^ 


4>2  -  cos  St  dj  -  sin  cjt 


^  cos  dt 


f*  (  — ) 

=  I  cos  \c£  /  e" 

•^0 

f'  I 

=  I  sin  Vc£  *■  / 

*{) 

r'  ( 

^3  “  I  ^ 

■4 

r  ( 

9^  =  I  sin  Vee  /  e" 

•'ft 


‘  cos  Sit  dt 


sin  Sit  dt 


sin  o)t  dt  . 


Equation  (“il)  is  differentiated  to  obtain  the  velocity  of  the  oscillator  mass.  This  results  in 


X  =  -  nx 


g.ntp 


j.ntp 


|-2i  sin  ait  -  fli  cos  ait  ©2  |  ®*n 
I  ol  sin  ait  Sj  +3  cos  3t  0[  |  cos 


(53) 


The  phase  angle  o-  which  extremallzes  x  is  found  by  solving  the  equation  ox/oa  =  o  for  o.  Sub¬ 
stituting  this  solution  Into  Eq.  (53)  gives  the  envelope  of  the  velocity  which  is 


where 


and 


_  '  "  *^0  l/ ,  2  .  ,2 

e - ST"  y'^i  "  '^2  ' 


-  ^-^sin  3t  -  cos  3t  j  ^2  -  ^^cos  3t  +  sin  3t^ 


(54) 


Thus  the  expression  for  the  response  curve  has  the  same  form  as  in  the  log-log  case,  that  is, 


(55) 
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Tho  onl>  ditforonce  is  the  form  of  the  0  lntc-|ii als. 


Numerical  integration  of  these  0  integrals  is  out  of  the  question  for  the  reasons  set  forth  in 
tho  log-log  analysis.  A  series-solution  approach  is  again  used.  First,  a  cliangc  of  variable  is 
made  to  facilitate  liandling.  This  results  in 


(56) 

(Continued) 


Similarly, 


K  0  K’ 


(  1  •  *-os  K)(i_e7) 

[(« •  -(H 


,  n  <  cos  K  I 


i't  •'  * 


COS  .1  ♦  sin  •  t 


cos  7:KV  icK) 

\2  /  . js\2l 


1  yi  f  I  '  c, 

J  4  c  [(« • "!) 

^  Y^  11  “  cosrrK)(icZ 


(56) 


(57) 


and 
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1  ■  y 

+  ros  71 
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j 
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2 

1  -1 

(u.e\ 

T 

l_ 

(1  +  COS 


4  n. 


nc  <ce 

-  sin  it  -  -—  cos 


1  (1  -  cos  TTK)(ieZ)'‘ 

J  4(k. 
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2 

- 
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> 

Substitution  results  in 


sin  ^  (eZ)*^ 


/  r  \2  2 


02 


01 


to*  -J-  (^Z)* 

)  ‘ 

1 

Y't 

“1 
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*  ffZl*  K 

^  If 

[(-• 

\2 

■)  c"' 

/ 

O 

■z; 

K«CI 
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V 
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(58) 


(59) 
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iiid 


cos  J-  (cZ)*'  K 
.,-\2  ~ 


Sc 


"K  u 
in  2  (c7.)'^ 


(-■<r-(f 


For  ronvonirncu  in  writing,  the  quuntity  .  c  is  called  A.  The  expression  Tor  response  in 
lortns  of  trimsniissitiility  tiicii  liecomcs 


'K  ,  ,,,K 
sin  (C/1 


(  Zj  K'  'A^K^  1  2A  K  '  liy 


•<K  \ 

cos  ,  (cZ)  ' 

K’ fA^K^  *  2A  K  <  1] 


'  (s)  ^  £  K'[/ 


sin’^(cZl'‘ 


[A^(K  '  t2A:(K  •  1)  *  Ij 


COS  ->*  (cZ)' 


7 


y _ 

K'  1a2(K  H)2  ♦ 


2A-(K  ‘  n  Ml 


.  (60) 


These  final  series  are  certainly  absolutely  convert'tnt  and  yet,  as  was  the  case  with  the  log- 
log  series,  the  comput-lional  problems  involved  in  their  summation  are  formidable.  In  most 
caijcs  of  interest,  the  sweep  constant  c  will  be  of  the  order  of  10  or  larger,  A  >  10  ,  f  <  2, 

and  Z  I  i.  Hence,  tens  of  thousands  of  terms  must  be  summed  to  attain  reasonable  accuracy.  As 
in  the  loc-lou  case,  precision  is  also  a  problem.  Since  many  of  the  partial  sums  in  these  series 
would  bo  far  more  than  nine  orders  of  magnitude  greater  than  the  sums  of  the  series,  multiple 
precision  programming  would  be  necessary  throughout  the  computation.  Therefore,  as  in  the  log- 
log  case,  the  scries  were  manipulated  into  a  more  tractable  form. 


As  an  example  of  this  process,  consider  that 

r .  ’’K 


K'rA’K^  M-AK  Ml  2  v'T"- f ^  j  "j  ^  K' lAK  t  '  i  v^l  -  kTo  KMAK  +  ^  '  i  y^l  -  « *1  J 


(61) 


The  recursion  relations 
nK 
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wore  then  applied  to  Eq.  (61)  to  obtain 
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E 
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(62) 


The  resulting  scries  will  obviously  convert;e  relatively  rapidly  for  m  <  1.  The  details  of 
this  work,  including  the  ultimate  expression  for  response  in  terms  of  these  series  and  curves 
generated  therefrom,  have  been  developed  by  the  author  elsewhere. 


As  w.is  done  before  in  the  log-log  case,  asymptotic  expansions  were  developed  for  the  region 
in  which  .  ■„  >  1.  In  the  case  of  i,  note  that 


^  *  1 1  /  *%  \ 
j  I  cos  (eZ)  Zi  ‘  '  cos  ^  -  li>  Z  j  i!Z 

V  /  i  tic  i  tie  \ 

*  ■'i 


(63) 


The  last  integral  in  Eq.  (64)  can  be  integrated  by  parts  repeatedly  by  the  relation, 


J"  x''  t  "’‘(lx 


X 


8  X 
A 


€  fix  , 


to  yield  power  series  In  (rZ)'*. 


An  interesting  feature  regarding  the  final  results  for  transmisslbility  in  both  regions  is  that 
they  are  functions  of  only  and  A.  The  parameter  A  takes  on  new  significance  when  it  is 

noted  that  its  value  is  equal  to  the  log-log  sweep  parameter  c  if  both  sweep  functions  have  the 
same  rate  of  change  of  frequency  at  the  natural  frequency  <>)„.  In  the  log  case, 


and  in  the  log-log  case. 


aw  , 

at  '  e  ‘  ■  e  ’ 


aw  .  __fS _ 

(1  -  CWjt)^ 


(64) 


(65) 


If  the  respective  time  rates  of  change  of  frequency  are  evaluated  at  and  equated,  the 
result  is 


e 
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or 


This  provkk'S  a  ronvoniL'nt  mcthoci  of  comparison  between  the  two  swoops. 
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DISCUSSION 


Mr.  CTalef  {National  Ei\nineorintr  Science  Co.);  I  didn't  understand  why  we  considered  the 
numl)er  of  cycles  proportional  to  the  frequency  to  be  a  dis.advantane.  Actually,  one  would  think 
that  the  250-cps  device  would  have  to  remain  on  the  missile  for  as  lonn  as  the  50-cps  device.  It 
would,  therefore,  in  the  life  of  the  missile  be  subjected  to  five  limes  as  many  cycles.  If  your 
sweep  test  is  beint?  used  as  a  fatigue  te.st  (1  raihei  aasumed  that  it  was  because  of  the  fact  that 
you  arc  concerned  about  number  of  cycles),  then  you  must  have  the  same  time  within  each  fre¬ 
quency  band  and  not  the  same  number  of  cycles. 

Mr.  Parker:  In  terms  of  damage,  though— we’re  not  lioking  at  the  thing  on  the  missile  now. 

No  doul't  the  missile  will  not  provide  a  log-log  sweep  rate.  We're  in  the  laboratory;  and  in  carry¬ 
ing  out  a  .sweep  program,  we  want  to  provide  the  same  amount  of  potential  damage  for  each  reso¬ 
nant  .structure  in  there.  If  we  provide  so  many  more  significant  stress  reversals  at  the  resonant 
system  of  high  frequency,  wo  may  overtest  that  before  we  get  done  at  the  low-frequency  range. 

Mr.  Ualof:  If  it  fails,  it  deserves  to  fail. 

Mr.  Parker:  You're  going  again.st  the  whole  philosophy  of  testing  then. 

Mr.  Galef:  No,  f  disagree.  You're  trying  to  design  something  which  will  last  a  certain  num¬ 
ber  of  hours”dr  seconds— whatever  you  call  it— in  the  missile.  During  this  number  of  seconds,  it 
gets  as  many  stress  reversals  as  it  deserves  because  of  its  natural  frequency.  You  should  give  it 
that  many,  not  some  number  related  to  some  other  natural  frequency. 

Mr.  Parker:  I'm  thinking  we  want  to  give  it  as  much  damage  as  it  deserves. 

Mr.  GaM:  Yes!!! 

Mr.  Stern  (General  Electric  Co.);  Just  a  comment  on  the  previous  statement.  I  think  the 
point  that  was  trying  to  be  made  was  that  in  this  log-log  .sweep  you're  trying  to  do  something  that's 
desirable  from  a  theoretical  or  a  laboratory  standpoint,  but  when  you  actually  test  you're  trying  to 
simulate.  Simulation  doesn't  mean  you  do  what  you’d  like  to  do.  You  more  or  less  do  what  i  jually 
occurs  in  the  natural  environment.  My  question  is  this:  Can  you  give  a  brief  de.scription  of  the 
hardware?  That  is,  just  what  would  this  device  look  like  that  would  do  this  log-log  sweeping? 

Just  a  simple  description  of  how  an  operator  might  acuially  do  this. 
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Mr.  Parknr:  You'd  generate  it  in  aji  analogous  ni  inner  to  the  log  sweep,  the  only  ditfcrenee 
being  that  your  Irequcney  eonUol  dial  would  be  calibi  uted  on  a  log-log  scale  rclhcr  than  a  log 
scale. 


Mr.  Galel:  You  would  drii'c  this  at  a  linear  rate  then? 

Mr.  Parker:  Con.slant  angular  velocity,  yes. 

Mr.  Galof;  Ch,  then  tins  would  be  something  that  would  bo  built  into  the  oscillator  when  you 
build  it  then. 

Mr.  Parker;  Yes.  As  far  as  1  know  no  one  is  doing  this  at  present,  however. 

Mr.  Gortol  (Allied  Hoscarch  AsstKiates);  I'd  like  to  make  a  comment  on  the  looseness  of 
terminology  we  become  trapped  in-this  log-log  sweeping.  It  isn't  very  explicit  because  if  we're 
picsuraably  talking  about  a  log-log  sweep,  which  means  the  sweep  rale  or  df  dt  as  a  function  of 
frequency,  i*'s  a  straight  lino.  Depending  on  the  exponent  of  the  equation,  defining  this  sweep 
rale,  you  can  get  any  number  of  straight  lint's  and,  presumably,  could  describe  these  as  being  log- 
log  .sweeps.  1  think  we  have  to  be  careful  with  this  torminolo[jy  because  you  got  completely  dif¬ 
ferent  results  depending  on  what  the  slope  or  exponent  of  our  log-log  S'veep  is.  If  the  exponent  of 
our  .sweep  equation  is  the  first  power,  this  is  essentially  the  same  as  a  linear  sweep  rate  or  one 
that  would  be  plotted  as  a  .straight  line  on  linear  coordinates.  We  wind  up  with  a  situation  where 
wo  have  a  constant  lime  in  the  response  which,  as  Arnold  Galef  tried  to  point  out,  gives  essenti¬ 
ally  the  same  tvpc  of  condition  one  might  find  in  a  missile.  A  missile  flies  for  a  finite  period  of 
time.  Ali  the  equipments  in  it,  with  a  first  power  logarithmic  sweep,  would  experience  constant 
lime  during  the  testing  process.  If,  on  the  other  hand,  we  use  a  second  power,  wc  find  a  slightly 
different  situation.  We  find  that  the  responding  system  experiences  a  con.stant  number  of  cycles 
in  the  response.  This  type  of  testing  philosophy  is  found  to  be  desirable  for  aircraft  use  or  sys¬ 
tems  that  must  lie  subjected  or  mu.st  withstand  say  years  of  life  where  we  really  don't  care  about 
subjecting  them  to  a  constant  time  test.  We  really  want  to  get  them  out  to  some  numlx-T  of  cycles 
which  is  well  beyond  the  endurance  limit  cycles. 

Mr.  Parker:  The  accelerated  life  idea. 

Mr.  Gortel:  Yes.  Well  in  conclusion  here  I  think  we  want  to  be  extremely  careful  about  the 
terminology  of  log-log  sweep  or  log  sweep.  I  think  we  have  to  perhaps  refer  to  the  equation  which 
defines  the  sweep  rather  than  this  type  of  terminology. 

Mr.  Parker:  Well,  I  defined  them  in  terms  of  how  they  were  generated  on  a  frequency  control 
dial.  You  have''this  equation  <i*>/dt  equals  some  constant  to  some  power  of  <■>,  and  1  realize  that  all 
these  will  plot  linearly  o*.  log-log  paper.  But  I  was  defining  these  in  terms  of  how  they  were  gen¬ 
erated  on  a  frequency  control  dial,  and  the  log-log  case  would  be  the  case  In  which  d* '<lt  was 
proportional  to  In  the  log  case,  it's  proportional  to 


*  ♦ 
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CORRELATION  OF  SINUSOIDAL  AND  RANDOM  VIBRATIONS 
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Equ..tions  are  derived  in  this  paper  to  show  the  relationship  between  a 
sinusoid  at  resonance,  a  sinusoidal  sweep,  and  random  Gaussian  vibra- 
oius.  The  sinusoids  are  defined  in  terms  of  zero  to  peak  accelerations, 
whereas  the  nwgmtudc  of  the  random  vibration  is  given  in  power  spec¬ 
tral  density.  The  work  done  by  internal  dampling  forces  is  used  as  a 
basis  for  cstablisliing  equal  fatigue  damage. 


INTRODUCTION 

There  is  probably  no  subject  in  the  field 
of  shock  and  vibration  which  is  as  controver¬ 
sial  or  as  prominent  as  the  subject  of 
random-  versus  sine-wave  vibration  testing. 
The  purpose  of  this  paper  is  to  present  de¬ 
tailed  equations  showing  a  method  of  finding 
the  equivalence  between  random-  and  sine- 
wave  testing.  On  this  basis  one  may  then 
proceed  rationally  to  the  use  of  either  the 
sine- wave  or  the  random-vibrationteehnique. 

Before  diving  into  the  mathematics  of 
the  problem,  it  would  be  advisable  to  review 
some  of  the  circumstances  which  make  this 
investigation  such  an  urgent  one.  In  the  field 
of  aircraft  and  missiles,  the  rapid  transition 
from  propeller  driven  vehicles  to  jet  and 
rocket  powered  vehicles  has  resulted  in  a 
vibration  environment  which  is  essentially 
random.  For  the  thousands  of  items  of 
structure  and  equipment  which  were  designed 
to  specifications  (such  as  MIL  E  5272),  there 
immediately  arises  the  question  of  their 
suitability  for  operation  in  random- vibration 
fields.  This  question  could  of  course  be 
answered  by  a  gigantic  requaliflcatlon  pro¬ 
gram  along  with  a  complete  switch  from 
sine-wave  facilities  to  random  facilities. 

The  cost  of  such  a  program  is  staggering; 
and  upon  closer  examination,  the  complete 
switch  in  .tot  particularly  desirable,  since 
sine -wave  qualification  tests  are  still  a 
valuable  tool  fur  locating  and  examining  the 
nature  of  resonances  in  equipment.  The 


common  sense  approach  to  the  problem  is 
therefore,  a  program  which  maintains  the 
sine-wave  test  technique  and  adds  in  addition 
random  tests  on  large  assemblies  and  struc¬ 
tural  specimens.  These  test  units  would 
usually  be  assembled  at  one  of  the  large 
companies  or  at  a  large  government  test 
center  where  random  facilities  are  rapidly 
becoming  available.  The  common  sense 
approach  also  needs  a  suitable  theory  to 
correlate  the  levels  to  be  used  in  each  type 
of  testing. 


PRINCIPLE  OF  CORRELATION 

The  principle  of  correlation  developed 
in  this  paper  is  that  each  type  of  test  pro¬ 
duces  the  same  damage  on  a  second-order 
system  model.  The  equations  are  derived 
to  show  the  relationship  between  a  sinusoid 
at  resonance,  a  sinusoidal  sweep,  and  ran¬ 
dom  vibrations.  The  sinusoids  are  defined 
in  terms  of  zero  to  peak  accelerations, 
whereas  the  magnitude  of  the  random  vibra¬ 
tion  is  given  in  power  spectral  density.  The 
work  done  by  internal  damping  forces  Is 
used  as  a  basis  for  establishing  equal  fatigue 
damage. 

A  dynamic  system  subjected  to  a  ran¬ 
dom  fatigue  environment  will  deteriorate  with 
time.  This  is  usually  explained  in  terms  of 
the  S-N  curve  for  the  material  being  stressed 
However,  If  the  environment  is  stopped  short 
of  failure.  It  Is  necessary  to  use  Miner’s 
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hypothesis,  or  the  equivalent,  to  determine 
the  amount  of  the  accumulated  damage. 
Miner’s  hypothesis  establishes  a  linear  rela¬ 
tionship  between  the  number  of  cycles  and 
the  percent  of  fatigue  damage;  this  suggests 
that  the  work  done  on  the  system  can  be  re- 
bted  to  the  fatigue  damage,  and  the  only 
sources  of  dissipative  energy  in  a  linear 
system  are  the  damping  forces.  Hence,  using 
the  work  done  by  the  damping  forces  as  a 
basis  for  the  damage  criterion  is  equivalent 
to  using  Miner’s  hypothesis  for  accumulated 
damage. 


SINUSOIDAL  WORK  PERFORMED 
BY  A  SINGLE  MODE 

Although  the  formulae  for  the  work 
performed  by  a  simple  spring-mass-damper 
combination  are  well  known,  a  short  deriva¬ 
tion  will  be  given  in  order  to  introduce  the 
symbols  and  nomenclature  necessary  for 
the  ensuing  discus.sion.  Consider  for  instance 
a  single  normal  mode  of  a  lightly  dampled 
dynamic  system. 


Vi  =  yfi 

M  =  ZM,  =  generalized  mass 

oj  =  natural  frequency  of  the  mode  in 
radians  per  second 

Q  is  the  reciprocal  of  twice  J,  where 

t,  is  the  percent  of  critical  damping  of 
the  system. 

If  the  system  is  excited  by  a  force  at  a 
sinusoidal  constant  frequency  and  constant 
amplitude,  the  response  is 


The  equation  of  motion  is 


where  R  indicates  the  real  part 


M.„ 

My  ♦  — ^  y  +  MojJ  y  =  Force. 

The  increment  of  work  done  by  this  system 
is 

dW  =  Fj  Hy  -  Fj  dt.  (1) 

and 


Substituting  Eq.  (2)  into  Eq.  (1)  and  integra¬ 
ting  over  N  cycles  gives 


1 


Equation  (5)  may  be  integrated  in  Eq.  (3) 
to  find  the  work  done  for  N  cycles.  It  will  be 
noticed  that  the  phase  angle  drops  out  by 
virtue  of  the  integration. 


where 


Fd 

y 


1  y2  fit 

(3) 

0 

0 

M  /  ^  j 

Assume  that  the  structure  is  oeing 
vibrated  by  a  uniform  rigid  body  acceleration. 
=  force  due  to  damping  This  situation  occurs  when  equipment  or 

structure  is  fixed  to  the  head  of  a  shake 
=  amplitude  coefficients  of  the  mode  table.  Consider  for  example  Fig.  1. 


=  amplitude  at  any  station  along  the 
mode  shape 


The  force  on  the  specimen  is  given  by 
Force  -  S  Mj  fj  .  (7) 
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Fig.  1  -  Dynamic  model 


Substituting  Eq.  (7)  into  (6)  gives 


w  = 


I  Up  3 


(8) 


If  the  power  spectral  density  is  constant, 
the  result  is  response  to  “white  noise.”  Hence, 
it  may  be  shown  that 


Owfi  S 


(11) 


where 

m  =  5!  Mj  fj 

G  =  Zero  to  peak  acceleration  of  the 
table  in  g  units. 

A  useful  form  of  Eq.  (8)  occurs  when  the 
forcing  frequency  is  at  resonance.  This  Is 

W  =  TrNm^C^  Qg^  _  jg) 


RANDOM  WORK  PERFORMED 
BY  A  SINGLE  MODE 

For  the  case  of  random  excitation 
where  S  denotes  the  power  spectral  density 
in  g^/cycle/secoiiU,  the  mean- square  accel¬ 
eration  response  of  a  general  damped  second 
order  system  is 


0 


where  is  the  mean-square  acceleration 
response  in  g’s. 


This  Is  the  total  mean- square  (ms) 
acceleration  response  of  a  general  second- 
order  system.  Although  there  are  refined 
mathematical  techniques  available  by  which 
one  may  compute  the  work  performed  by 
white  noise,  a  more  intuitive  approach  will 
be  used  here.  To  determine  the  work  done 
by  random  vibration,  it  is  convenient  to 
represent  the  excitations  by  a  sufficiently 
large  number  of  discrete  forces  to  approxi¬ 
mate  the  continuous  state.  This  is  accom¬ 
plished  in  the  following  manner. 

It  has  been  established  that  90  to  95  per¬ 
cent  of  the  response  of  a  normal  mode  is 
obtained  from  excitation  within  a  bandwidth, 
say  15  percent  for  the  o-range  of  Interest, 
bracketing  the  resonant  frequency.  This 
bandwidth  is  divided  into  a  number  of  equal 
width  frequency  slots  where  discrete  excita¬ 
tions  will  be  applied  at  the  center  frequency 
of  each  slot.  If  these  slots  are  sufficiently 
small,  each  random  component  will  have 
essentially  a  constant  frequency  but  with 
randomly  varying  phase  and  amplitude. 

The  problem  is  to  devise  an  equivalent 
sinusoid  for  each  slot  which  will  produce 
the  same  rms  response  as  the  random 
environment.  Starting  with  the  basic 
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definition  of  power  spectral  density,  the  Consider  a  single  normal  mode  of  the 

mean-square  exciUtien  is  given  by:  dynamic  system  of  frequency,  If  random 

excitation  is  continued  for  a  time  Tj  the 
number  of  accumulated  fatigue  cycles  is 
qs  -  — li  (12)  approximated  by 

*'  271 


where 


=  width  of  slot. 

Now,  since  A7.7;,  is  constant,  is  also 
constant,  the  work  performed  by  a  sinusoid 
in  the  kO'  slot  is  from  Eq.  (8). 


m2 

20Ma)2 


(13) 


where  is  the  zero-to-peak  value  of  the 
sinusoidal  excitation.  The  mean-square 
value  of  Gu  is  1/2  Gj  which  is  equal  to  Gk 
in  Eq.  (12).  Since  the  equivalent  sinusoidal 
excitation  will  be  applied  at  each  slot  for 
the  same  length  of  time  and  varies 
between  slots,  clearly  the  number  of  stress 
reversals  Ni,  must  also  vary  between  slots. 
In  order  to  take  care  of  this  problem,  the 
following  technique  will  be  employed.  Let  N 
be  the  number  of  cycles  in  the  slot  contain¬ 
ing  the  resonant  frequency,  then 


“N 


(14) 


N  = 


277 


(18) 


Hence  the  total  work  done  can  be  written 
from  Eq.  (17) 


w  = 


Tj  g2  n|2  S 
4M 


(19) 


It  is  to  be  emphasized  that  work  is  inde' 
pendent  of  the  damping  in  the  system.  On 
the  basis  that  the  fatigue  damage  is  propor¬ 
tional  to  the  work  done  by  the  internal  damp' 
ing  forces,  the  work  done  by  a  sinusoid  at 
resonance,  Eq.  (9)  is  set  equal  to  the  work 
done  by  “white  noise,”  Eq.  (17),  this  gives 


C  - 


(20) 


where 

G  =  zero-to-peak  acceleration  of 

sinusoidal  excitation  at  resonance 
g’s 

S  =  power  spectral  density  g*  /cps 


Equation  (13)  may  now  be  rewritten  with 
the  aid  of  Eqs.  (12)  and  (14), and  summed 
over  all  the  frequency  slots. 


=  resonant  frequency  rad/sec 
Q  =  damping  magnification  factor. 


_  Nm2  S2g2 
2QM£.j2 


(15) 


Hence  the  equivalent  power  spectral  density 
is 


If  the  limiting  value  of  the  above  summation 
is  taken,  it  may  be  shown  that 


s 


20  O’ 


(21) 


lim  Aoj 


irOoJ^ 

T~ 


(16) 


Notice  that  this  is  the  same  value  as  given 
by  Jo'sinl^dcdln  Eq.(ll).  The  total  work  now 
becomes 


w  = 


TrNg2  S 


(17) 


It  is  to  be  noted  that  this  relationship 
is  Identical  with  that  derived  by  equating  the 
rms  response  of  a  sinusoidal  resonance  to 
that  of  the  rms  response  due  to  a  white  noise 
random  excitation.  This  equival  -nee  is  not 
surprising  since  the  work  equations  are 
essentially  mean-square  response 
equations. 


221 


WORK  PKRPORMED  BY  A 
SINUSOIDAL  SWEEP 

For  the  sinusoidal  sweep,  it  Is  necessary 
to  devise  a  scheme  for  adding  work  done  at 
different  levels  of  magnification  as  the  fre¬ 
quency  is  swept  through  the  frequency  spec¬ 
trum.  Assume  that  the  frequency  spectrum 
may  be  divided  into  a  number  of  bands  each 
Af  cycles/second  wide.  Assume  also  that 
the  number  of  cycles  of  work  performed  by 
the  sweeping  sinusoid  may  be  approximated 
by  Af(f/f’)  where  f  is  the  center  frequency 
of  the  band  and  f '  is  the  sweep  rate  in 
cycles/second/second.  From  Eq.  (8), the 
work  performed  in  the  k"’  band  may  be 
written  as 


w  = 


OMCJ^  477  f' 


|HJ' 


(22) 


Summing  and  passing  to  the  limit  as 
-  0  and  the  number  of  segments  in¬ 
creases  without  limit,  the  Integral 


again  results  and  its  value  is  7rQaj^/2.  Sub¬ 
stituting  this  result  into  Eq.  (22)  gives 


g2 

Work  clue  to  sweep  = - .  (23) 

8f'M 

Now  equating  this  to  Eq.  (19)  to  get  the 
random  and  sinusoidal  equivalence,  we  get 


1  .  2^ 
T,  f'  ■  G’  ■ 


(24) 


Notice  that  the  equivalence  equations  are 
independent  of  the  system  damping  and 
resonant  frequency. 


APPLICATION  OF  THE 
EQUIVALENCE  EQUATIONS 

A  sweeping  sine-wave  test  is  very 
cumbersome  to  apply  if  one  Is  required  to 
sweep  at  a  constant  rate  throughout  the 
entire  spectrum  as  is  implied  by  Eq.  (24). 

It  is  noted  however,  that  all  the  work  per¬ 
formed  by  a  sweeping  sinusoid  is  done  at  or 
near  resonance.  In  view  of  the  foregoing  and 


in  the  discussion  that  follows,  Eq.  (24)  may 
be  rewritten  by  replacing  f '  with  the'  time 
necessary  to  sweep  an  octave  and  the 
octave  bandwidth. 


^  _  2SAf„ 


(25) 


where 

Af„  =  octave  bandwidth 

=  time  to  sweep  an  octave. 

This  approximation  to  the  equivalence 
formula  is  easier  to  apply  and  is  backed  by 
physical  reasoning  as  seen  in  the  following 
discussion.  This  form  of  the  equivalence 
equation  is  a  good  approximation  to  the 
logarithmic  sweep  which  is  available  on 
most  shake  tables. 

In  applying  Eq.  (25)  to  an  actual  system, 
some  careful  considerations  must  be  applied. 
First  of  all,  the  equations  must  be  general 
for  a  system  containing  many  modes,  and, 
second,  due  consideration  must  be  given  to 
the  nonlinearities  of  an  S-N  curve  (Fig.  2). 
The  latter  consideration  may  be  satisfied 
by  setting  To/Ti  equal  to  unity.  That  is  to 
say  that  the  time  taken  to  sweep  through  one 
octave  must  be  equal  to  the  total  time  the 
random  noise  is  applied.  As  experimental 
data  become  available  it  may  well  indicate 
that  some  number  other  than  unity  be  chosen 
for  T„/T|  .  For  the  purpose  of  this  discussion 
it  will  be  assumed  that  this  number  is  ab¬ 
sorbed  in  the  constant  2.  This  follows  from 
the  fact  that  the  sweep  can  do  work  only  at 
the  frequencies  it  is  sweeping  while  the 
random  is  doing  work  on  all  frequencies  of 
the  system.  The  effect  is  to  boost  the  ran¬ 
dom  levels  until  they  are  causing  rms  stress 
responses  in  the  same  order  of  magnitude 
as  the  sweeping  sinusoid.  If  one  were  to 
reduce  the  interval  of  consideration  to  say 
1/3  octaves,  he  would  have  an  even  closer 
equivalence  of  stress  levels. 

To  demonstrate  the  applicability  of 
Eq.  (25)  to  a  system  with  many  resonances, 
consider  Fig.  3.  Assume  there  is  one  mode 
in  a  given  octave. 

The  random  noise  is  applied  to  all 
octaves  for  Tj  but  it  is  doing  work  only  in 
the  octave  containing  the  resonance.  The 
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Fig.  Z  -  S-N  diagram,  1020  steel 
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Fig.  3  -  Consideration  of  response 
due  to  sinusoidal  sweep  plus  ran¬ 
dom  noise  for  one  mode  in  a  given 
octave 


Fig.  4  -  Consideration  of  response 
due  to  sinusoidal  sweep  and  ran¬ 
dom  noise  for  modes  in  other 
octaves 


sweep  is  of  course  only  doing  work  in  the 
octave  containing  the  resonance.  The  levels 
are  adjusted  so  that  each  does  the  same 
a.Tiount  of  work  in  time  Tj 

Now  consider  modes  in  the  other  octaves, 
Fig.  4.  The  random  noise  is  applied  at  the  same 
level  for  the  same  time  as  previously,  but 
now  it  is  doing  work  in  all  octaves  since  there 
arc  resonances  there.  It  is  necessary  that 
equivalence  be  established  for  each  mode 
independently  (or  octave  as  in  this  example) 
This  equivalence  is  an  approximation  for 
high- Q  systems,  since  in  the  derivation  the 
integrals  were  evaluated  for  a  constant  level 
from  zero  to  infinity.  Therefore,  the  sweep 
time  Tj  for  the  first  octave  must  remain  the 
same  as  before  since  the  random  is  doing 


the  same  work  as  in  the  previous  case.  By 
the  same  reasoning,  then  the  sweep  time 
must  be  adjusted  in  octaves  two  and  three 
so  that  they  are  each  swept  in  time  T, .  This 
equivalence  is  plotted  in  Fig.  5  as  S/G*  versus 
frequency.  This  cliart  also  contains  reso¬ 
nance  equivalents  for  reference. 

In  using  the  graph,  it  is  assumed  that 
the  slope  of  6  db/octave  is  pretty  well 
established  from  theoretical  considerations. 
The  vertical  position  of  the  curve  is  deter¬ 
mined  by  the  constant  2  in  Eq.  (1^1)  and  the 
equivalence  time  factor.  It  is  assumed  that 
experimental  data  will  become  available 
to  better  determine  the  actual  value  of 
these  constants. 
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Fig.  5  ~  Equivalence  curves  for  the  ratio  of 


Figure  5  is  replotted  as  S  versus  G 
curves  (Fig.  6)  for  easier  reference.  To 
use  the  curves  one  would  first  determine 
the  time  duration  of  test  and  then  enter 
the  curves  to  find  the  octave  levels  for 
the  .sweeping  sinusoid  and  the  white  noise 
inputs. 


CONCLUSION 

The  theoretical  analysis  given  in  this 
paper  is  intended  as  a  basis  for  a  rational 
approach  to  the  equivalence  of  sine-wave 
and  random  testing.  A  test  prograr.i  is 
currently  underway  at  Douglas  to  determine 
experimentally  some  of  the  theoretical 
constants  derived  in  the  paper.  Due  to  the 
difficuities  of  fatigue  testing,  these  constants 
will  be  determined  as  statistical  quantities 
only 


Fig.  6  -  Equivalence  curvea  for  random 
noise  versus  sweep 
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DISCUSSION 


Mr.  Parker  (Collins  Radio  Co.):  I  think 
I  tend  to  agree  with  you  that  the  log  sweep  Is 
better  in  the  case  when  designing  something 
for  a  very  limited  lifetime  like  a  missilj.  I 
was  thinking  more  In  terms  of  designing 
something  for  an  indefinite  lifetime. 

Mr.  Hall:  '.Veil.  I’m  glad  you’re  thinking 
in  those  terms.  Frankly,  we  haven’t  found 
that  kind  of  a  beast  yet  at  Douglas. 

Mr.  Bieber  (Lockheed  Missiles  and 
Space  Div.):  I  wonder  if  you’d  clear  this  up 
for  me!  Are  you  saying  that  as  long  as  you 
dissipate  the  same  amount  of  damping  energy 
in  these  various  tests  that  you  produce  the 
sau.e  amount  of  damage  7 

Mr.  Hall:  Providing  we  work  the  proper 
stress  levels.  Remember  we  had  this  discus¬ 
sion  on  the  fact  that  we  can’t  use  a  very 
low-level  random  vibration  because  we’d  do 
an  infinite  amount  of  work,  but  we’d  never 
produce  any  damage.  If  you  can  get  the 
stress  level  high  enough,  then  the  criteria 
that  the  time  taken  to  sweep  one  octave  must 
be  equivalent  to  the  total  time  your  random 
is  applied.  That  Is  correct  and  that  is  what 
our  experiments  show. 

Mr  Galef  CNatlonal  Engineering  Science 
Co.):  The  argument  about  the  time  to  sweep 
one  octave  being  the  same  as  the  total  time 
at  random  would  seem  to  be  applicable  if  the 
bandwidth  of  your  resonance  is  one  octave. 
The  bandwldths  of  most  resonances  that  I’ve 
seen  are  much,  much  less  than  one  octave, 
sometimes  as  little  as  1, 2,  or  3  percent. 
Would  you  then  say  that  the  time  at  each  2  per¬ 
cent  should  be  the  whole  time?  Wouldn’t  you 
also  have  to  saythatnow  the  sweeptime  is  a 
function  of  the  0,  which  it  seems  you  previ¬ 
ously  said  was  not  a  function  of  the  g? 

Mr.  Hall:  li  is  definitely  not  a  function 
of  Q.  The  equivalence  is  based  on  the  fact 


that  it  is  completely  independent  of  all  the 
system  parameters  of  the  specimen  being 
tested.  Now  this  is  on  a  work  basis.  Let  me 
point  out,  if  you  have  a  very  sharp  g  system, 
Uiere  is  a  possibility,  when  you  consider  the 
nonlinearities  of  the  S-N  curve,  that  we  are 
going  to  get  a  statistical  scatter  in  oup  cor- 
relatio'.  But  I  think  that  this  is  minor.  I 
tlunk  this  is  always  going  to  happen.  There 
are  nonlinearitles  in  other  things  that  enter 
into  any  test  system,  but  these  are  minor. 

The  point  is  that  we  don’t  have  any  systems 
with  0  so  low  that  we  cannot  get  all  the  work 
done  in  the  particular  octave  in  which  the 
resonance  is  contained. 

Mr.  Shoulberg  (General  Electric  Co.): 

In  your  future  planning  do  you  propose  dupli¬ 
cating  failures  on  things  other  than  simple 
beams?  I  don’t  do  much  testing  on  simple 
beams.  I  am  involved  in  some  complex  com¬ 
ponents.  I  think  the  criterion  here  is  going 
to  be  in  duplicating  damage  or  actual  failures 
for  a  correlation.  Am  I  not  right? 

Mr.  Hall:  You  have  correctly  stated  a 
hypKithesis.  You  have  also  correctly  otated 
that  this  test  was  designed  for  one  purpose 
and  one  purpose  only.  That  is  to  check  the 
theory.  That  beam  1ms  absolutely  no  use  to 
anybody  except  to  check  our  theory  here  and 
it  does  check  that.  Now  as  to  the  other  problem 
you  bring  out.  What  about  components?  That 
is  a  problem  which,  frankly,  w«  haven’t 
started  into  yet,  but  I’m  sure  that  we  are 
going  to  use  the  equivalence  we  derived  here 
as  the  basic  foundation  for  going  into  com¬ 
ponents  and  deriving  the  equivalence.  I  don’t 
know  of  any  other  logical  way  to  do  it.  We’ve 
run  into  relay  chatter  and  things  which  depend 
strictly  on  not  very  nonlinear-  type  p’uenomena. 
To  answer  your  question,  we  are  going  to  use 
this  theory  In  our  future  testing  to  start  out 
with.  Now  what  the  statistical  correlation 
is  going  to  show  the  next  time  I  talk  to  you 
folks,  I  don’t  know. 


EFFECT  OF  DETUNING  IN  COUPLED  SYSTEMS 
EXCITED  BY  SINGLE-FREQUENCY  SWEEPS 


Charles  T.  Morrow* 

Space  TcchnoloKv  Laboratories,  Inc, 
Los  Anjjelns,  California 


The  response  of  two  resonators,  coupled  without  loading,  to  excitation 
by  a  single-frequency  sweep  or  a  pcrio  'ic  vibration  has  been  calcu¬ 
lated.  The  derivative  of  the  response  has  been  taken  with  respect  to 
the  resonant  frequency  of  either  resonator.  This  derivative  is 
expressed  in  such  a  way  that  a  value  greater  than  unity  shows  detuning 
lo  be  more  important  than  strengthening  as  a  way  of  Improving  reliao 
bilUy.  Plotted  curves  serve  to  emphasize  that  this  is  true  for  a  wide 
variety  of  conditions. 

The  measurement  of  dynamical  parameters  for  quantitative  application 
of  the  curves  is  often  difficult.  A  procedure  is  therefore  given  for  the 
direct  experimental  investigation  of  the  effect  of  detuning  in  items  of 
practical  equipment,  by  means  of  temporary  additions  of  mass  or  stiff¬ 
ness.  The  procedure  leads  to  design  changes  that  greatly  reduce 
stress. 


INTRODUCTION 

A"  St  engineers  who  consider  themselves 
to  be  shock  and  vibratioti  specialists  are 
familiar  with  the  phenomena  of  resonance. 
Yet,  five  years  ago,  little  attention  appeared 
to  be  paid  to  such  phenomena  In  the  practical 
routine  engineering  of  equipment  Items  when 
the  phenomena  were  more  pertinent  to  relia¬ 
bility  than  to  nominal  perlormance.  Since 
then,  there  has  been  an  Increasing  emphasis 
on  the  control  of  resonance  parameters  and  in 
particular  on  the  benefits  of  staggering  the 
resonances  of  coupled  systems.  This  has 
received  little  discussion  at  symposia,  how¬ 
ever.  Since  major  changes  in  the  practice  of 
shock  and  vibration  engineering  are  seldom 
accomplished  without  extensive  discussion,  it 
appears  likely  that  resonance,  on  the  average, 
Is  still  not  receiving  the  attention  It  deserves. 
The  fact  that  virtually  no  data  are  available  to 
equipment  engineers  on  the  resonance  char¬ 
acteristics  of  standard  parts  such  as  varvam 
tubes  and  relays  tends  to  support  this  obser¬ 
vation. 


Vibration  test  requirements  are  still 
chosen  with  little  or  no  regard  for  specific 
characteristics  of  resonance.  It  would  be  too 
complicated,  of  course,  to  try  to  simulate 
every  peak  and  valley  in  the  data  on  which  a 
requirement  may  be  based.  In  time,  it  may  be 
possible  to  arrive  at  general  over-all  plans 
for  the  resonance  characteristics  of  particu¬ 
lar  classes  of  equipment  and  shape  the  spectra 
listed  In  the  various  test  requirements  so  as 
to  encourage  compliance  with  the  plans.  In 
the  meantime,  the  spectra  used  are  still  gen¬ 
erally  uniform  wltli  frequency.  The  final  test 
for  the  completed  item  of  equipment  may  be  a 
complex-wave  or  random-vibration  test, 
whereas  the  requirement  for  testing  at  lower 
levels  of  assembly  may  be  a  single-frequency 
test.  Except  for  this  distinction  when  It  is 
made,  there  Is  little  variation  iii  spectral 
shape  or  over-all  severity  of  excitation 
according  to  level  of  assembly.  Since  the 
requirements  have  so  little  obvious  connection 
with  resonance  (except  when  fixed-frequency 
excitation  of  the  more  prominent  structural 
resonances  is  a  part  of  a  specification),  they 
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constitute  a  distraction  from  resonance.  Even 
the  most  sophisticated  engineer  sometimes 
ijccomcs  so  absorbed  in  tlic  purely  formal 
aspects  of  compliance  with  requirements  tiiat 
he  forgets  to  think  about  resonant  frequencies. 
Yet,  the  qualification  tests  for  subassemblies, 
parts,  and  vendor-supplied  items  do  not 
ensure  satisfactory  operation  or  reliability 
in  a  complete  assembly  unless  resonances  are 
subject  to  .some  degree  of  control  —  eitner  as 
a  recognized  Init  informal  supplement  to  the 
specifications  or  as  an  inadvertent  result  of 
the  practices  of  the  designer. 

The  design  engineci  is  not  necessarily  a 
shock  and  vibration  specialist.  Five  years 
ap,  one  could  say  with  little  fear  of  contra¬ 
diction  that  after  a  failure  of  a  part  in  an 
equipment  vibration  test,  the  design  engineer 
would  simply  "strengthen"  the  part.  This,  of 
course,  affected  tlie  over-all  dynamics  and 
often  even  resulted  in  a  licncficlal  detuning, 
but  he  did  not  think  in  these  terms.  It  is 
probable  that  llie  slluation  has  changed  some¬ 
what.  It  is  equally  proliable  that  further  prog¬ 
ress  can  be  made. 

There  have  been  powerful  practical 
obstacles  to  progress  in  the  use  of  the  con¬ 
cepts  of  resonance  even  though  the  applica¬ 
tions  may  seem  to  many  people  to  be  obvious 
and  In  little  need  of  furttier  discussion.  Simple 
criteria  for  routine  shock  and  vibration 
practices  have  been  essential.  Yet  habitual 
use  of  them  tends  to  dull  the  Imagination. 
Furtiiermore,  the  more  enterprising  engineer 
who  attempted  an  investigation  of  equipment 
dynamics,  even  in  an  emergency  situation 
where  drastic  measures  involving  unusual 
effort  were  warranted,  often  found  his  meas¬ 
urements  too  complicated  and  confusing  to  be 
useful.  He  gave  up  in  dispair. 

This  paper  records  a  brief  investigation 
of  detuning  of  two  coupled  resonators  for  the 
special  case  of  no  loading.  The  presentation 
of  the  result  is  novel,  and  its  quantitative 
aspects  may  be  useful  even  to  those  engineers 
who  are  completely  conscious  of  the  signifi¬ 
cance  of  resonance.  Qualitatively,  the  pres¬ 
entation  should  serve  as  a  motivation  for  those 
who  are  not.  The  paper  concludes  with  a 
discussion  of  a  practical  shortcut  method  of 
effecting  detuning,  which  though  little  applied 
at  present,  will  be  found  useful  in  many  cases. 


THE  DYNAMIC  MODEL 

The  model  for  the  analyses  is  shown  in 
Fig.  1.  One  resonator  is  mounted  on  another 
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Fig.  1  .  Two  mechanical  resonators, 
coupled  in  cascade,  and  excited  by 
vibration  or  shock 


which  in  turn  is  excited  by  motions  of  shock 
or  vibration.  To  relate  this  model  to  prac¬ 
tice,  the  lower  resonator  might  represent  the 
frame  of  an  Hem  of  equipment,  mounted  on  a 
damped  isolator.  The  upper  resonator  might 
represent  a  resistor  mounted  by  its  leads 
within  the  equipment  or  It  might  represent  the 
grid  of  a  vacuum  tube.*  Alternately,  the 
lower  resonator  might  represent  a  terminal 
board  at  its  first  resonance,. supporting  the 
resistor  or  vacuum  tube. 

It  will  be  assumed  that  the  upper  reso¬ 
nator  does  not  load  the  lower  -  that  Is,  the 
presence  of  the  upper  resonator  does  not  sig¬ 
nificantly  affect  the  motion  of  mj;  in  other 
words,  the  upper  resonator  is  of  light  and 
flexible  construction  by  comparison  with  the 
lower.  While  this  is  by  no  means  true  In 
general  of  coupled  resonators  in  praclical 
equipment,  it  is  a  limiting  case  of  Importance. 
Furthermore,  the  detailed  Investigation  of 
equipment  failures  Involving  coupled  resona¬ 
tors  Is  quite  likely  to  disclose  not  only  coinci¬ 
dence  of  resonance  frequencies  but  light  load¬ 
ing.  Thus,  the  coupled  resonators  under 
analysis  here  constitute  a  better  model  when 
equipment  must  be  redesigned  than  during  the 
early  design  stage. 

Instead  of  the  six  quantities,  mj,  cj,  kj, 
"ji  <^2  >  ''2  >  more  convenient  to  use  the 
following  four  parameters  in  the  calculations: 


♦Leaving  the  body  of  the  renistor  free  to 
vibrate,  with  no  clamping  or  cementing,  is 
not  necessarily  the  best  practice  for  extreme 
vibration  environments. 
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These  are  sutlicicnl  for  the  calculations  to  be 
performed,  provided  there  is  no  loading. 


The  aspect  of  interest  is  the  response  of 
the  upper  mass,  since  the  response  of  Uie 
lower,  under  the  assumption  of  no  loading,  is 
the  same  as  that  of  the  simple  resonator. 


STEADY-STATE  RESPONSE 

The  treatment  here  is  limited  to  consid¬ 
erations  of  the  magnification  or  transmlo- 
sihllity,  without  consideration  of  phase.  This 
is  given  for  a  simple  resonator  by 


As  indicated  in  the  Intrcduction,  design 
engineers  often  have  a  tendency  to  think  of 
redesign,  after  shock  and  vibration  failures, 
in  terms  of  strengthening  parts.  Except  when 
isolators  arc  specifically  in  mind,  it  is  not 
entirely  common  to  think  in  terms  of  altering 
the  transmission  path  so  as  to  reduce  the 
stress.  Yet  Eqs.  (6)  and  (7)  suggest  that  this 
is  often  the  best  basis  for  redesign.  In  fact, 
this  is  what  the  designer  often  actually  accom¬ 
plishes  through  an  inadvertent  detuning.  The 
equations  also  suggest  that  sometimes  manu¬ 
facturing  tolerances  have  a  relation  to  relia¬ 
bility,  not  so  much  through  control  of  strength 
as  through  control  of  the  transmission  path  by 
means  of  relative  tuning. 

These  effects  can  be  estimated  from  Eq. 
(6).  However,  for  small  changes,  the  deriva¬ 
tive  of  Eq.  (6)  with  respect  to  f  i  or  f  j  is 
more  informative.  The  question  one  would 
like  to  ask  is,  "What  percentage  change  in 
response  will  result  from  a  given  percentage 
change  in  mass  or  stiffness?"  When  the  ratio 
Is  greater  than  unity,  one  can  assume  that  the 
detuning  effect  is  more  Important  than  any 
change  in  strength. 
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Hence,  tor  the  model  of  Fig.  1,  it  is  given  by 


From  either  Eq.  (1)  or  (2),  it  follows  that 
log  f  =  lot!  2V  ^  I  '*  ■  T  ^ 
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As  Eq.  (6)  is  symmetrical  with  respect  to 
f  !  f  21  Qi  >  02>  *1  really  matter  which 

subscript  is  associated  with  the  upper  reso¬ 
nator. 

For  Q,  »  1 ,  Q2  »  1  and  f,  -  f2,Eq  (6) 
reduces  to 

M  =  [Qi  •  Q2I  • 

Thus,  M  can  have  extremely  large  values  for 
these  conditions.  For  example,  if  Q,  ^  Qj  =  10 , 
M  100  .  O's  much  higher  than  this  are  often 
found  in  equipment. 


Consequently,  the  derivatives  of  interest 
should  not  only  be  made  dimensionless  but 
divided  by  two. 


'i  _3M. 
2M 


li  ^ 

2M 


2M 

aMj 

W, 

flM 

^  Tm 

2  Hi 

-  3f, 

fl 

fl 

2M2 

¥f7 

*  2M, 

3fi 

f2 

3M] 

3Mi 

2M2 

Sfj 

*  2M, 

■ 

(12) 


(13) 


228 


The  t;rcateHt  dai.iaRC  [JOlcnUal  occurs 
when  tlie  exciting  sinusoid  is  tuned  to  one 
resonant  Ircquency  or  the  other.  For  a  vibra¬ 
tion  environment  of  periodic  nature,  as  It 
occurs  during  use  or  transportation  of  an  item 
of  equipment,  it  would  tie  umiatural  to  expect 
the  excitation  frequency  to  shift  a.s  f ,  or  fj 
is  changed.  However,  for  a  single-frequency 
sweep  as  performed  during  a  laboratory  test, 
tlie  maximum  responses  of  the  upper  mass 
will  occur  approximately  when  f  ~  f,  and 
when  f  fj.  It  is  assumed  that  these  maxi¬ 
mum  responses  are  indicative  of  damage 
potential,  and  that  ihe  sweep  is  so  slow  tlial 
the  resonators  are  fully  '’.xcited.  It  is  furtlier 
assumed  that  Qj  and  Oj  are  constant. 

Equation  (C)  is  symmetrical  with  respect 
to  f  1  and  fjl  for  present  purposes,  it  dcjs 
not  matter  whether  f ,  is  associated  with  the 
otlier.  The  conditions  of  greatest  Interest  arc 
therefore  summarized  adequately  by  obtaining 
two  expressions  for  (fj  2M>  (SH'Bfj)  accord¬ 
ing  to  whether  f  fj  or  f  (j.  The  (j's  are 
assumed  to  lx>  constant.  The  expressions  for 
( f  I  2M)  (Mt  3f ,) ,  if  desired,  may  then  be 
obtained  by  symmetry. 


Hence,  from  Eq.  (13), 
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Now  assume,  alternately,  that  f  fj. 
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Hence,  from  Eq.  (12), 
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provided  that  Qj  Is  large  and  f ,  f2  Is  not  too 
small. 
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which  is  simply  Eq.  (18)  with  r  replaced  by 
its  reciprocal  and  Qj  replaced  by  Q, .  Thus,  a 
plot  of  Eq.  (18)  will  enable  one  to  determine 
values  for  (f,/2Ml  (BM/Bf,!  when  either  f  is 
constant  at  f,  or  equals  ~fj  and  changes  with  it. 

By  symmetry, 
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overlap  bc.'wecn  the  disitribution  of  the 
cnvironmcAt  and  the  distribution  of  the 
strength.  The  environment  and  st-ength 
are  twth  assumed  to  be  measured  at  the 
same  point,  essentially  the  location  of  the 
failure.  It  is  assumed  tacitly  that  variations 
in  the  strength  do  not  affect  the  environment, 
and  that  safety  margins  may  be  defined  to 
express  the  relation  of  an  independent 
strength  to  an  independent  environment.  Fig¬ 
ure  2  shows  that  this  is  not  necessarily  true 
for  vibration;  in  fact,  the  safety  margin  does 
not  necessarily  increase  when  the  strength 
increases.  The  chart  is  conceptually  satis¬ 
factory  only  if  it  is  recognized  that  the  varia¬ 
tion  in  the  local  excitation  results  in  part 
from  the  same  causes  as  those  of  the  varia¬ 
tion  in  strength,  as  well  as  from  variations 
effectively  in  the  ultimate  source  of  the 
excitation. 


A  PRACTICAL  DETUNING  TECHNIQUE 


Fig.  2  -  Curves  of  the  derivative  of  the 
response  of  the  upper  mass  of  Fig.  1 


when  f  equals  f ,  and  changes  with  it,  and 
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Thus,  all  necessary  information  Is  con¬ 
tained  in  any  one  of  Eqs.  (18),  (22),  (23),  and 
(24).  The  first  of  these  is  plotted  in  Fig.  2 
for  various  values  of  Oj The  importance  of 
detuning  when  f  i  ■  f  j  and  a  sinusoidal  exci¬ 
tation  is  exiiected  in  the  neighlxjrhood  of 
either  is  quite  evident.  When  the  ordinate 
plotted  is  greater  than  unity  and  a  failure  that 
occurs  in  the  terminal  resonator  necessitates 
a  redesign,  detuning  should  be  considered  as 
an  alternate  to  strengthening. 


Furthermore,  when  the  ordinate  is 
greater  than  unity,  manufacturing  variations 
have  more  effect  on  the  transmission  path  by 
way  of  detuning  than  they  do  by  way  of  effect 
on  local  strength.  When  environment  is  per¬ 
tinent  to  reliability,  it  is  customary  to  use  for 
conceptual  purposes  a  chart  which  shows  an 


*The  fact  that  each  equation  involves  the  o  of 
only  one  resonator  should  be  surprising.  If 
^’’0  >■  ..iling  frequency  is  tuned  to  either  res¬ 
onator,  the  0  of  that  resonator  should  not 
affect  the  derivative  so  long  as  that  0  is  con- 
stant,  whether  or  not  the  frequency  of  the 
resonator  (and  the  excitation)  is  changed. 


It  is  possible  to  show  that  tlie  benefits  of 
detuning  are  of  the  same  general  magnitude 
when  the  excitation  is  random.*  A  similar 
result  would  be  expected  for  shock,  although 
here  there  is  somewhat  more  uncertainty 
about  what  one  can  say  concerning  the 
response  of  the  second  resonator  than  in  the 
case  of  random  or  single- frequency  excita¬ 
tion.  There  should  certainly  be  adequate 
motivation  for  staggering  resonances  where 
possible,  regardless  of  the  type  of  excitation. 
Applied  as  a  general  policy,  such  staggering 
provides  generous  benefits  when  loading  is 
small,  and  it  does  no  harm  when  loading  Is 
large.  In  the  latter  case,  there  is  some  con¬ 
ceptual  difficulty  from  the  fact  that  the 
resonances  of  a  component  are  not  the  same 
as  the  resonances  of  the  parts.  This  is 
seldom  critical,  however,  and  can  usually  be 
ignored. 

Yet,  it  can  not  be  said  that  all  designers 
try  to  stagger  resonances  or  that  there  is  as 
yet  a  systematic  approach  to  the  staggering  of 
resonances.  Failures  during  environmental 
test  of  an  assembled  component  often  occur 
because  of  coincidence  of  resonance  frequen¬ 
cies.  Yet,  little  evidence  of  the  cause  comes 
directly  lo  the  designer  as  a  result  of  a  quali¬ 
fication  test.  Usually,  he  carries  out  a  tenta¬ 
tive  redesign,  and  the  test  is  tried  again. 


*C.  T.  Morrow,  B.  A.  Troesch,  and  H.  R. 
Spence,  "Random  Response  of  Two  Coupled 
Resonators  without  Loading,"  Journal  of  the 
Acoustical  Society  of  America.  Jan.  1960. 
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F'g.  3  -  Experimental  detuning  of  a  two -resonator  system 


In  many  cases,  valuable  indications  of  the 
best  redesign  may  be  obtained  by  experimeuts 
on  the  component  before  it  is  removed  from 
the  shaker  —  especially  if  there  are  any  rea¬ 
sons  to  believe  that  damping  and  loading  are 
low/*  It  is  necessary  only  to  have  some  way 
of  measuring  the  response  in  the  region  of  the 
failure  point  on  a  relative  basis  and  to  have 
sufficient  access  to  the  interior  of  the  com¬ 
ponent  to  make  experimental  changes  that  will 
affect  the  transmission  path.  When  there  is 
malfunction  or  performance  deterioration 
without  permanent  damage,  the  undeslred 
effect  may  often  be  used  as  a  measure  of 
response.  Microphonics  In  vacuum  tubes  and 
chattering  in  relays  lend  themselves  to  this. 

In  other  cases,  it  may  be  possible  to  apply 
strain  gages,  use  optical  observations  or  even 
apply  X-ray  techniques.  Experimental  mass 
loaus  or  stiffeners  can  usually  be  applied 


I'H  there  is  a  heavy  schedule  of  qualification 
tests,  the  component  may  be  removed  to  an 
auxiliary  shaker. 


simply  by  cementing.  A  cement  or  tar  that 
hardens  on  cooling  may  be  convenient.  The 
possible  experiments  that  can  be  tried  with  a 
two-resonator  system  are  suggested  in  Fig.  3. 

It  is  not  necessary  to  take  time  for  pre¬ 
cise  dynamic  measurements  before  using  this 
technique.  It  is  merely  necessary  to  make 
e.xperimental  changes  and  observe  their  effect. 
The  final  official  design  change  may  not  always 
be  the  same  as  what  Is  tried  experimentally. 
For  example,  if  mass  loading  is  beneficial,  it 
may  be  preferable  to  reduce  the  stillness  of  a 
spring. 


CONCLUSION 

It  is  hoped  that  this  paper  will  increase 
the  emphasis  on  detuning  techniques  where, 
for  one  reason  or  another,  they  are  not  con¬ 
sciously  used  now  and  that  the  final  sugges¬ 
tions  will  make  their  application  easier  in 
many  cases. 


DISCUSSION 


Mr.  Hawkins  (Sperry  Gyroscope  Co.): 
This  condition  that  you  have  here  of  coupling 
two  masses  (C'gether  which  are  widely  sepa¬ 
rated  in  mechanical  impedance  seems  to  me  a 
condition  that  you  would  necessarily  try  to 
avoid  in  a  design  that  had  Lo  meet  shock  and 
vibration  environments.  Wouldn't  you  say  this 
is  true? 


Dr.  Morrow:  I  tliink  one  should  try  to 
avoid  it,  yes,  but  it's  not  necessarily  avoided 
in  practice. 

Mr.  Hawkins:  I  just  wai:l  t.-:  cmpha^uc, 
though,  that  this  is  a  good  design  principle  — 
to  try  to  avoid  this  sort  of  thing.  If  you  do 


231 


encounter  It  this  critical  tuning  Oiat  you  have 
here  is  proljaljly  a  very  good  approach. 

Dr.  Morrow;  I’m  glad  you  agree  with  one 
of  the  main  points  I  was  trying  to  make,  I 
would  also  like  to  point  out  that  it  is  relatively 
easy  to  get  into  this  type  of  problem  with  typ¬ 
ical  electronic  equipment  involving  vacuum 
tubes,  and  also  with  equipment  involving 
potentiometers  with  very  finely  made  wipers 
within.  Typically,  one  designs  electronic 
equipment  to  a  very  short  time  schedule.  The 
main  problem  the  designer  encounters  is 
getting  all  the  parts  in  and  when,  finally,  the 
man  on  the  Ixiard  has  succeeded  in  doing  this, 
off  the  thing  goes  to  the  manufacturer.  Then 
it  often  takes  some  time  to  figure  out  just 
what  we've  got  and  to  do  something  about  it  if 
it  doesn't  work  out  right.  So  one  can  very 
easily  get  into  this  problem  because  of  the 
practical  limitations  of  the  field  we're  work¬ 
ing  in. 

Mr.  Gcrtcl  (Allied  Research  Associates): 
I  just  wish  to  make  the  simple  observation 
that  adding  mass  changes  the  frequency  by  its 
inverse  square  root.  This  has  a  rather  small 


* 


effect  on  altering  the  resonant  frequency. 
Unless  t!jc  bandwidth  of  the  resonance  that 
you’re  concerned  with  is  extremely  narrow, 
you  would  probably  have  to  add  considerable 
mass  to  effect  any  significant  change. 

Dr,  Morrow:  Well,  I  think  you'll  find  that 
the  Q^s  of  typical  resonances  Inside  a  piece  of 
equipment  do  tend  to  run  fairly  high  unless 
special  techniques  are  used  to  keep  them  low. 
For  example,  if  you  arc  trying  to  design  a 
vibration  isolator  you  find  that  you  have  to 
use  quite  a  bit  of  care  to  get  the  Q  a  great 
deal  below  10.  This  Is  with  damping  material 
particularly  selected  for  the  purpose.  Now, 
within  an  Item  of  equipment  with  the  various 
other  problems  that  are  involved  in  there, 
often  it  is  necessary  to  use  metal  parts  with 
very  little  damping;  it  Is  quite  easy  to  get  Q's 
of  10  or  higher.  Under  these  conditions,  yes, 
maybe  you  do  have  to  add  a  little  bit  of  mass  — 
maytie  you  have  to  add  10  or  20  percent  to  get 
very  much  change  —  but  I  think  it's  interest¬ 
ing  that  there  are  times  where  you  gain  by 
weakening  a  spring,  or  adding  a  mass,  which 
you  would  expect,  of  course,  to  Increase  the 
stress  in  the  spring. 


♦  » 
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NATURAL  BENDING  FREOUENCIES  AND  MODE  SHAPES  OF  MISSILES 
HAVING  A  MULTIPLE-TANK  CONFIGURATION 


J.  D.  O'Rourke  and  C.  L.  Conrad 
Chrysler  Corporation  Missile  Division 
Detroit,  Michigan 


Tills  paper  covers  an  investigation  of  the  problems  of  predicting  the 
natural  frequencies  and  mo^e  shapes  of  a  clustcrcd-tank  missile.  It 
is  shown  by  illusti  ation  that  a  single-tank  representation  of  multiple- 
tank  configuration  is  not  feasible,  and  a  general  method  of  solution  is 
proposed.  A  solution  is  presented  for  a  simplified  problem  which  is 
proved  by  a  laboratory  test.  The  complexities  of  the  clustered-tank 
problem  are  discussed. 


INTRODUCTION 

The  evaluation  of  the  flight  dynamics  of  a 
particular  missile  requires  a  knowledge  of  tiie 
natural  frequencies  and  mode  shapes  of  the 
structure.  If  a  resonant  condition  should  exi.st 
between  the  natural  frequencies  of  the  struc¬ 
ture  and  the  control  or  propellent  sloshing 
frequencies,  the  mission  of  the  missile  could 
be  jeopardized. 

As  the  missions  and  payloads  of  the  sec¬ 
ond  generation  of  military  missiles  and  space 
vehicles  have  become  more  demanding,  the 
practice  of  staging  and  clustering  missiles 
has  become  common.  The  clustered  missiles 
arc  usually  the  lower  '-.tages  of  space  vehicles 
and  consist  almost  eutiiely  of  propellent  tanks 
with  attached  engines.  The  practice  of  clus¬ 
tering  has  complicated  the  problems  of  accu¬ 
rately  predicting  the  natural  frequencies  of 
vibration  and  forced  industry  to  reevaluate  the 
exloting  methods  of  analysis. 

The  matrix  iteration  procedure,  as 
applied  to  a  system  represented  by  discrete 
masses,  was  chosen  as  the  method  of  analy.sis 
in  this  paper  because  it  is  readily  adapted  for 
programming  on  digital  computers  of  the  card 
punching  type,  and  can  accommodate  changes 
ill  the  program  as  more  information  becomes 
available.  While  this  method  is  not  as  accu¬ 
rate  as  many  other  methods,  it  has  sufficient 
accuracy  for  the  lower  modes  of  vibration 


whicli  are  of  primary  importance  in  structural 
work. 


SINGLE  TANK  REPRESENTATION 

In  Reference  [Ij,  the  fundamental  fre¬ 
quency  of  vibration  for  a  missile,  having  a 
multitank  booster,  was  computed  by  treating 
the  missile  as  a  single  beam  composed  of 
discrete  masses.  This  assumption  is  com¬ 
mon  in  vlbraliuii  problems  but  could  give 
questionable  results  in  the  case  of  clustered- 
tank  configurations. 

Before  attempting  to  establish  a  general 
method  of  solution,  an  analysis  of  two  parallel 
tanks  was  made  and  compared  to  a  single-tank 
representation  of  the  two  tanks.  Both  the 
single-tank  and  double-tank  structures  were 
of  constant  stiffness  El  and  had  mass  distri¬ 
butions  simular  to  that  of  a  missile. 

A  description  of  the  mathematical  models 
of  the  two  systems  is  presented  in  Fig.  1.  The 
springs  supporting  the  attached  tank  of  the  two 
tank  structure  have  stiffness  constants  which 
are  large  enough  to  produce  bending  In  the 
suppfirted  tank.  It  was  determined  that  the 
natural  frequency  of  the  system  L.creases  as 
the  spring  stiffness  is  increased  imtil  a  point 
is  reached  where  the  ratio  of  spring  stiffness 
to  tank  bending  stiffness  becomes  large,  and 
the  frequencies  remain  nearly  constant. 
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SINGLE  LANK 


“3  Mj  Me  M,  Mg  M, 

000  o-e 


DOUBLE  TANK 


K*  -  8  »  10’  #  /in. 
Ke-6  .  10“  #/  m 


Fig.  1  -  Systems  represented  by  discrete  masses 


A  conipari.son  of  the  unrestrained  bending 
modes  is  shown  in  Fig.  2.  The  single-tank 
structure  has  a  liigher  frequency  than  the  two- 
tank  structure,  although  its  stiffness  is  less 
than  a  representative  two-tank  structure 
would  be.  Also,  the  attached  tank  mode  shape 
is  out  of  phase  with  the  main  tank  mode  shape. 
Two  conclu.sions  were  drawn  from  this  com¬ 
parison: 

1.  The  two-tank  configuration  could  not 
be  accurately  represented  by  a  single  equiva¬ 
lent  tank, 

2.  The  natural  frequency  of  the  system 
was  greatly  affected  by  the  phase  relationship 
of  the  attached  tank. 

To  verify  these  two  conclusions,  a  labo¬ 
ratory  test  was  conducted  on  a  two- beam 
sy.stem,  and  the  results  were  compared  to  the 
results  of  an  analytical  study  of  the  same 
system. 


LABORATORY  TEST 

The  test  specimen  consisted  of  a  main 
cantilevered  beam  from  which  a  second  beam 
was  elastically  supported  at  two  points.  The 
beams  were  standard  "I"  beams  with  doubler 
plates  and  concentrated  masses  added  to 
present  a  nonuniform  case. 

The  test  specimen  was  cantilevered  from 
a  heavy  supporting  structure  and  excited  by 
electrodynamic  shakers  as  shown  in  Fig.  3. 
The  response  of  tlie  specimen  was  determined 


by  placing  velocity-type  vibration  pickups  at 
equal  intervals  along  the  beams;  these  were 
used  to  measure  both  frequency  and  displace¬ 
ment  to  olTtain  a  mode-  shape.  The  outputs  of 
the  pickups  were  routed  through  a  data- 
sampling  switch,  and  recorded  on  an  oscil¬ 
lograph  recorder.  The  data- sampling  switch 
was  used  to  select  the  output  from  the  vibra¬ 
tion  pickups  in  an  orderly  sequence  to 
describe  the  mode  shape. 

The  test  specimen  was  first  subjected  to 
a  low-level  sinusoidal  input  from  one  or  more 
shakers  and  measurements  taken.  The  fre¬ 
quency  was  increased  from  a  low  level  until  a 
resonant  condition  was  reached.  Re.eonance 
was  determined  by  placing  tlie  shaker  arma¬ 
ture  input  on  the  horizontal  channel  of  an 
oscilloscope  and  the  output  from  a  vibration 
pickup  on  the  vertical  channel.  The  frequency 
where  the  pattern  tjecame  a  straight  line  at  a 
45  angle  was  the  resonant  condition.  The 
resonant  condition  was  checked  by  exciting  the 
specimen  by  single  shakers  at  different  points 
and  simultaneously  at  as  many  as  three  points. 
No  significant  shift  in  frequency  or  mode 
shapes  were  noted  by  these  changes. 


RESULTS 

The  first  three  bending  modes  of  the 
restrained  two  beam  system  are  shown  in 
Figs.  4,  5,  and  6.  Both  the  test  results  and 
analytical  results  are  presented  for  com¬ 
parative  purposes.  Examination  of  the  figures 
indicates  that  the  mode  shapes  and  Irequencics 
of  the  analytical  re.suiis  agree  reasonably  well 
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Fig.  Z  -  Comparison  of  unrestrained  masses 


4  IN  ST  'I'HAM 


Fig.  3  -  Restrained  two-beam  system  (laboratory  tost) 


with  the  test  results  for  the  first  two  modes. 

It  may  be  pointed  out,  that  the  supported  beam 
showed  an  out-of-phase  relationship  with  the 
main  beam  in  the  first  mode  frequency.  The 
main  beam  in  both  cases  had  the  normal  first¬ 
mode  deflection  curve  for  a  cantilever  beam. 
The  third- mode  frequency  and  shape  do  not 
correlate,  but  it  was  later  established  that  the 
test  frequency  wa.s  erroneous  due  to  a  mount¬ 
ing  structure  resonance.  The  curve  was  left 
in  to  show  that  the  third- mode  shape  for  a 
two-beam  system  Is  similar  to  the  normal 
second- mode  shape  of  a  single  cantilevered 
beam. 

Small  discrepancies  between  the  analyti¬ 
cal  and  the  test  results  can  be  traced  to 


discrepancies  in  the  mathematical  represen¬ 
tation  of  the  test  specimen.  For  instance, 
handbook  values  of  the  elasUclly  modulus, 
shear  modulus,  and  Inertia,  etc.,  were  used 
and  the  beam  assumed  perfectly  restrained, 
which  could  not  be  duplicated  completely  in 
the  laboratory.  This  indicates  that  while  the 
laboratory  test  served  its  purpose  of  verifica¬ 
tion  of  the  analytical  technique,  an  estimate  of 
the  accuracy  of  the  analysis  could  not  be  made. 


ANALYTICAL  TECHNIQUE 

The  analytical  technique  used  throughout 
this  paper  is  the  matrix  iteration  procedure 
as  applied  to  systems  represented  by  discrete 
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RELATIVE  DISPLACEMENT 


Fig.  4  -  Restrained  two-beam  system  (first  mode) 


Fig,  5  -  Restrained  two-beam  system  (second  mode) 
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Fit;.  6  -  Restrained  two-bcarn  system  (third  mode) 


masses.  This  method  is  widely  used  and  dis¬ 
cussed  in  many  text  twoks,  and  therefore,  only 
the  general  equations  are  presented  in  this 
paper. 

The  analysis  considers  the  structure  to 
be  divided  into  rigid  segments,  with  the  total 
mass  of  eacli  segment  concentrated  at  its 
center  of  gravity.  The  points  at  which  the 
masses  are  concentrated  are  known  as  control 
points.  The  equations  of  motion  for  this  sys¬ 
tem  were  written  in  terms  of  flexibility  influ¬ 
ence  coefficients,  C,..  These  coefficients 
represent  the  deflection  of  control  point  i  due 
to  a  load  at  control  point  j .  The  coefficients 
are  obtained  by  placing  a  unit  load  at  a  conti-ol 
point  and  calculating  the  resulting  deflections 
at  the  remaining  control  points.  The  integral 
form  of  the  influence  coetflcient  equations  was 
used  in  tills  analysis  to  allow  solutions  of 
systems  having  nonuniform  properties.  The 
general  influence  coefficient  for  a  cantilevered 
team  in  bending  is  as  follows. 


where 

Xj  =  distance  from  fixed  end  to  i 
Xj  =  distance  from  fixed  end  to  j 
A  =  variable  along  x  axis 
EJ  =  bending  stiffness 
GK  =  shear  stiffness. 

The  influence  coefficients  obtained  from  this 
equation  include  shear  flexibility. 

The  equations  of  motion  were  then  trans¬ 
ferred  to  matrix  notation,  and  programmed  on 
a  digital  computer.  The  influcnct;  coefficient 
equation  was  also  programmed  to  expedite  the 
problem  solution.  The  matrix  equation  is 

(y)  -  £.;*  [C]  [m]  {y} 

where 


Cii 


(y)  =  displacement  matrix 
M  =  frequency 

[C]  =  influence  coefficient  matrix 
[ml  =  mass  matrix. 
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This  equation  is  solved  by  an  iteration 
procedure  to  obtain  the  fundamental  bending 
frequency  and  mode  sliape.  This  is  done  by 
assuming  a  set  of  displacements  vj,  yj,  y3  . . 
niwl  performing  the  indicated  operations.  The 
resulting  displacements  are  then  made  rela¬ 
tive  to  a  single  displacement  which  is  reduced 
to  unity.  Iteration  is  continued  until  the  dis¬ 
placements  stabilize  to  a  definite  pattern. 

To  obtain  the  higher  bonding  modes  of  the 
system  the  orthogonality  relation  is  intro¬ 
duced.  This  relation  is  used  to  eliminate  the 
lowei-  mode  components  from  the  higher 
modes,  allowing  convergence  to  a  higher 
mode.  In  matrix  form  this  relation  appears 
as  a  sweeping  matrix  [s] .  The  matrix  equa¬ 
tion  for  higher  modes  talces  the  form  of 


genei”.  i  equation  Increases,  ’.''or  instance,  the 
influence  coefficient  matrix  [cl  for  a  single 
beam  in  bonding  comprised  of  n  masses  is 
represented  by 

C,i  Cj2  .  .  .  c,„ 

Cji  C22  .  .  •  Tj,, 


I 

|_^nl  C„2  ■  •  • 

While  the  Influence  coefficients  matrix  for 
n  =  4,  combining  bending  and  torsion,  is 
represented  by 


(y;  =  [C]  [m]  fsl  <y} 

where  [si  =  sweeping  matrix. 

For  the  unre.straincd  case  the  beams  are 
first  restrained  and  the  [cl  matrix  computed 
and  then  the  restraints  removed  by  applying 
the  equations  of  motion  needed  for  equilibrium 
of  the  unrestrained  elastic  body.  The  [cl 
matrix,  which  is  used  to  compute  the  unre¬ 
strained  frequencies,  is  formed  from  the  fol¬ 
lowing  relation 
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where 


=  linear  deflection  at  1  due  to  unit 
force  at  j 

es 

Cjj  =  angular  deflection  at  i  due  to  unit 
moment  at  j 

Cjj  =  linear  deflection  at  i  due  to  unit 
moment  at  j 


l„  =  Pitching  moment  of  inertia  of  both 
beams  about  the  base 

s  =  .Static  moment  of  mass  to  the  right 
of  the  base  taken  about  the  base 

M  =  Total  mass. 


DISCUSSION  OF  THE  ANALYTICAL 
TECHNIQUE 

The  matrix  iteration  process  for  systems 
represented  by  discrete  masses  is  a  very 
general  method,  in  that  the  system  car.  be 
adapted  to  cover  a  variety  of  structures  wUii- 
oiit  changing  any  of  the  basic  proceoseo,  poj. 
more  complicated  structures  the  complexity 
of  the  individual  matrices  comprising  the 


Cjj  =  angular  deflection  at  i  due  to  unit 
force  at  j . 

It  is  readily  seen  from  this  discussion 
that  the  computation  of  the  Influence  coeffi¬ 
cient  matrix  for  a  given  situation  will  be  the 
difficult  step  towards  a  solution  with  this 
method  of  analysis.  However,  the  Influence 
coefficient  matrix  for  a  simple  case  may  be 
systematically  enlarged  for  more  complicated 
cases.  For  instance,  the  influence  coefficient 
matrix  for  two-beam  systems  is  shown  in  Fig. 
7.  The  portion  ot  this  figure  designated  as 
Blocks  I  and  n  represents  the  matrix  needed 
for  single-beam  problems,  while  the  ren.ain- 
ing  blocks  are  needed  for  solution  ot  the  two- 
beam  problem. 

It  may  be  noted  here  that  the  influence 
coefficients  have  the  property  of  symmetry, 
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Fig.  7  -  Inniii'iii-c  coefficient  n ..itrix  for  two-beam  system 


i.e.,  C|j  =  Fjj  and  Cjj  =  Cj;;  thus,  only  half 
of  tlie  influence  coefficients  need  to  be  cal¬ 
culated  for  a  given  matrix.  The  [Gl  matrix 
does  not  have  the  property  of  symmetry. 

At  this  time  the  matrix  iteration  method 
has  been  successfully  programmed  to  provide 
the  natural  bending  and  torsional  frequencies 
and  mode  shapes  of  such  items  as  shafts, 
rotors,  control  surfaces,  and  complete  mis¬ 
siles,  In  one  instance,  it  was  modified  to 
provide  for  n  cantilevered  mass  off  the  main 
structure  to  predict  the  bending  frequency  of 
the  Jupiter  missile,  where  the  cantilevered 
mass  represented  tlie  rocket  engine.  This 
was  done  in  conjunction  with  a  full-scale  te.st 
to  I'erify  that  the  cause  of  an  additional  fre¬ 
quency  was  the  cantilevered  engine.  Previous 
methods  of  analysis  could  not  account  for  this 
frequency  which  was  caused  by  the  phasing  of 
the  engine  and  main  structure. 

The  programs,  just  mentioned,  indicate 
the  versatility  of  the  matrix  iteration  pro¬ 
cedure,  but  they  do  not  , provide  a  clear  indi¬ 
cation  of  the  advantages  and  disadvantages  of 
the  method.  These  may  be  summed  as  follows; 

Advantages' 

The  matrix  iteration  procedure  can  be 
readily  programmed  on  a  digital  com¬ 
puter. 

The  input  data  for  an  e.stahlished  pro¬ 
gram  may  be  obtained  through  routine 
calculations. 


The  inputs  may  be  easily  modified  to 
provide  a  different  mass  distribution 
and  stiffness,  etc.;  tliis  allows  the  pro¬ 
gram  to  be  used  as  a  preliminary 
design  tool. 

Disadvantages; 

More  sophisticated  systems  offer 
greater  accuracy,  especially  in  the 
higher  modes  which  are  of  interest  m 
elastic  body  flight  dynamics  and  tran¬ 
sient  stress  analysis. 

Only  relative  deflections  of  the  tanks 
are  known  in  terms  of  the  simplified 
configuration,  i.e.,  where  the  masses 
are  located. 


CONCLUSIONS 

The  ultimate  goal  is  lo  provide  a  solution, 
using  the  matrix  iteration  method,  which  will 
accurately  predict  the  natural  frequencies  and 
mode  shapes  of  a  missile  having  several  tanks 
attached  at  any  angle  for  combined  bending  and 
torsion.  The  solution  for  this  program  would 
require  a  complex  influence  coefficient  matrix 
similar  to  the  case  described  in  the  Discussion 
of  the  Analytical  Technique. 

A  solution  of  a  multitank  miss.le  has  been 
obtained  using  only  the  bending  portion  of  the 
matrix  and  restricted  to  one  plane.  However, 
no  conclusions  can  te  drawn  at  this  time  and 
no  attempt  has  been  made  to  include  the 
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torsion  (’flocts.  It  is  felt  that  \hi-  (;r4)iintl'vork 
foi'  the  final  solution  has  Itecn  prt  i»4red  and 


the  solution  can  t)c  obtained  in  the  near 
future. 
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DISCUSSION 


^"._^crn  (General  Electric  Co.):  I  won¬ 
dered  if  any  place  in  your  paper  you  consid¬ 
ered  the  shear  and  rotary  inertia  of  there 
discrete  masses. 

Mr.  O'Rou’ku:  We  did  figure  out  (he 
sliear  flexibility,  the  rotary  inertia  we  didn't 
take  into  account. 

Mr.  Stern:  The  only  reason  I  mentioned 
it  is  that  you  said  ttiat  there  was  somewhat  of 
a  di.sagreement  l)etwecn  the  two  systems  wi.en 
you  had  the  equivalent  lx;am.  I  would  e.xpect  it 
to  Ije  somewhat  different,  but  some  of  the  dif¬ 
ference  might  bo  the  result  of  the  fact  that  the 
shear  and  rotary  inertia  corrections  would  be 
somewhat  different  for  these  two  different 


systems.  You  wouldn't  have  the  same  error 
in  loth  and  this  might  be  the  reason  for  the 
difference. 

Mr.  O'Rourke:  Tl.is  Is  a  good  point,  I 
don't  know'loo  milch  about  the  effects  of  the 
rotary  inertia,  since  we  don't  include  it;  but 
wc  feel  that  it  is  probably  more  effective  in 
the  higher  modes. 

Mr.  Stern:  Well,  what  I  was  thinking  of  is 
that  if  you  had,  say,  an  aircraft  wing  with  a 
pontoon  quite  a  ways  below  It,  if  you  just  broke 
the  wing  up  into  discrete  masses  and  you  just 
stuck  the  pontoon  up  on  the  wing,  you  would 
have  quite  an  error.  This  might  be  introducing 
some  errors  In  your  solution. 


* 


*  * 
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CONCEPTUAL  APPROACH  TO 
VMBRATION  CONTROL  FOR  SYSTEM  RELIABILITY 


L,  I.  Mirowilz 

McDoniU'U  Aircraft  Corporation 
St.  Louis,  Missouri 


This  paper  preseiitn  a  uiiifictl  approach  of  vibration  control  clufitif;  sys¬ 
tem  til  iinn  -ir.cl  qut  nt  a^vcloptncnt.  Considerable  emphasis  is 

placeii  on  a  scheme  of  systi  nntically  predictiii)?  the  vibration  environ¬ 
ment  for  new  desljtn  confit;urations  in  which  tne  structural  impedance 
of  the  airframe  is  used  in  the  extrapolation  process  from  old  to  net 
confiRu rations.  The  use  of  data  defining  the  failure  susceptibility  of 
equipnient  in  a  vibration  environment — the  Component  Functional  Pro¬ 
file— is  recommended  in  order  to  define  an  Index  of  Reliability  which 
assesses  qaantitatively  the  relative  merits  of  rt|uipment  to  operate 
reliably  in  the  predicted  environment.  Frequency  sweep  testing  is 
used  for  the  qualification  and  development  tests  of  equipment,  with 
random- vibration  testing  preferred  in  those  instances  where  actual 
flight  failure  has  been  encountered  and  ground  testing  must  be  under¬ 
taken  to  establish  corrections. 


INTHOnilCTION 

Many  approacnes  arc  in  use  today  for 
controlling  the  vibration  environment  existing 
in  airframes.  This  effort  is  intended  to  lead 
to  a  reliable  weapon  system.  Advances  In  the 
stale  of  the  art  to  date  have  boon  concerned 
primarily  with  test  techniques  for  simulating 
the  vibration  environment  in  ground  reliability 
testing.  Comparatively  little  work  has  been 
done  in  the  field  of  environment  prediction. 
Decause  of  the  many  test  techniques  available, 
there  exists  controversy  in  their  utilization. 
For  example,  should  one  use  sinusoidal  sweep 
testing  versus  random-vibration  testing,  com¬ 
bined  environment  testing  versus  separate 
environment  tests,  and  a  number  of  other 
combinations.  In  most  cases  the  test  tech¬ 
niques  are  based  on  various  assumptions  of 
the  vibration  environment  to  wuich  the  system 
will  be  exposed  in  actual  use.  Quite  often 
these  assumed  environments  are  Ijascd  on 
military  specifications  modified  to  account  for 
past  operational  experience  on  similar 
vehicles. 

It  IS  generally  agreed  that  the  state  of 
affairs  o.xisting  in  tne  area  of  environmental 
predictions  is  less  than  satisfactory.  Also, 


though  a  number  of  sophisticated  test  proce¬ 
dures  and  test  systems  have  been  developed 
for  more  thorough  ground  testing  of  equip¬ 
ment,  much  still  has  lo  be  done  in  establishing 
a  quantitative  measure  of  the  equipment  relia¬ 
bility  when  exposed  to  the  test  and  operational 
environment  of  the  flight  vehicle.  Further¬ 
more,  it  is  the  writer's  experience  that  much 
of  the  science  of  vibration  control  Is  based  on 
intuitive  thinking  and  abstract  manipulations 
of  data  which  are  difficult  for  engineering 
personnel  not  specializing  in  this  field  to 
comprehend. 

The  need  exists  for  a  more  systematic 
approach  to  the  problem  of  vibration  control 
for  system  operational  reliability,  encom¬ 
passing  the  total  phase  of  engineering  devel¬ 
opment  of  an  operational  system.  In  many 
ways,  this  approach  can  be  patterned  after 
the  methods  used  in  the  stress  analysis  of 
structures.  In  this  case,  one  goes  through  the 
following  basic  steps;  prediction  of  the  loads, 
analysis  of  the  structure,  predicted  margin  oi 
safety,  proof  testing,  and  opcrali.inal  test 
experience.  In  a  similar  vein,  a  total  pro¬ 
gram  for  vibration  control  should  include  the 
equivalent  steps  followed  in  stress  analysis. 
These  are:  predicting  tiie  environment-thc 
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Vibratory  loads,  analysis  of  the  structure  for 
rcson: -ice  response— structural  impedance, 
P'-edicted  index  of  reliability— margin  of 
safely,  ground  development  and  proof  testing, 
and  operational  experience  and  correction  of 
dcliciencies. 

The  purpose  of  this  paper  is  to  present  a 
unified  approach  to  vibration  control  during 
system  design  and  subsequent  development 
based  on  tlic  systematic  procedure  used  in 
structural  stress  analysis  and  encompassing 
the  five  majoi  steps  indicated  above.  Con¬ 
siderable  emphasis  is  given  to  the  proposal  of 
a  more  systematic  method  of  environnientai 
predictions.  The  use  of  data  defining  the  fail¬ 
ure  susceptibility  of  equipment  to  define  an 
index  of  equipment  operational  reliability  will 
be  stressed.  Li  conjunction  with  this,  the 
importance  oi  sinusoidal  sweep  testing  is 
pointed  out,  with  random-vibration  te.sttng 
prelerred  in  those  instances  where  actual 
flight  failure  has  been  encountered  and  ground 
testing  must  be  undertaken  to  establish  cor¬ 
rections. 


SYSTEM  DEVELOPMENT 

The  development  of  a  system,  bo  it  a 
complete  weapon  system  or  a  sutisystcm  of 
the  weapon  sy.stem,  involves  three  distinct 
phases.  These  phase.s  arc  design,  prototype 
development,  and  production  development. 
These  phases,  including  some  important  con- 
sidor.itions  within  each  phase  of  engineering 
development,  are  shovm  in  Fig.  1.  In  essence, 
the  design  phase  is  concerned  with  the  initial 


requirements,  the  estabushmem  of  design 
criteria,  the  use  of  past  experience,  and— 
from  the  standpoint  of  the  environment— the 
establishment  of  an  environmental  control 
program,  including  definite  design  criteria 
and  analysis  approaches.  In  addition,  during 
the  basic  design,  considerable  development 
testing  on  components  is  conducted,  the 
results  of  which  are  incorporated  in  the 
philosophy  of  t*’c  design.  The  development  oi 
the  prototype  Is  basically  a  te.sl  phase  of  the 
complete  system  in  which  the  deficiencies  in 
the  system  are  uncovered  and  in  which  cor¬ 
rections  for  these  deficiencies  are  determined 
and  developed.  Production  development 
involves  operational  experience,  additional 
design  effort  tor  the  production  system,  flight 
development  and  proof  testing,  and  further 
coricctions  of  deficiencies.  A  complete  plan 
for  vibration  control  must  incorporate  a  pro¬ 
gram  for  each  of  these  engineering  develop¬ 
ment  ph?‘''s. 


THE  DESIGN  PROBLEM 

Figure  2  describes  the  various  steps 
required  for  the  vibration  control  effort 
during  design.  The  first  problem  during  this 
phase  is  the  prediction  of  the  Internal  struc¬ 
tural  environment  which  serves  as  the  input 
to  the  various  pieces  of  equipment  fastened  to 
the  structure.  At  the  present  time,  the 
scheme  of  predicting  this  internal  environ¬ 
ment  involves  military  specifications— for 
example,  Ref,  [1  j— supplemented  by  past 
experience  on  similar  airframes  Int’dtivcly 
extrapolated  to  the  new  configuration. 


Fig.  1  -  Phases  of  engineering  development 
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Predicting  the  Environment 

The  vibration  environment  whicli  is  exhib¬ 
ited  by  an  airframe  la  characterized  as  ran¬ 
dom  since  it  is  not  possible  to  predict  at  any 
instant  of  time  what  the  level  of  vibration  will 
lie  during  a  mission.  The  cau.se  of  Lhis  envi¬ 
ronment  may  be  such  sources  as  propulsion 
excitation,  rotating  machinery,  gusts  or  air 
turbulence,  or  the  turbulent  aerodynamics 
within  the  boundary  layer  surrounding  the  air¬ 
frame.  Though  many  of  the  basic  sources  of 
structural  vibration  (the  exteriial  stimuli) 
probably  are  truly  random,  the  vibration  envi¬ 
ronment  internal  to  the  structure,  which  acts 
on  various  items  of  equipment  supported  by 
the  airframe,  cannot  be  characterized  com¬ 
pletely  in  this  form.  This  is  because  the 
structure,  through  which  the  external  excita¬ 
tion  must  pass,  acts  as  a  filter  which  shapes 
the  original  random  (white  noise)  time-varying 
environment  into  one  which  has  more  or  less 
distinctly  defined  frequency  characteristics 
whose  amplitudes  are  not  predictable  with 
certainty.  Thus  tlie  environment  concerned 
with  the  analysis  of  equipment  reliability 
should  be  considered  as  a  frequency  selective 
vibration  environment  with  random  amplitudes. 
Tlie  frequency  selection  is  that  associated  with 
the  resonance  characteristics  of  the  structure. 
This  is  shown  in  Figs,  3  and  4  which  present 
in-flight  measured  vibration  data  at  two  points 
on  the  F-101  aircraft  correlated  wilh  the 
resonant  behavior  cf  the  structure  measured 
during  ground-vibration  testing  for  both  the 
low-  and  high-frequency  range.  The  data  is 
presented  in  spectral  form  as  respon-se  versus 


frequency,  the  in-flight  measurements  being 
represented  by  a  harmonic  analysis  of  the 
time-varying  random- vibration  environment. 
As  noted,  there  exists  strong  correlation 
between  the  peaks  of  the  vibration  environ¬ 
ment  and  the  resonant  points  of  the  structure, 
including  reasonable  correlative  trends  with 
the  relative  amplitudes  of  the  structural 
impedance  at  each  resonance. 

Assuming  that  the  random  internal  vibra¬ 
tion  environment  is  frequency  selective  and  is 
shaped  by  the  structural  impedance  of  the  air¬ 
frame  and  assuming  a  more  or  less  random 
white  noise  external  stimulus,  the  possibility 
is  presented  of  defining  an  equivalent  random 
external  environment  which,  when  modified  by 
the  structural  impedance  of  any  airframe,  will 
predict  on  the  average  the  internal  environ¬ 
ment  for  new  configurations.  In  essence  this 
scheme  is  as  follows: 

In-flight  measurements  are  taken  on 
existing  airframes. 

The  impedance  or  frequency  response 
behavior  of  the  structure  is  measured  at  the 
points  at  which  in-flight  measurements  are 
obtained  on  the  airframe  and  the  Generalized 
Impedance  at  resonance  is  established. 

These  data  are  cascaded  in  accordance 
with  the  output  over  input  response  of  linear 
dynamic  systems.  A  solution  for  a  pseudo 
white  noise  input  or  external  environment, 
designated  as  the  Equivalent  Random  Environ¬ 
ment  (E.R.E.),  can  be  obtained.  This  pseudo 
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Fig.  1  -  High-frequency  correlation  of  flight-environment  and  ground- vibration  test  data 


environment  h.is  the  chiractcristic  that,  when 
multiplied  by  the  Generalized  Impedance,  it 
will  on  the  average  define  the  structural 
response  environment  which  is  the  internal 
environment  acting  on  equipment.  From 
measurements  on  existing  vehicies.  Hie 
Equivalent  Random  Environment,  (E.R.E.), 
can  bo  correlated  with  aircraft  or  missile 
flight  parameters  to  e.stablish  trends. 

The  E.R.E.  then  serves  as  the  estimate 
of  the  external  input  for  a  new  configuration 
which  is  in  the  design  phase.  It  is  then  cas¬ 
caded  with  the  calculated  or  estimated  Gen¬ 
eralized  Impedance  of  the  new  configuration 
to  arrive  at  a  first  prediction  of  the  internal 
envii'onment. 


Getipr-alizcil  Impedance  of  the 
Structure 

The  prediction  of  the  environment,  using 
the  E.R.E.  approach,  req-iires  a  definition  of 


the  so-called  Generalized  Impedance  or 
Admittance  of  the  structure.  The  necessity 
of  using  a  Genera' i'^ed  Impedance  becomes 
obvious  when  consideration  l.s  given  to  the 
fact  that  the  external  environment  acts  over  a 
surface  rather  than  at  a  point  on  the  airframe. 
Generally,  the  Impedance  of  a  structure  is 
oWained  by  exciting  the  airframe  with  one  or 
at  most  a  small  number  of  mechanical  shakers 
and  measuring  the  response  at  a  finite  number 
of  points  on  the  structure.  The  ratio  of  the 
oscillating  force  applied  to  the  structure  to  the 
response  ol  ihe  structure  at  the  point  of  force- 
application  is  defined  as  the  point  impedance. 
The  reciprocal  of  this  quantity  is  the  point 
admittance.  This  is  shown  in  Fig.  5.  Since 
the  only  structural  response  of  significance  is 
LhaL  which  occurs  at  resonance,  the  point 
impedance  at  resonance  Is  a  measure  of  the 
inherent  structural  damping.  Point  impedance 
data  is  readily  available  through  ground- 
vibration  testing  and  model  testing  and  is 
usually  obtained  for  other  reasons  during  the 
development  program  of  the  airframe.  In 
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Fig.  f>  -  Generalized  impedance  at  resonance 


particular,  ground-vibration  tests  conducted 
for  fiutter  and  control  system  coupling  are  a 
source  ol  this  information.  The  problem  with 
the  point  impedance  is  that  all  the  force  enters 
at  a  point  on  the  structure.  On  the  other  hand, 
the  random  environment  is  distributed  over  a 
major  part  of  the  surface  of  the  structure. 

The  question  then  arises  what  is  the  imped¬ 
ance  of  a  random  pressure  acting  on  a  surface 
in  terms  of  a  force  acting  at  a  point.  Figure  5 
shows  various  methods  of  modifying  the  point 
impedance  or  admittance  to  define  a  surface 
admittance  parameter  which  is  denoted  as  the 
Generalized  Impedance  (or  Admittance). 

These  correction  factors  are  based  on  con¬ 
siderations  of  generalized  work  concepts  and 
make  use  of  the  mode  shape  of  the  structure 
at  its  various  resonances. 


E.R.E.  Sj 


/  A*(ai)da)  E 


(3) 


where 

sJ*  =  Mean  square  of  respu.se 

s„  ■  Power  spectral  density  of  response 

A,  s  Generalized  admittance  at  reso¬ 
nance  (Uj 


Au,  =  Bandwidth  at  resonance 
u  =  Frequency 

s ,  =  Equivalent  random  environment 
(E.R.E.). 


Equivalent  Random  Environment  (E.R.E.) 

The  following  analytical  steps  define  the 
E.R.E. 

s„{")  =  «j(a.)  .  (2) 

Substituting  Eq.  (2)  into  Eq.  (1)  and  assuming 
sj(u)  =  s,  (Equiv.  Random  Environment)  then 


It  is  to  be  noted  that,  at  the  higher  frequency 
end  of  the  vibration  spectrum,  the  Generalized 
Impedance  approaches  a  point  Impedance  since 
the  mode  of  deformation  of  the  structure  at 
resEMiance  encompasses  a  smaller  and  smaller 
part  of  the  surface.  In  other  words,  at  Uie 
higher  frequency  end,  it  is  assumed  that  only 
the  external  environment  acting  near  the  point 
of  interest  influences  the  motion  at  that  point. 
It  is  also  important  to  recognize  that  known 
dlsciete  inputs  should  be  eliminated  from  the 
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Fig.  6  .  Equivalf-nt  random- 
environment  E.R.E.  trends 


data  used  to  calculate  the  E.R.E.  since  known 
frequency  inputs  would  tend  to  throw  tiie  ran¬ 
dom  representation  of  the  external  environ¬ 
ment  out  of  reasonable  tolerance  limits. 
Having  obtained  numerous  E.R.E,  values 
under  a  variety  of  flight  conditions  for  a  ’ 
variety  of  flight  vehicles,  it  should  be  pos¬ 
sible  to  obtain  trends  of  the  E.R.E,  with 
various  flight  parameters.  Such  trends  are 
indicated  by  the  sketches  in  Fig.  6.  In  par- 
ticular,  trends  with  airspeed,  Mach  number, 
altitude,  load  factor,  and  possibly  location  on 
the  airframe  would  be  of  extre.me  importance. 


With  t.he  use  of  the  E.R.E.  trend  data,  th 
Malyst  is  in  a  position  to  choose  values  of  th 
£.n.E,  compatible  with  the  trajectory  or 
design  performance  boundary  of  the  new  con¬ 
figuration.  The  only  remaining  step  is  the 
calculation  of  Uie  structural  Generalized 
Impedance  of  the  new  configuration  or  esti¬ 
mates  of  this  impedance  at  the  various 
resonances.  The  estimated  impedance  is 
then  cascaded  with  the  E.R.E.  to  arrive  at  the 
predicted  internal  structural  vibration  envi¬ 
ronment  which  Impinges  on  equipment.  This 
environment  will  have  the  same  shape  as  the 
structural  impedance  when  plotted  on  an 
amplitude  versus  frequency  plot.  However 
its  amplitude  will  be  determined  by  tin.  appro 
priate  E.R.E.  The  environment,  in  spectral 
form,  will  exhibit  peaks  and  valleys  where  thi 
peaks  conform  to  the  expected  resonance 
points  and  the  valleys  to  the  antiresonance 
points  of  the  structure. 


something  needs  to  be  said  about  the 
calculation  or  estimation  of  the  Generalized 
Impedance  of  the  structure  prior  to  having  a 
structure  built.  There  are  two  requirements: 


the  resonant  frequencies  and  the  magnitude  at 
resonance.  Frequency  analyses  are  usually 
conducted  as  part  of  the  airframe  structural 
analysis  by  the  Dynamics  Group  at  each  com¬ 
pany.  However,  the  frequency  range  of  inter¬ 
est  is  usually  below  100  cps.  For  higher 
frequency  resonance,  more  sophi  jticated 
approaches  may  be  required  including  the 
dynamics  of  plates,  shells,  and  local  brack- 
etry.  Methods  are  required  to  do  this  in  an 
economical  manner.  For  example,  analog 
simulation  can  be  used.  McDonnell  Aircraft 
Corporation  has  a  passive  network  analog 
which  is  ideally  suited  for  such  studies.  In 
regard  to  the  magnitude  of  the  impedance  at 
resonance,  the  problem  is  a  much  more  dif¬ 
ficult  one.  Since  the  magnitude  at  resonance 
IS  a  function  of  the  effective  damping  provided 
by  the  structure,  the  problem  really  resolves 
Itself  to  a  definition  of  structural  damping 
under  a  variety  of  complex  dynamic  deforma¬ 
tions,  In  this  regard,  models  could  be  built  In 
which  some  ol  the  details  of  the  actual  design 
are  reproduced  to  a  smaller  scale.  Estimates 
can  be  made  based  on  tests  conducted  on  older 
configurations  of  comparable  design.  These 
tests  would  define  the  damping  available  in 
bu.lt-up  Blructures  or  plates  for  dynamic 
structural  deformations  at  hlglier  resonance 
modes.  More  effort  needs  to  go  into  this  area 
to  determine  what  can  be  done  in  a  realistic 
fashion. 


Qualification  Testing 

Once  the  expected  vibration  environment 
has  teen  estimated,  the  next  step  is  to  define 
qualification  test  requirements  for  individual 
subsystems  and  components  of  subsystems. 
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This  is  shown  on  the  chart  in  Fig.  2.  As  a 
minimum,  qualification  tests  need  to  comply 
with  the  military  specification  requlrementc. 
These  spectra  are  simplified  environmental 
vibration  criteria  consisting  of  straight  lines 
when  plotted  on  a  "log-log"  vibration  spec¬ 
trum  graph.  This  point  is  important  since  it 
gives  consistency  and  uniformity  to  equipment 
fragility  levels  independent  of  applications  on 
particular  airframes.  However,  it  Is  neces¬ 
sary  to  supplement  the  simplified  environ¬ 
mental  criteria  by  the  expected  internal 
vibration  environment  determined  by  the 
E.R.E.  extrapolation  approach  for  the  partic¬ 
ular  design  configuration.  This  means  that 
the  qualification  test  environment  will  reflect 
the  expected  frequency  selectivity  of  the 
structure  to  which  the  equipment  Is  mounted. 
For  actual  qualification  testing,  sinusoidal 
sweep  testing  is  preferred  slr.ee  failure  during 
qualification  testing  can  be  associated  with 
amplitude  and  frequency  of  the  failure  environ¬ 
ment.  In  fact,  It  Is  considered  essential  that 
the  qualification  test  process  include  simpli¬ 
fied  failure  testing  of  the  component,  again 
using  a  sinusoidal  frequency  sweep  test  tech¬ 
nique.  The  fragility  or  failure  level  of  the 
eq'Aipmciit  can  then  be  determined  approxi¬ 
mately  in  terms  of  the  amplitude  and  frequency 
of  the  imposed  vibration. 


Failure  Testing,  The  Component 
Functional  Profile  (C.F.P.) 

Ip  essence,  the  concept  of  failure  under 
an  environment  involves  two  Ingredients.  One 
is  the  characteristic  of  the  environment  itself 
which  is  defined  in  terms  of  amplitude  versus 
time  In  a  time  domain,  or  amplitude  versus 
frequency  In  a  frequency  spectrum  domain. 
The  other  Ingredient  is  the  equipment  failure 
susceptibility  wliir.h  can  also  be  expressed  in 
an  amplitude- frequency-time  domain.  It  Is 
important  to  differentiate  between  an  irre¬ 
versible  failure  which  occurs  when  perform¬ 
ance  eases  during  the  application  of  the 
envirciiment  and  this  condition  remains  after 
the  environmental  level  has  been  reduced  or 
removed,  and  a  reversible  failure.  In  which 
malfunction  of  the  system  occurs  during  the 
application  of  the  environment  with  normal 
operation  r  Cuming  once  the  environment  has 
been  removed.  Irreversible  failure  of  a  sys¬ 
tem  usually  Involves  considerations  of  the 
fatigue  of  the  internal  mechanism  and  there¬ 
fore  the  time  duration  of  the  environment 
octing  on  the  equipment  Is  an  important 
parameter.  For  reversible  failures,  the 
duration  of  the  environment  is  not  considered 


important,  but  rather  the  problem  is  one  of 
ihe  magnitude  of  the  environment. 

The  boundary  defining  the  susceptibility 
to  failure  of  the  equipment  in  a  vibration 
environment  is  defined  as  the  Component 
Functional  Profile  (C.F.P. ).  In  the  case  of 
irreversible  failures,  the  C.F.P.  becomes  a 
surface  when  plotted  in  an  amplltude- 
frequency-time  domain  and  Is  shown  in  Fig. 

7.  The  Component  Functional  Profile  for  the 
case  of  reversible  failure  or  malfunction  Is 
shown  In  Fig.  8. 

As  In  the  case  of  the  environment,  the 
C.F.P.  also  exhibits  peaks  and  valleys  whose 
magnitudes  are  subject  to  statistical  varia¬ 
tion.  The  valleys  are  representative  of 
environmental  regions  in  which  the  equ.  -.nent 
is  most  susceptible  to  failure.  '  -  opposite 
is  true  for  the  peaks.  It  is  postu  ated  that  tre 
valleys  are  associated  with  Internal  resonance 
oi  the  equipment  itself  (In  general,  structural), 
which  in  turn  causes  system  malfunction,  fali- 
ure,  or  out  of  tolerance  operation.  Assuming 
this  to  be  the  case,  it  can  be  expected  that  the 
frequency  location  of  each  valley  is  more  or 
less  fixed  and  not  subject  to  large  variation 
among  various  specimens  of  the  same  basic 
unit.  This  is  because  the  resonant  frequency 
of  a  dynamic  system  is  sensitive  rnily  to  the 
one-half  power  of  variations  in  the  structural 
parameters. 

The  critical  areas  of  equipment  failure 
are  obviously  associated  with  the  valleys  of 
the  C.F.P.  The  frequencies  corresponding  to 
these  valleys  are  denoted  as  the  critical  fre¬ 
quencies  of  the  equipment.  The  magnitude  of 
the  environment  required  to  cause  failure  at 
these  critical  frequencies  is  subject  to  equip¬ 
ment  tolerance  to  a  much  higher  degree  than 
the  variation  in  the  critical  f  requencies  them¬ 
selves.  Therefore,  one  can  expect  a  reason¬ 
ably  large  scatter  in  magnitude  of  the  vibra¬ 
tion  environment  required  to  cause  failure  at 
the  critical  frequencies  of  the  system.  The 
C.F.P.,  therefore,  must  he  thought  of  as  the 
most  probable  failure  surface  or  boundary 
within  a  multitude  of  similarly  shaped  failure 
boundaries.  The  interesting  part  of  the 
C.F.P.  is  that  there  exists,  in  all  probability, 
a  most  critical  valley  or  a  region  of  minimum 
environment  required  for  failure  and  that 
other  valleys  require  a  more  severe  failure 
environment.  This  region  is  denoted  as  the 
most  critical  frequency  of  the  equipment  and 
in  all  probability  is  associated  with  a  partic¬ 
ular  mode  of  equipment  malfunction  or 
failure. 
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Fig.  7  -  The  component  tunctional  profile  concept 
(irreversible  failure) 


Fig.  8  -  The  component  functional  profile  concept 
(reversible  failure) 


When  an  Item  of  equipment  is  exposed  to  mismatching  the  frequency  dependence  of  the 
an  environment  which  is  characterized  by  a  environment  with  the  frequency  dependence  of 

shaped  wide  band  spectrum  (a  random  ampli-  the  equipment  C.F.P.  Having  estimate 
tude  environment  with  predominant  frequen-  during  the  design  phase,  the  expected  envi- 

cies),  damage  takes  place  because  of  the  ronment  based  on  the  E.R.E.  approach  and 

nearness  of  the  environment  to  the  valleys  of  having  determined  the  C.F.P.  of  the  equipment 

the  C.F.P.  and,  In  particular,  the  nearness  of  as  part  of  the  qualification  testing  of  the 

only  a  portion  of  the  environment  to  the  most  equipment,  it  Is  possible  to  define  an  Index 

critical  vaUey  of  the  C.F.P.  Thus,  in  general,  of  Reliability  which  reflects  the  margin  of 

failure  or  malfunction  can  be  associated  with  safety  available  in  the  installation  against 
a  pi^rticulur  mode  of  failure  resulting  from  a  failure  duo  to  a  vibration  environment.  This 
particular  internal  resonance  which  is  stimu-  is  Indicated  In  Fig.  B. 
lated  by  a  particular  portion  of  the  envirtm- 

ment.  The  problem  of  rpifability  In  a  vibra-  In  actual  practice,  conslderinj.;  th'*  cco- 

tion  environment,  therefore,  is  associated  with  nomlc  consequences  of  defining  with  reasonable 
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strtistical  accuracy  the  C.F.P.  of  a  component 
or  equipment,  it  is  not  feasible  at  this  time  to 
define  the  C.F.P.  of  each  system  with  a  con¬ 
fidence  level  acceptable  to  the  statistician. 

This  is  not  considei-ed  necessary,  however. 
From  an  examination  of  Figs.  7  and  8,  the 
really  important  point  is  the  definition  of  Uie 
critical  frequencies  of  the  equipment  and,  In 
particular,  the  most  critical  frequency  of  the 
equipment.  It  Is  only  of  secondary  importance 
to  define  with  a  high  degree  of  confidence  the 
mean  value  and  the  limits  of  the  failure  ampli¬ 
tude  at  the  critical  frequencies.  Knowing  that 
each  piece  of  equipment  must  pass  a  standard 
qualification  test  which  assures  that  all  val¬ 
leys  are  above  a  minimum  level  of  vibration 
environment,  it  is  then  only  necessary  to 
assure  that  there  exists  a  'requency  mismatch 
between  peaks  of  the  expected  environment  and 
the  most  critical  valley  of  the  C.F.P.  This 
mismatch  should  be  adequately  conservative 
to  account  for  the  fact  that  a  complet®  statis¬ 
tical  analysis  of  the  failure  boundary  has  not 
been  attempted.  In  the  case  of  reversible 
failures,  it  is  believed  that  failure  testing  of 
one  sample  is  sufficient  to  give  this  type  of 
Information.  Li  the  case  of  irreversible  fail¬ 
ures,  possibly  three  or  four  samples  would  be 
required  to  define  the  most  critical  valley  of 
the  C.F.P. 

With  the  Component  Functional  Profile 
concept  of  defining  an  Index  of  Reliability  of 
equipment  failure  in  a  vibration  environment, 
it  becomes  Immediately  apparent  that  the 
vibration-test  technique  to  be  employed  during 
tne  design  phase  of  system  development  should 
be  the  frequency  sweep  technique  of  testing. 
Even  though  this  environment  is  not  repre¬ 
sentative  of  the  actual  situation  that  can  be 
expected  to  occur  in  flight,  it  gives  rise  to 
information  defining  critical  parameters  of 
the  equipment  in  a  form  directly  usable  with 
the  estimated  vlbratitr.  environment.  This 
estimated  vibration  environment  is  given  in 
terms  of  amplitude  versus  frequency  and  takes 
into  account  the  fact,  even  in  the  design  stage, 
that  the  structure  acts  as  a  filter  which  shapes 
a  random  environment  into  one  having  pre¬ 
dominant  frequency  components. 


Modification  of  Environment 

With  the  use  of  the  equipment  C.F.P.  and 
the  frequency  dependent  vibration  environ¬ 
ment,  the  designer  is  in  a  position  to  define 
tho  reliability  index  in  a  quantitative  manner. 
To  improve  the  index,  he  can  make  definite 
design  changes  in  the  structure,  provide  shock 
and  vibration  isolation  to  modify  the  environment 


for  better  compatibility  with  the  equipment 
failure  boundary,  or  choose  a  different  equip- 
n.ant  component  which  has  a  more  satisfac¬ 
tory  C.F.P.  in  relation  to  the  expected  envi- 
ronqient.  The  complete  vibration  ccmtrol 
program  tor  the  design  phase  is  shown  in 
Fig.  9. 


DEVELOPMENT  PHASE 

During  and  following  the  design  phase, 
the  airframe  structure  is  built  and  assembled, 
and  preparations  are  made  for  'round  testing 
of  the  prototype  airframe;  this  s  the  biitlal 
stage  of  the  development  pnase  of  the  system. 
Figure  9,  which  presents  the  total  vibration 
control  program  proposed  during  design  and 
development,  shows  the  detailed  steps  to  be 
followed  during  the  development  phase.  As  a 
first  step,  the  structural  Impedance  calcula- 
tirais,  conducted  during  the  design  phase,  can 
be  checked  through  ground-vibration  testing 
using  the  frequency  respraise  technique  of 
testing.  Subsequent  to  the  structural  ground- 
vibration  tests,  the  complete  system,  includ¬ 
ing  the  airframe,  is  to  be  tested  dynamically 
by  driving  the  airframe  with  mechanical 
shakers  using  the  predicted  E.R.E.  spectrum 
modified  by  the  other  known  discrete  fre¬ 
quency  inputs.  All  the  subsystems  of  the 
complete  we^mn  system  are  operative  and 
their  performance  is  checked  during  the 
vibration  environment  test.  Frequency  sweep 
testing  again  Is  preferred  in  order  to  clearly 
establish  the  amplitude  and  frequency  where 
malfunction  may  occur.  This  data  can  then  be 
used  v/ith  the  C.F.P.  of  the  system  to  upgrade 
the  Index  of  Reliability.  McDonnell  Aircraft 
Corporation  has  conducted  such  complete 
system  environmental  tests  in  which  the 
actual  airframe  is  used  to  shape  the  Internal 
environment.  This  was  done  on  the  Alpha 
Draco  Missile  and  the  Mercury  Csqisule.  The 
environment  internal  to  the  airframe,  which 
can  be  measured  during  these  tests,  can  also 
be  compared  at  that  point  with  the  qualifica¬ 
tion  test  requirements  specified  during  Uie 
design  phase. 

Correction  of  deficiencies  follow  the 
result  of  the  ground  proof  test  and  complete 
system  tests.  The  next  phase  involves  flight 
testing  of  the  complete  system  during  which 
measurements  of  the  actual  airframe  envi¬ 
ronment  can  be  obtained.  These  duta  can  then 
be  compared  again  with  the  C.F.P.  of  various 
equipment  to  modify  and  upgrade  the  Index  of 
Reliability,  and  to  help  in  the  analysts  of  fail¬ 
ures  and  subsequent  correction  of  deficien¬ 
cies.  As  part  of  this  failure  analysis  effort. 
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Fig.  9  "  Vibration  control  during  design  and  evaluation 


A  andom-vibration  testing  is  employed  using 
tbe  actual  in-flight  vibration  environment  as 
recorded  on  magnetic  tapes.  In  addition  to 
random-vibration  testing,  sinusoidal  frequency 
sweep  testing  also  is  conducted  to  pinpoint  the 
frequency  amplitude  relationship  characteris¬ 
tic  of  the  type  of  failure  encountered.  This, 
again,  can  then  be  used  in  conjunction  with  the 
C.F.P.tn  upgrade  the  reliability  of  the  system. 
A  similar  plan  is  in  effect  for  the  production 
deveiopment  phase  which  is  the  last  phase  of 
the  development  process  of  a  complete  weapon 
system. 


CONCLUSIONS 

A  proposed  method  of  vibration  control 
during  the  design  and  development  of  a  weapon 
system  has  been  presented  which  should  lead 
to  a  reliable  weapon  system.  The  approach 
is  based  predominantly  on  the  sinusoidal- 
frequency- sweep  testing  method  which  permits 


the  determination  of  failure  as  a  function  of 
frequency  and  amplitude,  thus  defining  the 
"Component  Functional  Profile."  A  method  of 
systemlzlng  the  prediction  of  the  vibration 
environment  for  new  configuration.s  based  on 
the  experience  collected  on  old  configurations 
is  proposed.  This  method,  based  on  the  fact 
that  the  structure  filters  a  random  external 
environment,  is  denoted,  as  the  Equivalent 
Random  Environment  (E.R.E.).  Various  steps 
in  the  vibr  ation  control  program  during  design 
and  development  are  discussed,  and  impor¬ 
tance  is  attached  to  the  use  of  ground  testing 
of  the  airframe  structure  and  the  complete 
system  using  sinusoidal  frequency  sweep  test¬ 
ing.  The  use  of  random  vibration  testing  is 
preferred  in  those  hiStances  where  actual  in¬ 
flight  failure  has  been  encountered  and  ground 
testing  is  undertaken  to  establish  corrections. 
In  this  case,  the  actual  environment  Impinging 
on  the  component  can  be  measured  in  flight 
and  reproduced  In  the  laboratory  under  con¬ 
trolled  conditions. 
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DISCUSSION 


Mr.  Gaicf  (National  Engineering  Science 
Co.);‘^an  you  tell  us  about  any  success  that 
you  have  had  in  predicting  this  structural 
impedance,  particularly  at  the  higher  frequen¬ 
cies,  with  models?  I  don't  tend  to  be  too 
optimistic  about  it,  and  I'd  like  to  know  about 
other  people's  experience, 

Mr.  Mirowitz:  We  haven't  done  this 
modeling.  North  American,  Columbus,  I 
believe,  has  built  models  which  duplicate  the 
structural  details  of  the  full  scale  aircraft. 
They  have  taken  measurements  on  this  for 
other  purposes.  I  don't  have  the  answers,  but 
I  think  there  is  reason  to  believe  somettiing 
can  be  done.  You  could  use  for  example,  older 
structures  and  determine  what  your  structural 
damping  is  by  testing  those  full-scale  struc¬ 
tures  which  are  similar  to  the  design  you  are 


proposing.  This  structural  damping  gives  you 
immediately  the  impedance  at  resonance. 
Although  I  don't  know  the  exact  answer,  I  think 
it's  possible. 

Mr.  Stern  (General  Electric  Co.):  I  think 
the  things  you  are  proposing  are  in  the  wrong 
place,  judging  by  that  chart  you  had  initially. 
Many  ot  tl.ese  things  that  you  can  change  are 
the  sort  of  things  you  can  negotiate  and  dis¬ 
cuss  while  you're  still  proposing.  But  once 
you  have  signed  a  contract  and  you've  agreed 
to  do  certain  tests,  this  is  a  contractural 
obligation.  There  is  no  more  discussion  or 
negotiation,  that  is,  there  shouldn't  be  if  the 
man  who  Is  supplying  the  item  to  the  customer 
knows  what  he  is  doing  and  what  he  has  sgreed 
to  do.  So  It  would  seem  that  the  procedure  you 
have  here  is  the  sort  of  thing  that  you  could 


Ep>  .y  while  you  were  still  negotiating  a  cem- 
tract.  Once  you  have  agreed  to  certain  things, 
particularly  "qual  tests,"  you're  more  or  less 
fulfilling  the  legal  portion  of  a  contract.  "Qual 
tests,"  for  instance,  are  extremely  rigid  pro¬ 
cedures.  It's  jiot  a  place  to  experiment.  You 
certainly  don't  under  test  or  the  customer  is 
dissatisfied.  You  certainly  wouldn't  over  test 
or  the  designer  will  object  quite  seriously. 

So,  while  this  proposal  and  everything  you 
have  here  does  sound  quite  desirable,  what  I 
question  is  whether  this  could  be  put  into 
effect  in  the  manner  in  which  things  are  nego¬ 
tiated  and  purchased  in  day-to-day  business. 

Mr.  Mirowitz:  I  don't  know  hov' 
negotiation  you  have  done  with  the  Govern¬ 
ment.  I  assume  you  have  done  quite  a  bit. 

I'm  not  an  exiiert  in  negotiation,  bit  I  know 
that  in  every  contract  you  are  continuously 
negotiating  regarding  test  requirements, 
design  criteria,  etc.,  because  new  things  come 
up  all  the  time.  When  you  get  a  contract, 
years  pass  by  between  the  original  concept  of 
the  contract  and  the  final  culmination.  Vou 
get  new  test  data.  You  get  new  knowledge 
which  may  change  the  original  detailed 
requirements.  That's  the  reason  why  we  get 
paid.  That's  our  job,  to  bring  t^is  to  the 
attention  of  the  customer  and  find  out  if  he 
will  go  along  wltti  changes.  Now,  If  he  doesn’t 


* 


go  alaAg,  obviously  there  isnopolnt.  Secondly, 
this  is  worthwhile  just  in  proposal  work.  We 
agree  on  that.  The  customer  Isn't  here.  Even 
during  preliminary  design  stages,  we  can  do 
things  which  would  build  more  reliability  into 
the  system,  I  believe. 

Mr.  Stern:  Well,  let  me  say  this  about  2- 
year  development  or  2- year  delivery.  Many 
times  you  have  to  sign  a  contract  and  deliver 
in  perhaps  4  months.  This  happens  quite 
often.  Now  perhaps  there  should  be  a  distinc¬ 
tion,  that  you  could  use  this  in  the  development 
of  a  large  structure  where  the  delivery  time 
is  extended.  But  even  then,  many  times  when 
you're  talking  to  the  customer,  either  you're 
dealing  directly  with  the  Government  or  sub¬ 
contracting  to,  say  McDonnell,  Boeing, 
Lockheed— one  of  the  large  aircraft  com¬ 
panies— they  will  be  quite  specific  about  how 
these  changes  can  and  cannot  be  made.  Even 
though  there  may  be  slight  improvements,  and 
there  are  always  breakthroughs  day  to  day,  it 
will  really  have  to  make  substantial  savings, 
not  just  In  cost  but  in  w’eight— something  really 
exceptional  before  they  would  want  to  delay 
the  program  or  do  anything  to  slip  the  delivery 
date.  That's  why  I  say,  I  think  this  procedure 
is  something  that  would  be  very  difficult  to  do 
once  you've  signed  the  contract  and  you  have  a 
legal  obligation  to  deliver. 


♦  ♦ 
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CUMULATIVE  FATIGUE  DAMAGE 
DUE  TO  VARIABLE-CYCLE  LOADING 


J.  R.  Fuller 
Transport  Division 
Boeing  Airplane  Company 
Seattle,  Washington 


If  it  is  establishefi  that  struotv.ral  components  or  attached  equipment 
items  are  subjected  to  random  stress  cycle  amplitudes  at  essentially 
a  single  frequency,  then  the  fatigue  life  can  be  estimated  by  the  method 
proposed  herein.  If  the  stress  time-history  is  broadband,  there  are 
indications  that  the  life  is  a  function  of  the  stress  power  spectrum  and 
frequency  distribution. 


INTRODUCTION 

Fatigue  failures  are  dijficult  to  anticipate 
because  so  little  is  known  about  the  basic 
nature  of  fatigue.  There  are  questions  as  to 
how  the  cracks  originate  and  how  fast  they  arc 
likely  to  grow  under  repeated  loadings,  when 
fatigue  damage  begins,  and  how  it  appears  to 
accumulate.  Qualitatively,  it  is  known  that 
points  of  high  stress  concentration  are  danger 
points  for  fatigue  failures.  Therefore,  actual 
tests  must  be  conducted  on  specific  parts, 
which  are  loaded  precisely  as  they  are  in 
service  and  under  similar  environmental  con¬ 
ditions,  before  a  reasonably  accurate  estimate 
of  the  fatigue  life  in  .service  can  be  ascer¬ 
tained. 

Since  the  formation  of  a  fatigue  crack  is 
a  very  localized  phenomcncsi,  its  place  and 
time  of  inception  depend  not  only  on  the 
geometry  and  the  loads  applied  to  the  part,  but 
also  on  the  textural  stresses  in  the  metal  at 
critically  stressed  regions  which  may  arise 
from  forming,  heat  treating,  or  machining. 

The  size,  shape,  and  orientation  of  the  indi¬ 
vidual  grains  as  well  as  Iheir  crystalline 
structure  and  the  nature  of  tJie  grain  bounda¬ 
ries  ail  influence  the  fui  inatlon  and  growth  of 
the  crack  from  a  microscc^iic  or  submicro- 
scopic  point  of  m  iJcness  until  it  can  be  seen 
with  the  naked  eye.  Any  influence  Uiat  affects 
the  mechanical  behavior  of  the  metal,  sucli  as 
heat  treating  or  forming  can  certainly  be 


expected  to  have  an  effect  on  its  fatigue  prop¬ 
erties.  However,  attempts  to  predict  the 
fatigue  life  of  a  metal  from  a  knowledge  of  its 
various  measurable  properties  have  not  met 
with  complete  success  for  even  the  simplest 
type  of  specimen  and  a  constant  stress  cycle. 

Present  theories  for  estimating  fatigue 
damage  due  to  service  stresses  can  deal  only 
with  oscillatory  stress  time  histories  with 
random  amplitudes;  they  cannot  deal  with  the 
noncyclic  character  of  truly  random  load  time- 
histories. 

In  the  present  state-of-the-art,  the  dis¬ 
tribution  of  peak  stresses  is  generally 
assumed  to  cause  the  same  fatigue  damage 
as  an  identical  distribution  of  stress  cycle 
amplitudes.  The  fatigue  analysis  Is  then  con¬ 
ducted  by  one  of  several  different  methods, 
some  of  which  will  be  mentioned  or  discussed 
herein.  The  purpose  of  the  discussion  is  to 
review  the  phenomenological  aspects  of  var¬ 
ious  pertinent  fatigue  damage  investigations, 
in  order  to  appraise  our  present  knowledge 
and  to  point  the  way  to  research  needed  to 
attain  the  objective  of  being  able  to  estimate 
the  service  life  of  structural  and  equipment 
components  in  the  design  stages  of  product 
development. 

The  objective  of  future  cumulative-fatigue 
damage  theories  should  be  to  estimate  service 
life  under  truly  random  loads.  It  is  likely  that 
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rational  use  of  the  same  statistical  parame¬ 
ters  that  are  used  in  power  spectral  or 
generalized  harmonic  analysis  studies  c.sjj 
clarify  and  improve  our  ability  to  cstimi^te 
fatigue  life  under  random  loads. 


EARLY  FATIGUE  DAMAGE 

STUDIES 

Studies  were  started  more  than  30  years 
ago  to  try  to  correlate  the  fatigue  lives  of 
standard-typo  specimens  which  were  sub¬ 
jected  to  cycles  of  stress  of  various  ampli¬ 
tudes  with  conventional  S-N  relationships  for 
the  same  type  of  specimen.  Most  of  this 
research  has  been  done  on  round-polished 
specimens  stressed  in  reversed  bending; 
however,  some  tests  have  been  made  usin" 
direct  axial  loads. 

The  earlier  investigations  of  this  type 
dealt  with  the  effects  of  cycles  of  overstress* 
on  the  endurance  limit  of  a  given  material. 
French  [1]  defined  a  so-called  "damage  line” 
by  this  type  of  testing.  This  damage  line  was 
determined  in  the  following  manner;  An  S-N 
curve  was  first  obtciined.  uRinn^  all  new  spec* 
Imcns.  Tiien  several  more  Identical  speci¬ 
mens  were  run  at  a  low  overstress  for  var¬ 
ious  fractions  of  their  normal  lifeiline  as 
determined  by  the  S-N  relationship.  Each  of 
these  "prestrossed"  specimens  was  then 
cycled  at  the  endurance  or  fatigue  limit  12].^ 

If  a  specimen  failed  while  being  run  at  the 
fatigue  limit,  it  was  assumed  to  have  been 
damaged  by  the  prestressing  operation  at  the 
ov'erstress.  Specimens  that  did  not  fall  after 
prestressing  were  assumed  to  have  accumu¬ 
lated  no  damage.  Other  series  of  specimens 
were  then  tested  In  a  similar  majiner  at  other 
overstresses  until  it  was  possible  to  Inter¬ 
polate  between  the  number  of  cycles  applied  to 
the  specimens  of  each  overstross  series  and 
determine  a  point  where  no  damage  was 
Inflicted  on  the  fatigue  limit.  The  locus  of 
such  points  at  the  various  overstresses  then 
determined  the  damage  line. 

Similar  test:?  have  also  been  conducteu 
by  Moore  [3],  Kommers  [4,5],  and  others. 
Kommers  determined  new  fatigue  limits  for 


*An  overstress  or  understress  is  defined  as  a 
cvelif'  -tre»a  greater  or  less  than  the  endur¬ 
ance  limit,  respectively. 

TThe  American  Society  for  Testing  Material; 
Manual  on  Fatigue  Testing,  considers  the 
term  fatigue  limit"  preferable  to  endurance 
limit. 


the  pi  usu  eased  specimens.  He  then  expressed 
the  damage  as  the  percent  change  in  the  initial 
fatigue  limit  caused  by  the  prestressing,  where 
either  understresses  or  overstresses  were 
used  as  the  prestress.  His  results  indicate 
that  there  is  a  rapid  Increase  In  damage  with 
an  Increase  in  the  number  of  cycles  at  the 
higher  overstresses.  That  Is,  damage 
increases  at  an  Increasing  rate  with  the 
number  of  overstress  cycles  applied.  He 
concluded  that  a  material  which  has' been  sub¬ 
jected  to  an  overstress  and  then  to  an  under- 
stress  will  fail  even  though  the  final  stress  is 
below  the  Initial  fatigue  limit,  because  over- 
stressing  causes  a  decrease  in  the  Initial 
fatigue  limit.  Other  observations  showed  that 
there  appeared  to  be  an  actual  Increase  of  the 
latigue  limit  for  some  materials  due  to  some 
cycling  at  low  overstresses.  Apparently, 
these  materials  were  not  damaged  signifi¬ 
cantly  until  a  very  large  percentage  of  the 
normal  fatigue  life  at  these  overstresses  had 
been  expended. 

Lea  [6]  conducted  over  stress  and  under¬ 
stress  tests  on  an  annealed  0.32-percent 
carbon  steel  having  a  tensile  strength  of 
72,000  psi  and  a  rotating-beam  fatigue  limit 
of  3<s,000  pat.  The  estimated  fatigue  life  at 
40,000  psi  was  12,500  cycles.  By  cycling  a 
specimen  just  under  the  fatigue  limit  and  by 
repeatedly  increasing  the  stress  In  small 
Increments  up  to  40,000  psi,  It  rvss  pussible 
to  apply  40,000,000  cycles  at  the  latter  stress 
level  before  failure  occurred.  The  normal 
life  at  40,000  psi  had  been  increased  3350 
times.  Swanger  and  France  [7]  also  report 
some  interesting  results  similar  to  these. 

This  type  of  testing  is  reported  in  many 
places  In  the  literature  and  is  generally  known 
as  coaxing. 

(jough  [8]  and  many  other  Investigators 
believe  that  understressing  tends  to  work  the 
peak  textural  stresses  In  the  material  into  a 
more  uniform  distribution  and,  in  effect, 
increases  the  fatigue  limit.  Overstresslng, 
on  the  other  hand,  is  believed  to  aggravate  the 
textural  stress  condition  by  more  severe 
plastic  deformation,  particularly  In  the 
partially  unrestrained  material  at  tlie  sur¬ 
faces.  It  is  here  that  fatigue  cracks  generally 
form. 

Much  of  the  fatigue  damage  work  reported 
in  the  literature  has  been  along  the  lines  dis¬ 
cussed  above.  It  Is  not  directly  applicable  to 
design  problems,  but  It  has  aided  greatly  in 
providing  a  better  general  understanding  of 
fatigue  damage  from  a  phenomenological 
viewpoint. 
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BLOCK-TYPE  CUV  ULATIVE 
DAMAGE  TESl'S 

Most  so-called,  cumulative-fatigue  dam¬ 
age  studies  have  been  concerned  with  the 
eUects  of  prestressing  at  one  overstress  on 
the  subsequent  endurance  at  another  over¬ 
stress  or  "test  stress."  These  studies  have 
led  to  metliods  for  estimating  the  fatigue  lives 
for  variable-stress-cycle  loading  and  can  be 
applied  to  certain  design  problems.  Important 
general  conclusions  can  also  be  drawn  from 
these  more  recent  Investigations.  F<ir  the 
purpose  of  discussing  these  conclusions,  the 
following  terminology  will  be  used; 

S  =  Maximum  stress  of  a  stress  cycle 

N  =  Number  of  cycles  to  failure,  applied 
to  a  specimen  at  a  stress,  s 

n  =  The  number  of  cycles  endured  at  any 
stage  of  a  fatigue  test  at  a  stress,  s. 
n  always  less  than  n. 

R  =  Cycle  ratio,  the  ratio  of  the  number 
of  stress  cycles  applied  at  a  given 
stress  level  to  the  expected  fatigue 
life  as  estimated  from  the  S-N  curve 
for  that  stress  level,  R  -  n/'N 

D  =  Fatigue  damage  done  to  a  spec'men 
by  previous  fatigue  stressing,  meas¬ 
ured  as  tlie  percent  shortening  or 
lengthening  of  the  fatigue  life  at  the 
final  or  test  stress  level. 

Palmgren  [9,10]  is  reported  to  have  sug¬ 
gested  a  method  for  analyzing  data  for  fatigue 
tests  at  several  stress  levels.  The  method 
was  then  considered  by  Miner  [11],  Luthander 
and  Wallgren  [12],  and  others  lor  design  pur¬ 
poses.  Miner  conducted  tests  on  2024 
aluminum-alloy  plain  sheets  and  riveted 
joints,  and  the  metliod  generally  carries  his 
name  in  this  country. 

In  analyzing  data  by  this  method,  It  is 
assumed  that  there  is  a  linear  relationship 
between  the  prestress  cycle  ratio  and  damage 
at  any  given  overstress  level,  and  further¬ 
more,  that  during  the  course  of  any  fatigue 
test,  the  damage  is  equal  to  the  summation  of 
all  of  the  prestress  cycle  ratios.  Thus,  the 
damage,  D,  and  the  cycle  ratio,  R,  would  be 
equal  to  n/N  for  each  block  of  cyclic  stresses 
applied,  and  would  sum  to  unity  failure. 

Muller-Stock,  Gerold,  and  Schulz  [13], 
and  Kommers  [14],  Richart  and  Newmark  [15], 
Sianley  [16],  Freudenthal  and  Heller  [17],  and 


other  Investigators  have  shown  that  such  a 
simple  relationship  between  damage  and  cycle 
ratio  does  not  actually  apply,  but  that  damage 
more  likely  varies  with  some  power  of  the 
cycle  ratio.  Freudenthal  and  Heller  ]18]  are 
presently  conducting  a  fatigue-damage  inves¬ 
tigation  using  a  theory  based  upon  a  nonlinear 
relationship  between  cycle  ratio  and  fatigue 
damage. 

In  early  investigations,  usually  only  two 
different  stress  levels  were  used.  Thus,  the 
effect  of  a  certain  block  of  prestresu  cycles 
would  show  either  a  healing  or  damaging 
effect  to  the  remaining  endurance  at  a  dif¬ 
ferent  test  stress.  For  example,  if  after  n, 
cycles  at  a  stress  Sj ,  a  specimen  is  cycled  to 
failure  at  a  different  stress  level,  Sj,  the 
cumulative  ratio  is  nj/N,  <  n/Nj  and  should 
be  equal  to  1.0  according  to  Miner's  theory. 
However,  in  most  cases  It  was  found  to  be 
greater  or  less  than  unity. 

It  has  been  demonstrated  that  the  order 
in  which  tlie  stresses  are  applied  makes  a 
difference  in  the  total  number  of  cycles  to 
failure.  That  Is,  an  initial  maximum  cyclic 
stress,  Sj,  greater  than  the  final  stress,  Sj; 
ordinarily  gives  a  cumulative  cycle  ratio  less 
than  1.0,  while  an  initial  stress  less  than  the 
final  stress  may  give  a  value  of  cumulative 
cycle  ratio  greater  than  1.0, 

Richart  and  Newmark  [151  showed  that  as 
the  number  of  alternate  blocks  increased 
without  bound  the  value  of  the  cumulative  cycle 
ratio  appeared  to  converge  to  some  definite 
value  regardless  of  which  stress  block  had 
been  applied  first.  But  even  then,  the  cumu¬ 
lative  cycle  ratio  was  usually  different  from 
unity.  It  appears  that  a  cumulative  cycle  ratio 
most  nearly  equal  to  unity  will  occur  when  the 
prestress  and  test  stress  are  nearly  the  same. 
This  is  to  be  expected  because  the  constant- 
cycle  fatigue  lives  at  the  two  stress  levels 
would  be  very  nearly  equal. 

A  point  that  stands  out  in  nearly  all  of 
these  tests  is  that  a  specimen  which  is  being 
cycled  in  fatigue  is  in  a  nearly  constant  state 
of  change,  particularly  if  the  maximum  stress 
of  the  cycle  is  an  overstress.  V.  a  given  act  cf 
specimens  were  all  cycled  ai  a  constant  maxi¬ 
mum  stress  for  an  equal  number  of  cycles, 
and  then  an  S-N  diagram  determined  using 
these  prestressed  specimens,  and  Including 
the  cycles  of  prestress  in  the  new  plot,  the 
new  diagram  would  cross  tlie  S-N  diagram  for 
the  original  specimens  at  the  value  of  the  pre- 
stress.  This  would  occur  because  continued 
cycling  of  a  prestressed  specimen  at  the 
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pretit  r<‘ss  value  uroiild  cause  failure  as  pre¬ 
dicted  t'y  il.e  original  S-N  diagram.  Also,  it 
has  been  shown  by  te.st  that  pre.strcsscd  spec¬ 
imens  will  give  a  tcew  S-N  diagram.  However, 
llio  fatigue  lives  are  usually  more  scattered 
tlian  for  tests  at  a  single  stress  level. 

Figure  1  shows  test  results  obtained  by 
Kotnmers  [14]  on  rotating-beam  specimens  of 
SAE  1020  steel.  The  diagram  shows  the  new 
S-N  relationships  that  were  determined  after 
prestressing  the  specimens  at  36,000  psi  for 
various  prestress  cycle  ratios,  R.  Figure  2 
shows  the  same  test  data  except  that  the 
cycles  of  prestress  are  included  with  the  test 
stress  cycles  to  failure. 


ft  may  be  noted  in  Fig.  2  that  the  "rota¬ 
tion”  of  the  diagrams  with  re-spect  to  the 
basic  S-K  curve  or  a  vertical  line  through  the 
point  of  rotation  is  approximately  proportional 
to  the  cycle  ratio  of  the  prestress.  Thus,  for 
zero  cycles  of  presiress,  R  =  0,  a  test  point 
would  lie  on  the  S-N  curve,  and  lor  R  =  1.0, 
the  specimen  would  fail  before  any  test  stress 
cycles  could  be  applied.  In  the  latter  case, 
the  point  representing  zero  cycles  of  test 
stress  would  be  plotted  on  the  vertical  line 
through  the  point  of  rotation. 

From  a  study  by  Kommers  [14],  data  a.id 
test  data  obtained  by  Bennct  [19]  and  others,  It 
appears  that  S-N  diagrams  for  prestressed 
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Fig.  1  .  Results  of  rotatlng-beam  tests  of  SAE  1020  steel, 
Komrners  (14),  1945 
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Fig.  2  -  Results  of  rotating-beam  tests  of  SAE  1020  steel, 
Kommero  [14],  1945 
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specimens  will  "rotate"  in  a  clockwise 
fashion  aix)ut  the  point  on  the  original  S-N 
diagram  corresponding  to  the  value  of  the 
prestress.  This  illustrates  some  of  the 
principal  findings  of  the  earlier  fatigue 
damage  studies  —  that  a  high  overstress 
generally  has  a  damaging  effect  on  the  sub¬ 
sequent  remaining  fatigue  life  at  a  lower 
stress,  and  that  a  low  stress  may  show  a 
healing  effect  on  the  endurance  at  a  subse¬ 
quent  higher  stress. 

A  possible  effect  of  prestressing  speci¬ 
mens  at  one  or  more  values  of  prestress  is 
further  indicated  in  Fig.  3.  In  this  Illustra¬ 
tion,  it  is  assumed  that  an  overstress,  s,,  is 
applied  to  all  of  the  specimens  for  n,  cycles. 
The  specimens  will  lie  sufficiently  changed  by 
this  prestressing  operation  that  they  will  yield 
an  S-N  curve  different  from  that  of  the  origi¬ 
nal  specimens.  If  this  new  S-N  curve  is 
determined  and  if  the  cycles  of  prestress  are 
Included  in  its  representation,  a  curve  such  as 
2-2  in  Fig.  3  will  result.  Two  things  may  be 
noted  concerning  curve  2-2;  first,  it  crosses 
the  original  S-N  diagram  at  the  value  of  the 
prestress,  and  second,  it  is  rotated  In  a 
clockwise  direction  with  respect  to  the  origi¬ 
nal  diagram.  If,  after  cycling  at  s,  for  nj 
cycles,  the  specimens  were  subjected  to  an 
additional  nj  cycles  at  Sj  and  another  S-N 
relationship  were  established  Including  the 
cycles  hj  I-  nj,  a  curve  such  as  3-3  would 
possibly  result. 

Tills  implies  that  if  the  applied  cyclic 
stresses  are  always  within  the  Unite  life 
range  of  the  basic  S-N  relationship,  the 
fatigue  life  can  be  bracketed  on  the  original 
diagram  between  the  numbers  of  cycles 
required  to  cause  failure  at  the  upper  and 


lower  maximum  cyclic  stresses.  Presuma¬ 
bly,  the  location  of  the  point  representing  the 
iiumbe’-  of  cycles  to  failure  would  fall  within 
this  bracket  and  would  be  a  function  of  the 
general  configuration  of  the  blocks  of  the 
applied  cyclic  stresses.  Of  course,  an 
approximation  lor  an  equivalent  random  vari¬ 
ation  in  stress  cycles  could  lie  attained  only  if 
the  pattern  of  blocks  of  stresses  were  repeated 
a  sufficiently  large  number  of  times  such  that 
the  order  of  the  application  of  the  stresses 
within  the  pattern  or  spectrum  would  make  no 
discernible  difference  In  the  total  number  of 
cycles  to  failure. 

Damage  curves  can  be  used  to  compare 
this  observation  with  test  data.  If  the  damage 
is  equal  to  the  cycle  ratio  as  Miner  and  others 
have  surmised,  then  curves  of  constant  fatigue 
damage  are  the  same  as  curves  of  constant 
prestress  cycle  ratio.  It  is  possible,  then,  to 
construct  curves  of  constant  damage  Iw  using 
Miner's  theory  and  an  S-N  diagram.  For  this 
type  of  plot,  me  basic  S-N  diagram  Is  the 
curve  for  a  damage  of  1.0.  The  data  from 
Kommcrs'[141  test  data  shown  in  Fig,  1  have 
been  replotted  In  Fig.  4.  The  solid  curves 
show  the  number  of  cycles  to  failure  after 
various  cycle  ratios,  R ,  of  the  3P,000  psi 
prestress  have  been  applied.  The  dashed-llne 
curves  are  loci  of  constant  fatigue  damage 
determined  by  Miner's  method  for  pre¬ 
stressing  at  36,000  psi.  The  basic  S-N 
diagram  Is  obtained  by  test- stress  cycles 
only:  therefore,  the  prestress  cycle  ratio 
for  this  curve  is  zero.  The  number  of  cycles 
between  the  dashed-line  damage  curve, 

D  B  0.2,  and  the  basic  S-N  diagram,  R  =  0, 
corresponds  to  0,8  of  the  fatigue  life  at  the 
test  stress,  because  the  total  or  cumulative 
cycle  ratio  must  be  l.O. 
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Fig.  3  -  Variation  of  total  cycles  to  failure 
for  various  prestressing  operations 
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Fi({.  4  -Comparison  of  Miner's  theory  with  test  results  for 
SAF,  1020  steel,  Kommers  [14],  1945 
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Fig.  5  -  Comparison  of  Miner's  theory  with  test  results  for 
SAE  1020  steel,  Kom.mers  [14],  1945 


Figure  5  shows  the  total  number  of  cycles 
to  failure  for  Kommers'  tests  Including  the 
cycles  of  prestress  at  36,000  psi.  Thedashed- 
llne  curves  are  those  predicted  by  Miner's 
theory,  and  the  two  solid  curves,  R  =  0  and 
R  =  0.8  are  those  determined  by  test.  These 
curves  clearly  Illustrate  one  serious  and 
unconservative  defect  In  Miner's  theory  —  the 
assumption  that  no  damage  Is  entailed  when 
cycling  below  the  fatigue  limit.  Figure  5 
shows  that  the  failure  may  occur  at  1,000,000 
cycles  at  a  stress  approximately  3000  psi 
below  the  fatigue  limit  after  a  cycle  ratio  of 
0.8  had  been  applied  at  the  prestress.  Cer¬ 
tainly  these  stresses  below  the  fatigue  limit 
and  i.ieir  effect  on  the  fatigue  life  should  not 
he  discounted. 


DEVELOPMENT  OF  A  CUMULATIVE- 
DAMAGE  CRlTEmON  FOR 
VARIABLE-CYCLE  LOADING 

When  structural  or  equipment  systems 
subjected  to  broadband  excitation  tend  to 
oscillate  at  one  predominate  frequency,  then 
the  stress  time-histories  at  given  points  will 
have  stress  cycle  amplitudes  which  are  ran- 
^  domly  distributed.  This  type  of  load  cycle 
environment  is  often  simulated  on  ordinary 
fatigue  test  equipment  In  so-called,  spectrum- 
type  tests.  In  this  type  of  testing,  the  load 
cycles  are  rearranged  and  grouped  according 
to  Increasing  or  decreasing  amplitudes  and 
the  resulting  spectrum  of  cyclic  loading  is 
repeated  many  times  before  the  specimen  fails. 
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Fig.  6  Test  results  for  unnotched  rotating-beam  specimens  of 
SAE  1045  steel,  subjected  to  load  cycle  B,  Dolan,  et  al  [20],  1949 


If  a  specimen  Is  cycled  under  some  vari¬ 
able  load  pattern  between  two  llinitlng  over¬ 
stresses,  the  greater  of  which  is  and  the 
smaller  s, ,  then  failure  may  be  expected  to 
occur  at  some  number  of  cycles  greater  than 
that  which  would  cause  failure  by  cycling  at 
alone  and  less  than  that  which  would  cause 
failure  by  cycling  only  at  s,.  Thus,  by  cycling 
under  some  variable  load  pattern  whose  upper 
and  lower  bounds  are  overstresses,  it  would 
seem  likely  that  the  fatigue  life  would  be  a 
function  of  the  variable  load  pattern  and  the 
stress  levels,  and  that  it  could  be  related  to 
the  basic  S-N  diagram. 

Dolan,  Richart,  and  Work  [20]  conducted  a 
rather  extensive  series  of  tests  on  notched  and 
unnotched  rotatlng-beam  specimens  of  several 
materials  using  three  different  variable  load 
patterns,  which  they  refer  to  as  load-cycles  B, 
A,  and  G.  Two  of  these  patterns,  B  and  A, 
were  of  the  rectangular  two-stress-level  block 
type,  and  the  third,  pattern  G,  was  a  sine  wave. 
All  three  had  a  duration  ol  10,000  cycles.  For 
purposes  of  discussion,  only  the  results  of  the 
tests  on  the  steel  specimens  from  the  above 
paper  will  be  considered.  In  this  work  of 
Dolan,  et  al,  the  major  (larger)  maximum 
stress,  ,  was  always  an  overstress,  and  the 
minor  (lesser)  maximum  cyclic  stress,  s, 
was  either  an  overstress  or  an  understress. 
Also,  the  major  maximum  ntress,  Sj^,  was 
varied  from  specimen  to  specimen,  while  the 
TJuor  maximum,  s,,  was  held  constant.  The 
results  of  load-cycle  B  tests  on  SAE  1045, 
where  both  and  s,  were  overstresses,  are 
shown  in  Fig.  6.  The  variable-cycle  test 
results  shown  in  Fig.  6  are  plotted  at  the 


major  maximum  stress  value;  all  test  points 
having  the  same  minor  maximum  stress  are 
represented  by  the  dashed  curves.  Thus, 
Curve  2  represents  test  results  wherein  S, 
was  60,000  psl  and  s,,  was  selected  between 
60,000  psl  and  75,000  psl.  Naturally,  these 
dashed  curves  must  Intersect  the  S-N  diagram 
at  the  value  of  the  minor  maximum  stress,  S, , 
because  at  this  point  there  was  no  variation  In 
the  maximum  stress. 

It  Is  of  particular  Interest  to  note  that 
these  curves  are  nearly  parallel  even  though 
a  rather  limited  amount  of  data  is  presented. 
This  suggests  that  the  slopes  of  the  dashed 
curves  may  be  a  function  of  the  loading  spec¬ 
trum  used  for  these  ^ecimens  and  that  t!ie 
ratio  of  the  slope  of  the  S-N  curve  to  the 
slope  of  the  variable  cycle  curves,  k^  ,  may  be 
a  constant  and  may  depend  imly  on  some  func¬ 
tion  of  the  variable-cycle  pattern. 

Other  similar  tests  were  conducted  on 
SAE  4340  specimens  for  which  S,  was  con¬ 
siderably  below  the  fatigue  limit.  One  group 
was  tested  at  a  value  of  s,  equal  to  78,000  psl 
and  another  at  60,000  psl.  As  in  the  previous 
tests,  the  type-B  load  cycle  was  used.  The 
results  of  these  tests  are  shown  in  Fig.  7,  the 
authors  having  approximated  the  experimental 
data  by  the  solid  curves.  However,  straight 
lines  would  .•’opear  to  fit  the  variable- cycle 
test  results  equally  well. 

For  the  testo  of  SAE  1045,  where  both  S. 
and  s,  were  overstresses,  it  was  evident  that 
the  variable- cycle  curves  must  intersect  the 
S-M  diagram  at  s.  In  each  case.  Also,  the 
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Fig.  7  -  Teat  results  of  unnotchcd  rotating-beam  specimens  of 
SAE  4340  steel,  subjected  to  load  cycle  B,  Dolan,  et  al  [20],  1949 


test  results  for  the  SAE  4340  specimens  shov.' 
that  the  variable-cycle  straight  lines,  when 
extended,  intersect  the  extended  "sloped-leg" 
of  the  S-N  diagram  at  S,.  This  occurs  even 
though  a  new  fatigue  limit  is  different  front 
the  fatigue  limit  of  the  initial  S-N  curve. 

The  type-B  load  cycle  used  in  tlte  tests  of 
SAE  4340  consisted  of  1000  cycles  of  and 
9,000  cycles  of  s,,  where  s,  was  below  the 
fatigue  limit.  Thus,  the  fatigue  lives,  as  com¬ 
puted  by  Miner's  theory,  would  be  10  times 
the  number  of  cycles  as  indicated  for  each 
point  on  the  initial  S-N  curve.  Of  course. 
Miner's  curve  would  terminate  at  the  fatigue 
limit  of  the  S-N  diagram.  These  curves  and 
those  ascertained  by  the  authors  may  be  com¬ 
pared  wltli  the  test  results  on  the  diagrams  in 
Fig.  7.  If  the  slopes  of  these  two  variable- 
cycle  curves  are  a  function  only  of  the  distri¬ 
bution  paltern  they  should  be  identical, 
because  the  testing  apparatus,  the  specimens, 
and  the  load  pattern  were  the  same  for  both 
series;  only  the  value  of  s,  was  different.  An 
inspection  of  these  curves  shows  that  this  may 
well  be  the  case. 

Tests  similar  to  those  previously  dis¬ 
cussed  were  also  conducted  using  load-cycle 
A,  which  co.isisted  of  5000  cycles  of  and 
5000  cycles  of  S,.  The  results  of  these  tests 
are  shown  In  Fig.  8.  From  these  results  it  is 
evident  that  the  variable-cycle  curve  lies  quite 
close  to  the  S-N  diagram  even  though  the  test 
results  are  somewhat  more  erratic  and  even 
fall  to  the  left  of  the  S-N  curve  at  times.  As 
would  be  expected,  the  slope  of  the  variable- 
cycle  curve  more  nearly  approaches  the  slopr 


of  the  S-N  diagram,  because  more  cycles  of 
were  included  in  the  load  pattern.  Thus, 
the  ratio  of  to  k„  should  be  nearer  unity. 

With  the  data  presented  from  Dolan's  tests 
using  the  two  load  patterns  B  and  A  as  a  basis, 
it  is  possible  to  interpolate  for  the  expected 
relaiionships  for  other  patterns  having  differ¬ 
ent  ratios  of  to  (N^  +  N,);  where  andN, 
represent  the  numter  of  cycles  in  a  load  pat¬ 
tern  at  S,^  ajid  S,,  respectively. 

If  the  load  pattern  were  constant  at  S^, 
where  is  any  overstress,  then  failure  would 
occur  on  the  S-N  diagram  and  the  ratio  of  k^^ 
to  k„  would  be  1.0.  But  if  only  a  very  small 
percentage  of  the  load  pattern  cycles  were  at 
and  the  remainder  at  s,,  then  the  slope  of 
a  variable-cycle  curve  so  determined  would 
be  extremely  high  and,  in  theory,  v.’ould 
approach  a  vertical  line  through  Uie  point 

S, )  on  the  S-N  diagram.  In  the  latter 
case  the  ratio  of  I«sn  '‘v  would  approach 
zero  as  k„  becomes  Infinite. 

If  the  ratio  of  ^sn/'^v  equal  to  /3, 

where 

0  <  <  1.0 

then  the  two  limiting  points  of  /3  (0  and  1.0) 
together  with  the  two  interior  points  deter¬ 
mined  from  Dolan's  tests  provide  four  points 
on  a  curve. 
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Fig.  8  -  Test  results  for  unnotched  rotating-bcam  specimens  of 
SAE  4340  steel,  subjected  to  load  cycle  A,  Dolan,  et  al  [iO],  1949 


■^ENVELOPE  OF  STRESS  -  TIME  RELATIONSHIP 


Fig.  9  -  Variation  of  distributicn  coefficient,  /B,  for  loading  spectrLims 
of  two  stress  levels  of  Dolan,  et  al  [20 1,  1949 


This  relationship  has  been  plotted  In  Fig.  9. 

An  approximation  to  the  ejQierlmental  curve  is 
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1  / 1000  N.\ 
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If  \vc  consider  u  decreasing  arrangement 
of  load-cycle  amplitudes  for  a  1000-cycle  load 
pattern  between  SJ^  and  s,  and  plot  it  on  a  3- 
cycle  semilog  plot,  the  ratio  of  the  area  under 
this  log-distritsitlbij  pattern  (from  log  1.0  =  0 
to  log  JO  1000  =  3.0  and  from  5,^  to  S.)  to  the 
area  of  the  field  <»i  which  it  is  plotted  is  equal 
to  the  distribution  coefficient,  /I,  as  prrvhmsly 


defined.  The  stress  cycles  greater  than 
s,  produce  a  block  of  area  equal  to 
logjo  (1000n*/Njj  +  N,).  Thus,  may  be 
taken  equal  to  the  above  mentioned  block 
divided  by  the  area  of  the  entire  field,  which 
was  1.0  times  logjo  1000  or  3.0. 

On  tlie  basis  of  a  1000-cycle  load  pattern, 
load-cycle  B  of  Dolan's  tests  [20]  would  have 
100  cycles  at  and  900  cycles  at  s,.  The 
minor  maximum  stress,  S,,  Is  the  lower  limit 
of  the  plot,  and  cycles  at  this  stress  will  not 
contri^te  to  the  area  being  computed,  but 
cycles  of  greater  stress  will.  Therefore, 
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For  load-cyclc  A  there  would  be  500  cycles  at 
Sy^  and  500  cycles  at  S, ,  and  the  distribution 
coefficient,  could  be  computed  as  follows: 


loR  500 

loR  loon 
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0,90  . 


Of  course,  if  all  cycles  were  at  s,,  /3  would  be 
zero;  if  ail  were  at  S,^ ,  /3  would  equal  1.0. 

Thus  far,  patterns  having  only  two  stress 
levels,  one  at  5^  and  the  other  at  S,,  have 


been  considered.  However,  it  is  necessary  to 
considc  continuously  varying  loading  spectra 
for  tJje  method  to  be  of  any  appreciable  value. 
Dolan's  load- cycle  G  varied  as  a  sine  wave 
between  and  S,.  The  results  of  these  tests 
are  shown  in  Fig.  10.  In  this  diagram,  the 
dashed-line  drawn  through  the  test  results  has 
a  value  of  fl  equal  to  0.90.  The  value  of  P 
based  on  the  area  procedure,  just  noted,  has 
been  computed  for  a  sine-wave,  frequency- 
distribution  spectrum.  The  diagram  on  the 
lefi  side  of  Fig.  11  shows  the  frequency- 
distribution  spectrum,  and  the  diagram  on  the 
right  side  shows  the  resulting  1000-cycle 


Fig.  10  -  Test  results  for  unnotched  rotating-beam  specimens  of 
SAE  4340  steel,  subjected  to  load  cycle  G,  Dolan,  et  al  [20],  1949 


(«  FRIQMNCY-OWTmaU'TtOH 

^  •MCTRUW 


M 1000  ecu  LO*-0l«TMUTt0N 
MTTIMI 


STRB5 


t 

•.••CM  (II) 

.\ 

R_ _ S- 

nacfirr  OR  TOfM.  LOAOiNM  wSn,  for  a  looo  cveu  iommm 

MTTMN 


a.0 


Fig.  11  -  Frequency  distribution  and  log-distributicn 
for  a  sine-wave  loading  spectrum 
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log-distribution  pattern.  It  may  be  noted  that 
the  computed  value  of  /3  is  0,90,  which  Is 
identical  with  the  above  test  value. 


-og-distribution  patterns,  the  ratio  of  the 
shaded  area  to  total  block  area  yields  the 
value  of  /9  in  each  case. 


Another  point  which  is  of  interest  in  this 
discussion  is  that  at  any  given  stress  level 
the  value  of  ^  may  also  be  represented  as  the 
latio  of  the  actual  horizontal  distance  between 
the  variable-cycle  diagram  and  a  vertical  line 
through  the  S-N  diagram  (or  S-N  diagram 
extended)  at  S^,  to  the  distance  from  the  basic 
S-N  diagram  to  the  same  vertical  line  at  the 
same  stress  level.  Thus,  for  the  previous 
diagrams  in  Figs.  7  8,  and  10,  w.hich  show  the 
results  of  tests  by  Dolan,  et  al,  the  ratio  of  BC 
to  AC  (or  in  Fig.  7  for  S.  =  60,000  psi  and 
load  cycle  B,  the  ratio  of  B'C  to  AC)  is  the 
same  as  the  ratio  of  ■<s„  to  k,  and  is  equal  *o 

If  the  distribution  coefficient,  /3,  is 
Icnown,  the  number  of  cycles  to  failure 
under  a  spectrum-type  loading  pattern 
may  bo  expressed  as  n„  v.here 

loK  N„  -  log  N,  -  /3(log  -  log  Ny^) 

and 


The  results  of  Freudenthal's  tests  on 
7075-T6  are  presented  in  Fig.  13.  All  points 
plotted  on  this  diagram  were  obtained  as  the 
anti-log  of  the  mean  log  N  for  20  separate 
tests.  Thus,  the  300  tests  represented  on  this 
figure  provide  some  of  the  most  extensive 
information  yet  obtained  in  a  cumulative 
damage  study. 

The  test  results  tor  the  9  variable- cycle 
load  patterns  have  been  plotted  at  in  Fig. 
13,  and  the  results  based  on  the  computed 
values  of  have  been  plotted  above  the  actual 
test  results  and  connected  to  them  by  short 
solid  lines  for  purposes  of  comparison.  The 
results  are  also  presented  in  a  tabular  form 
in  the  Table  1.  It  may  be  noted  that  U.b 
average  net  error  In  /3  was  only  1.52  percent. 
Those  distributions  which  showed  the  greatest 
error  are  A,  C,  B',  and  C",  but  no  reason  for 
these  larger  deviations  can  be  determined.  If 
these  four  patterns  are  considered  alone,  the 
average  net  error  is  only  2,91  percent. 


(3) 


It  should  be  mentioned  again,  in  connec¬ 
tion  with  the  previously  discussed  variable - 
cycle  tests  and  the  foregoing  analysis,  that  all 
of  the  variable-cycle  results  were  plotted  at 
,  the  major  maximum  cyclic  stress.  This 
would  seem  to  be  the  logical  way  t<.  identliy 
these  test  results;  however,  as  will  be  shown 
later  for  random  loading,  a  different  stress 
level  may  have  more  significance.  If  a 
variable- cycle  test  value  plotted  at  Sj^  were 
projected  vertically  downward  onto  the  S-N 
curve,  it  would  indicate  a  constant  stress 
cycle  which  would  have  the  same  fatigue  life 
and  which  could  he  considered  as  an  equivalent 
constant  stress  cycle. 

Freudenthal  [21]  has  conducted  variable- 
cycle,  rotating-beam  tests  on  2024-T4  and 
7075-T6  aluminum  alloys.  For  purposes  of 
comparison,  however,  only  the  7075- T6  tests 
will  be  discussed  here.  In  Freudenthal's  study, 
20  specimens  were  tested  at  each  of  6  differ¬ 
ent  stress  levels  for  a  careful  determination 
of  the  S-N  dfag-'m  g'l  apev.i,uen.s  were 

tested  at  identical  stress  levels  for  each  of  9 
different  distribution  patterns.  The  9  distri¬ 
bution  patterns  (A,  E»,  C),  (A’,  B',  C),  and 
(A",  B",  C")  are  shown  in  Fig.  12.  The  3- 
cycle  log-distributions  are  plotted  adjacent  to 
each  frequency  distribution  pattern.  In  tl.e 


Thus,  it  would  appear  that  the  pr  eviously 
described  method  of  estimating  the  fatigue 
lives  of  specimens  or  parts  which  are  sub¬ 
jected  to  variable-load  patterns  need  not  N; 
complicated  to  conform  exactly  with  any  given 
set  of  results.  The  method  appears  to  yield 
values  that  are  within  the  accuracy  of  the  test 
results  themselves. 


CORRELATION  OF  CRITERION  WITH 
RANDOM-LOAD  FATIGUE  TEST 
RESULTS 


Random-load  fatigue  tests  on  2024-T3 
notched  and  unnotched  sheet  specimens  in 
reversed  bending  have  been  reported  by 
Trotter  [22].  The  loading  was  obtained  by 
broadband  excitation  of  an  essentially  single- 
degree-of-freedom  test  system.  The  test 
system  oscUlated  at  about  40  cos  with  random 
amplitudes.  A  stress-cycle  amplitude  his¬ 
togram  for  400  cycles  was  shown  to  fit  the 
Rayleigh  frequency  density  curve  very  well 
with  the  maximum  clearly  at  the  root-mean- 
squarc  amplitude.  The  maximum  stress- 
cycle  amplitude  in  the  400  cycles  was  less 
than  3.8  times  the  root- mean- square 
amplitude. 


The  Rayleigh  probability  density  function 
is  siiown  in  Fig.  14  and  is  given  by 
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Fijf,  13  -  Freudenthai's  tests  of  rotating-beam  specimens  of 
7075-T6  aluminum  alloy  [71],  1955.  (Note;  These  data  represent 
the  results  of  300  fatigue  tests.) 


TABLE  1 

Comparison  of  Freudenthai's  Test  Results  on 
7075-T6  Aluminum  Alloy  with  Computed  Results 


Value  of  H 

Distribution 

Difference 

Percent 

Pattern 

-  Pc 

Error 

Test 

Computed 

A 

0.723 

0.673 

+  0.050 

+  6-.91 

B 

0.766 

0.755 

+  0.011 

+  1.44 

C 

0.582 

0.660 

-0.078 

-  13.40 

A' 

0.531 

0.554 

-0.023 

-  4.33 

B' 

0.6<.2 

0.580 

+  0.062 

+  9.65 

C 

0.508 

0.509 

-0.001 

-  0.20 

A" 

0.794 

0.776 

+  0.018 

+  2.27 

B" 

0.812 

0.822 

-0.010 

-  1,23 

C" 

0.677 

0.777 

-0.100 

-  14.79 

Total  Net  Error,  percent 

-  13.68 

Average  Net  Error,  percent 

-  1.52 

where 


P(Sp) 


Sp 

e 


SpV2Sp 


(4) 


Sp  =  stress  cycle  amplitude 

Sp  =  root- mean- square  stress  cycle 
°  amplitude. 


It  will  be  noted  that  the  Rayleigh  proba¬ 
bility  density  function  would  Indicate  an  even¬ 
tual  infinitely  large  stress-cycle  amplitude  as 


a  result  of  the  exponential  in  the  probability 
expression.  This  fact  presents  some  dif¬ 
ficulties  in  making  a  fatigue  life  estimate  by 
any  method.  However,  it  must  be  realized 
that  very  large  stress- cycle  amplitudes  are 
generally  limited,  because  the  structural  part 
will  not  behave  linearly  under  high  stresses. 
Trotter  chose  to  analyze  his  load-cycle  data 
by  Miner’s  method,  and  showed  a  sample 
computation  wherein  the  maximum  stress 
cycle  amtilitude  was  assumed  to  be  6  times 
Ihe  root- mean- square  amplitude. 

The  random  load  fatigue  life  relationships 
were  estimated  by  the  proposed  method  using 
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Fig.  14  -  Rayleigh  probability  density  function 
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Fig,  15  -  Cumulative,  Rayleigh  probability  function 


a  1000-cycle  load  spectrum  derived  from  the 
Raleigh  probability  density  relationship.  For 
this  purpose,  it  was  necessary  to  compute  the 
cumulative  probability  function  P(Sp),  where 


P(Sp)  =  I  P(Sp)  dSp .  (5) 

The  cumulative  probability  function  is 
shown  in  Fig.  15.  This  function  is  the  enve¬ 
lope  of  the  load- cycle  spectrum.  The  load- 
cycle  spectrum  and  the  corresponding  log- 
distribution  function  are  shown  in  Fig,  16.  It 
will  *ie  noled  that  only  one  cycle  In  1000  will 
exceed  3.7  times  the  root-mean-square, 
stress-cycle  amplitude.  Furthermore,  the 
log-dlstiTbution  plot  is  parabolic,  Ihorefore, 
the  value  of  was  computed  as  follows: 


(2/3)(3.7)(3.0) 

(3,7)(3.0) 


0.667  . 


(6) 


Trotter's  S-N  relationships  and  variable 
cycle  test  results  for  the  unnotched  and 
notched  specimens  are  shown  in  Figs.  17  and 
18,  respectively.  The  vertical  line,  CD, 
representing  N,  was  established  by  drawing 
the  steepest  tangent,  AD,  through  the  S-N  data 
to  find  the  point  of  intersection,  D,  at  zero 
stress- cycle  amplitude.  The  point  B  was  then 
established  at  66.7  percent  of  the  distance 
from  A  to  C,  measured  from  C.  The  line  liC 
represents  the  variable-cycle  fatigue  life  for 
a  maximum  stress  of  3.7  times  the  rnot- 
meari-square  stress,  U  the  fatigue  data  were 
plotted  at  the  maximum  cyclic  stress,  S,^, 
divided  by  the  ultimate  tensile  strength  of  the 
material.  If  the  variable-cycle  fatigue  life  is 
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MmnoFcvcusTomujK 

Kig.  17  -  VarUble-cycle,  random-load,  fatigue'-teat  results  for 
notched  2024-T3  sheet  in  reversed  bending,  Trotter  [22],  1958 
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Fig.  18  -  Variable-cycle,  random-load,  fuliguc -test  results  for 
notched  ifji't-TS  sheet  in  reverse  I  '•ending,  Trotter  [Z2],  1958 


expressed  in  terms  of  the  root- mean- square 
peak  stress  divided  by  tlie  ultimate  strenrth. 
the  stresses  represented  by  the  Ibie  BD  arc 
divided  Ijy  3.7;  tliat  is,  the  slope  of  BD  is 
reduced  by  a  factor  of  3.7  to  obtain  ED  for 
tjoth  the  unnotched  and  notched  data. 

It  will  be  noted  that  the  line  ED  is  a  fairly 
good  estimate  of  the  variable-cycle  fatigue 
life,  particularly  for  the  unnotchec*  specimens. 
It  al.so  appears  to  be  a  superior  e^itlmate  to 
that  predicted  by  Miner's  method. 


A  PROPOSED  FATIGUE  LIFE 
INVESTIGATION  FOR 
BROADBAND  RESPONSE 

It  has  been  proposed  [23]  that  the  two 
most  important  parameters  for  a  future  cumu¬ 
lative  damage  theory  art  those  parameters 
which  describe  a  truly  random  proces.s,  such 
as  the  stress  at  a  critical  point  in  a  STru"ture. 
These  are  the  power  spectrum  and  ti.-  proba¬ 
bility  distribution.  It  Is  well  known  that  the 
area  under  the  power  spectrum  is  the  variance 
for  a  stationary  random  process.  The  vari¬ 
ance  is  a  measure  of  the  magnitude  or  severity 
of  the  stresses.  The  power-spectrum  shape, 
on  the  other  hand,  shows  the  relative  impor¬ 
tance  of  the  various  frequency  components  in 
the  random-stress  time-history.  For  exam¬ 
ple,  a  simple  relationship  involving  the  second 
moment  of  the  powei'  spectrum  aixmt  the  aero 
frequency  axis,  developed  'oy  Rice  [24),  Indt- 
catef;  the  number  of  times  that  the  stress 
time-history  will  cross  the  ?,ero  stress  level 
in  a  giver,  period  of  time.  Thus,  it  would 
appear  that  the  second  and  possibly  higher 


moments  might  lie  used  in  a  cumulative 
damage  criterion,  since  they  supply  the 
Influence  of  spectrum  shape. 

For  the  simplest  possible  power  spec¬ 
trum  represented  as  a  single,  very  sharp 
peak  on  a  "power-frequency"  plot,  tlie  asso- 
viated  stress  time-history  Is  a  simple 
sinusoid  of  a  given  frequency.  If  the  power 
spectrum  shows  a  somewhat  broader  peak  or 
several  peaks  of  very  nearly  the  same  fre¬ 
quency,  the  associated  stress  time-history 
will  be  roughly  sinusoidal  at  an  average 
frequency  and  will  display  random  varialions 
in  amplitude.  These  two  cases  are.  In  effect, 
the  only  cases  for  which  the  previously  dis¬ 
cussed  cumulative-damage  criteria  will  ’pply. 

If  the  stress  power  spectrum  is  "broad¬ 
band,"  that  is,  if  the  power  spectral  density  is 
significantly  different  from  zero  over  a  wide 
frequency  range,  then  the  associated  stress 
time- history  is  not  cyclic  in  any  way,  and 
existing  fatigue  damage  criteria  cannot  be 
applied  without  making  arbitrary  simplifying 
assumptions. 

A  promising  approach  for  establishing  a 
rational,  cumulative- fatigue-damage  criterion 
would  be  to  study  the  separate  effects  on 
fatigue  life  of  stress  power  spectrum  shape 
and  root- mean- square  stress  for  the  same 
stress  frequency  distribution.  Test  series  of 
simple,  small  specimens  —  subiected  to 
(1)  stress  time-histories,  having  different 
stress  power-spectrum  shapes  but  the  same 
root- mean  square  stress,  and  (2)  'liher 
series,  having  the  same  power  -spectrum 
shape  but  different  root-mean-square 
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Fig.  19  -  Typical  stress-power  spectrum 
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Fig.  20  -  Power- spectrum  building  blocks  for  a  random-load, 
cumulative-damage  test  program 


stresses  —  would  be  required  in  order  to 
isolate  and  study  the  effects  of  these  vari¬ 
ables.  The  stress-power  spectral  shapes  of 
primary  interest  are  those  having  character¬ 
istics  which  are  more  or  less  typical  of  actual 
stress  power  spectra  for  structures  and 
equipment  components  subjected  to  random 
service  loads.  These  are  often  composed  of 
one,  two,  three,  or  more  very  definite  peaks 
such  as  that  shown  in  Fig.  19.  This  would 
suggest  that  a  basic  triangular  or  spike¬ 
shaped  spectrum  building  block  could  be  used 
to  approach  the  more  complc,\  .shapuK.  For 
example,  the  power-spectrum  shape  (Fig.  20) 
could  be  derived  as  the  sum  of  the  two  build¬ 
ing  blocks  A  and  B.  Of  course,  the  first  and 
higher  order  momentG  of  the  power  spectra 
about  the  zero  frequency  axis  would  vary,  as 
block  A  and  block  B  were  shifted  on  the  fre¬ 
quency  axis,  and  would  provide  a  description 


of  the  spectral  shape.  The  moments  of  a 
power  spectrum  are  defined  as  follows: 


M„  =  ^  f%(f)  df  .  (7) 

It  was  mentioned  previously  that  the  number 
of  times  that  a  random  stress  time-history 
crosses  the  zero  stress  axis  with  positive  (or 
negative)  slope  per  second  is  a  faction  of  the 
second  moment.  This  means  that  the  second 
liiomeni  of  the  power  spectrum  provides  sig¬ 
nificant  information  on  the  shape  of  the  pcwoi' 
spectrum  and  is  probably  a  very  meaningful 
parameter  for  a  fatigue  damage  theory.  The 
number  of  zero  crossings  per  second  with  pos¬ 
itive  (or  negative)  slope  was  related  by  Rice 
to  the  second  moment  of  the  power  spectrum 
about  the  zero  frequency  axis,  and  is  given  by 
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1  2  Got.erally,  it  lias  been  nbservert  (1)  that 

oversticssing  tends  tf.  reduce  the  ordinary 
I  4)  I  (n\  fatigue  life  at  a  subsequently  lower  overstress 

j  -  —  ^  (L-nds  to  increase  the  fatigue  life 

1  1  •(f)'b  at  a  suliscquently  higher  overstress. 

1  Jo  J 


The  second  moment  of  the  power  spectrum  Ifj 
somewhat  analogous  to  the  moment  of  inertia 
in  elementary  mechanics,  where  tlic  moment 
of  inertia  of  the  area  of  a  structural  section 
provides  information  on  the  shape  and  bending 
properties  of  the  seetion. 


DISCUSSION  OF  RESULTS 

In  general,  previous  fatigue  damage 
studies  can  be  separated  inlo  the  following 
categories. 

1.  Studies  in  which  the  changes  that 
occur  in  the  fatigue  limit  due  to  prestressing 
at  overstressos  and  undcrstrcsscs  were 
investigated. 


Cumulative-damage  studies  have  been 
directed  toward  the  expression  of  fatigue 
damage  as  a  function  of  the  prestress  cycle 
ratios.  Miner  and  .some  other  invesligators 
assumed  the  fatigue  damage  was  equal  to  the 
summation  of  the  cycle  ratios,  but  others  have 
shown  that  fatigue  damage  vanes  in  a  more 
complex  manner  with  the  total  or  cumulative 
cycle  ratio.  Richart  and  Nowmark  proposed 
that  damage  might  vary  with  a  power  of  the 
prostress  cycle  ratio  for  a  given  prestross 
and  test  stress.  They  also  emphasized  that 
the  order  of  application  of  a  small  number  of 
blocks  of  different  cyclic  stresses  had  a  very 
definite  effect  on  the  fatigue  life,  but  that  as 
the  numter  of  applications  of  the  pattern  of 
blocks  increased,  the  order  became  less 
significant. 


2.  Those  wherein  tlie  effects  of  pre- 
•stressing  arc  studied  in  terms  of  the  change 
in  the  iiumi)er  of  cycles  to  failure  at  a  differ¬ 
ent  stress  ievei. 

3.  Investigations  designed  to  study  fatigue 
service  life  by  subjecting  test  specimens  to 
load  patterns  which  are  repeated  a  relatively 
large  number  of  times  before  failure  occurs. 

4.  Studies  for  single-dogrec-of- freedom 
systems  oscillating  at  a  nearly  constant  fre¬ 
quency  but  with  random  amplitudes. 

The  findings  of  studies  in  the  first  two 
categories  indicate,  in  general,  that  cycling  at 
an  oversiress  for  a  portion  of  the  fatigue  life 
damage.s  the  specimen  by  causing  the  fatigue 
limit  after  prestressing  to  be  lower  than  the 
fatigue  limit  displayed  by  the  basic  S-N  dia¬ 
gram.  However,  there  are  indications  that 
some  cycling  at  very  low  overstressos  can 
raise  the  fatigue  limit  preceptibly  for  some 
materials. 

Understressing  Just  below  the  basic 
iatigue  limit  can  raise  subsequently  deter¬ 
mined  fatigue  limits  for  some  materials.  In 
some  studies  successive  increases  in  the 
stress  level  from  an  initial  high  understress 
has  led  to  extremely  long  lives  at  final 
stresses  considerably  above  the  initial  fatigue 
limit.  This  type  of  manipulation  is  known  as 
coa.'Ung. 


In  the  present  investigation  of  faliguc 
under  variable-cycle  loading,  extensive  use 
has  been  made  of  test  data  from  previous 
fatigue  damage  studies.  In  most  of  these 
investigations  tests  were  conducted  at  two  or 
mere  stress  levels  on  small  rotating- beam 
specimens.  Rotating-bcam  tests  are  rela¬ 
tively  easy  to  conduct,  and  the  cycling  rate  is 
usually  high:  therefore,  many  investigators 
have  used  this  type  of  test  to  obtain  a  largo 
number  of  results  in  a  reasonable  period  of 
time. 

Tlie  method  for  estimating  fatigue  life, 
under  variable-cycle  loading  proposed  in  this 
study,  has  been  derived  from  the  extensive 
variable- cycle  test  data  obtained  by  other 
investigators.  Data  from  two  studies,  in 
particular,  have  proved  very  useful  for  this 
investigation.  These  data  were  obtained  by 
Kommers  [14]  and  Dolan,  Richart.  and 
Work  [20], 

Kommers  obtained  new  S-N  relationships 
after  separate  series  of  identical  specimens 
had  been  subjected  to  various  cycle  ratios  of 
a  single  lilgh  overstress.  Thus,  the  effects  of 
this  oversiress  were  demonstrated  lor  other 
stress  levels.  In  the  present  study  these  data 
were  used  to  demonstrate  the  changes  that  are 
likely  to  occur  in  S-N  relationships  which 
show  the  total  cycles  to  failure  including  tlie 
cycles  of  the  Initial  cverstress.  This  was 
accomplished  by  merely  "addlng-in"  the 
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.  ycles  of  tiiC!  initial  overstrcss  or  prestress 
to  show  the  total  cycles  to  failure. 

This  "adclinn-in”  of  the  prestress  eyries 
causes  curves  for  prostressccl  specimens  to 
"rotate''  in  a  ciockwise  direction  atx>ut  the 
value  of  tlic  prestress  on  the  basic  S-N  dia¬ 
gram.  The  limiting  rotation  appears  to  be  a 
vertical  line  through  the  point  of  rotation  on 
the  basic  S-N  curve.  This  vertical  line 
represents  the  limit  as  the  prestress  cycle 
ratio  approaches  unity.  Furthermore,  a  study 
of  this  type  of  plot  indicated  that  the  rotation 
lietween  the  basic  S-N  diagram  and  the  ver¬ 
tical  line  was  approximately  proportional  to 
the  prestress  cycle  ratio.  Other  test  data  are 
neoded,  however,  to  evaluate  this  rotation 
elfcet  furlher. 

Qualitatively,  the  rotation  effect  illus¬ 
trates  two  of  the  Important  findings  of  pre¬ 
vious  fatigue  damage  studies.  It  indicates 
that  an  cverstress  has  a  damaging  nffccl  on 
the  fatigue  life  at  a  subsequently  lower  over- 
stress,  and  that  it  appears  to  have  healing 
effect  on  the  fatigue  life  at  a  subsequently 
higlicr  overstress.  Quantitatively,  it  indicates 
a  range  of  cycles  wherein  failures  should 
occur  for  variable-cycle  tests  if  the  maximum 
cyclic  stresses  arc  all  over  stresses. 

If  all  of  the  maximum  cyclic  stresses  for 
a  given  loading  pattern  are  ovcrslresses,  then 
cycling  at  the  major  or  greatest  maximum 
stress  alone  would  cause  failure  at  cycles 
as  determined  from  the  basic  S-N  diagram. 

By  cycling  at  tTie  least  or  minor  maximum 
cyclic  stress  alone,  failure  would  occur  at  N„ 
cycles.  Thus,  the  inverval  for  any  pattern  of 
maximum  cyclic  stresses  can  be  defined  by 
vertical  lines  through  the  major  and  minor 
stress  levels  on  the  basic  S-N  diagram.  The 
present  study  proposes  that  the  number  of 
cycles  to  failure  within  this  interval  is  a 
function  of  the  pattern  of  maximum  cyclic 
stresses. 

A  review  of  the  variable- cycle  test  data, 
obtained  by  Dolan,  et  al,  provided  information 
for  an  evaluation  of  in  the  relationship, 


In  this  equation,  N„  is  the  fatigue  llle  for  a 
variablc-cyclc  pattern  of  loading.  The  dis¬ 
tribution  coefficient,  ,T,  relates  the  cycles  to 
failure  for  the  vari.’ble-cyclc  loading  to  the 
endpoints  of  the  interval,  N',,  and  N, . 


It  was  also  observed  from  some  of  Dolan's 
tost  data,  where  the  minor  maximum  cyclic 
stress  was  belov/  the  initial  fatigue  limit,  tliat 
the  life  interval  could  be  established  by  extend¬ 
ing  the  basic  straight-line  S-N  diagram  to  the 
value  of  the  least  or  minor  maximum  cyclic 
stress.  Therefore,  to  predict  the  variable- 
cycle  fatigue  life  by  the  present  method,  it  is 
only  necessary  (1)  to  define  the  interval  of 
possible  failure  from  an  accurately  deter¬ 
mined  S-N  relationship  and  (2)  to  evaluate  the 
distribution  coefficient,  p,  for  the  loading 
pattern  at  hand. 


The  distriliution  coefficient,  f-  ,  as  it  is 
presently  evaluated,  may  be  computed  as  a 
simple  ratio  of  areas.  For  simplicity  and 
convenience,  a  1000-cycle  envelope  of  maxi¬ 
mum  cyclic  stresses  is  plotted  on  a  semilog 
basis  from  1  cycle  to  1000  cycles.  This  is 
done  by  plotting  the  difference  between  the 
major  and  minor  maximum  stresses,  and 
S„,  in  order  of  decreasing  magnitude  from  1 
cycle  to  1000  cycles.  Then  the  ratio  of  the 
actual  area  under  this  plot  to  the  area  of  the 
field  on  which  it  is  plotted,  is  the  value  . 
With  this  information,  the  variable-cycle 
fatigue  life,  n„,  may  then  be  computed. 


The  results  of  this  study  reaffirm  the  fact 
that  stress  cycles  below  the  fatigue  limit  can 
be  helpful  if  applied  initially  and  can  be  dam¬ 
aging  if  they  are  preceded  by  stress  cycles 
considerably  above  the  fatigue  'Imit.  Also, 
the  variation  in  /i  with  (N,^  +  N„) ,  would 

imply  that  an  occasional  high-stress  cycle  is 
not  "remembered"  by  the  material  if  it  has  a 
probability  of  occurrence  of  less  than  about 
0.001,  provided  it  would  not  damage  the  part 
if  it  were  applied  statically.  Any  static  pre- 
loading,  or  machining,  or  forming  operation 
that  would  change  the  basic  S-N  relationship 
can  also  be  expected  to  affect  the  fatigue  life 
under  variable-cycle  loading. 

The  method  presented  herein  has  been 
applied  to  tests  reported  by  A.  M.  Freudenthal. 
This  extensive  urogram  of  tests  with  various 
loading  patterns  shows  good  agreement  with 
the  method.  An  example  was  also  shown  as  to 
how  fatigue  lives  computed  by  the  proposed 
method  compared  to  random  amplitude  con¬ 
stant  frequency  test  data  reported  by  TroUer, 
In  general,  the  correlation  of  computed  life 
with  actual  life  was  good,  particularly  for  the 
unnotched  series  of  specimens.  The  computed 
lives,  for  either  case,  provided  better  esti¬ 
mates  than  given  by  Miner's  method. 


271 


COKCLUSTONS 

The  results  of  study  of  the  data  of  pre¬ 
vious  fatigue  damage  investigations  indicate 
that  it  is  possible  to  estimate  fatigue  life 
under  variable-cycle  loading  with  reasonable 
accuracy.  In  order  to  estimate  the  variable- 
cycle  fatigue  life  bythe  method  outlined  heroin 
it  is  necessary  to  know  the  basic  constant- 
cycle  S-N  relationship  and  the  pattern  of 
cyclic  stress  variation. 

The  range  of  stresses  in  the  variable- 
cycle  load  pattern  establishes  an  interval  of 
cycles  to  failure  on  the  constant-cycle  S-N 
diagram.  The  number  of  cycles  to  failure 
falls  within  this  interval  and  Is  established  by 
the  use  of  a  distribution  coefficient  which 
accounts  for  thodi.stribution  of  stresses  within 
the  load  pattern. 

Another  manner  of  Interpreting  the  data 
of  this  variable-cycle  study  is  in  terms  of  an 
equivalent  fatigue  strength,  which  is  simply 
tlic  constant-cycle  fatigue  loading  which  pro¬ 
vides  the  .same  fatigue  life  as  the  variable- 
cycle  loading. 

If  it  is  established  that  siructural  com¬ 
ponents  or  attached  equipment  items  are 


subjected  to  random  stress-cycle  amplitudes 
at  essentially  a  single  frequency,  then  the 
fatigue  liiC  can  be  estimated  by  the  proposed 
method.  If  the  stress  time-histories  do  not 
show  a  single  frequency,  then  it  is  theorized 
that  the  fatigue  life  is  also  dependent  on  the 
stress  power  spectrum  as  well  as  the  proba¬ 
bility  function  for  the  random  process. 
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INTRODUCTION 

It  is  plannod  to  conduct  onviroiimcntal 
tests  in  such  a  manner  that  actuai  safety  mar 
Rins  can  bo  determined  for  important  compo¬ 
nents  and  modules  of  the  GAM-87A  guidance 
system.  This  proposed  environmental  test 
program  requires  the  application  of  environ¬ 
ments  greater  than  the  service  or  critical 
stress  environment  to  obtain  the  safety  mar¬ 
gins  that  exist  between  critical  stresses  and 
failure  strengths.  The  primary  objective  of 
this  report  is  to  present  some  meaningful 
statistics  on  the  relationships  between  failure 
strength  and  critical  stress.  Within  any  pro¬ 
gram,  the  amount  of  strength  testing  con¬ 
ducted  is  dependent  upon  various  practical 
consWeralions  such  as  the  availability  of  test 
facilities,  tlie  capabilities  of  these  existing 
facilities  to  produce  the  increased  environ¬ 
ments,  the  financial  limitations,  the  resultant 
manpower  requirements,  and  the  fea.sibility  of 
completing  the  tests  in  the  allotted  time 


Certainly,  those  factors  influence  the 
number  of  items  of  each  module  or  component 
that  can  be  tested  for  the  GAM-87A  Project. 
For  these  reasons,  it  wiii  be  riccessarv  to 
limit  the  environmental  testing  of  certain 
components  and  modules  to  small  r.ample 
sizes.  These  sampling  variations  and  the 
empirical  test  strengths  must  be  amplified, 
c.arii.^u,  and  supplemented  by  statistical 


interpretations.  Many  analytical  questions 
arise  about  the  test  levels  and  the  applicable 
statistics.  What  can  be  reasonably  expected 
from  tests  wherein  different  sample  sizes  are 
used?  What  is  the  effect  of  small  sample  size 
on  failure  probabilities?  What  confidence 
limits  can  be  applied  to  mean  failure  stress 
values?  How  do  variations  in  safety  margins 
sample  size,  range,  standard  deviation,  con¬ 
fidence  intervals,  etc.,  reflect  on  the  statisti- 
te  t resulting  from  the  fragility 


This  report  has  been  prepared  to  present 
some  usable  information  on  the  many  ques¬ 
tionable  areas.  In  preparation  for  tliis  report 
numerous  statistical  calculations  have  been 
made  and  supporting  pictorial  material  in  the 
form  of  graphs  have  been  prepared.  These 
Mcompanying  graphs  display  data  on  confi- 
dence  levels;  range/standard  deviation  ratios; 
probability  of  failure  for  various  standard 
deviations;  and  probability  of  failure  for  range 
values.  The  range  and  standard  deviation  data 
nave  been  normalized  to  the  service  or  criti- 
cal  stress  environment.  Some  fundamental 
statisUcs  have  been  prepared  and  plotted  to 
show  information  on  confidence  levels.  These 
data  indicate  the  confidence  intervals  wherein 
the  mean  failure  stress,  the  standard  devia¬ 
tion  failure  stress,  and  tlm  failure  stress 
ranp  c?..".  be  e.vpected  to  occur.  In  this  regard, 
confidence  levels  and  corresponding  intervals 


*This  p,iper  was  not  presented  at  the  Symposium. 
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are  presonlcd  as  a  function  of  n,  the  sample 
size.  Usinj;  these  tii-aphieal  aids,  the  interval 
that  will  be  expected  to  include  (1)  the  mean 
failure  stress  or  (2)  the  standard  deviation  of 
failure  strei  s  or  (3)  the  failure  stress  range 
can  be  found  for  the  desired  confidence  level 
and  the  selected  value  of  n.  Range/standard 
deviation  ratios  have  been  used  to  show  range 
values  that  are  comparable  to  standard  devia¬ 
tions  for  certain  values  of  n  in  terms  of  the 
critical  stress,  S,, .  Standard  deviation  data 
converted  to  values  of  the  critical  stress,  s,., 
arc  exhibited  graphically  for  location  around 
the  mean  failure  stress,  S„,  and  for  the 
resultant  probability  of  failure  below  critical 
stress  levels.  Similarly,  data  have  been  pre¬ 
pared  to  display  the  expected  failure  proba¬ 
bilities  below  the  critical  stress  level  for  the 
variables  n  ,  S„,  and  R  ,  the  range  of  the  test 
data.  Thus,  failure  probabilities  can  be  pre¬ 
dicted  when  the  sample  size,  the  sample  range, 
and  the  mean  failure  stress  have  been  deter¬ 
mined.  I'his  provides  a  convenient  tool  for 
statistical  inferences  on  probabilities  when 
limited  numbers  of  specimens  arc  available 
tor  environmental  testing. 


CONFIDENCE  LIMITS  FOR  FAILURE 
STRESS  DATA 

Since  it  is  planned  to  establish  fragility 
levels  or  .strengths  of  GAM-87A  modules  and 
components  by  empirical  tests  above  the  serv¬ 
ice  or  critical  stress,  S^,  consideration  must 
be  given  to  the  expected  values  of  S„,  the  mean 
failure  stress.  What  confidence  limits  can  be 
applied  to  mean  failure  stress  values  that  are 
based  on  small  samples?  The  answer  to  this 
question  requires  some  study  and  research 
into  the  distribution  and  the  variance  of  means. 
Research  in  this  direction  results  in  reviewing 
some  fundamental  theorems  that  are  applicable 
to  the  location  of  sample  means; 

1.  The  mean  of  the  distribution  of  sample 
means  is  the  mean  of  the  universe  of  individual 
values  from  which  the  samples  are  taken.  For 
example,  samples  taken  from  a  normal  dis¬ 
tribution  with  a  population  mean,  ,  of  50  would 
have  sample  means  of  50  for  n  -  9,  25,  100,  etc. 

2.  The  variance  of  the  distribution  of  sam¬ 

ple  means  equals  the  variance  of  the  universe 
of  individual  values  divided  by  n,  the  size  of 
the  szinple:  -  eVn .  This  is  the  same  as 

saying  that  the  standard  deviation  of  the  dis¬ 
tribution  of  sample  means  equals  \/yJn  times 
the  standard  deviation  of  the  universe  of  indi¬ 
vidual  values:  a  ,  =  u/^.  For  example,  sam¬ 
ples  taken  from  a  normal  dlsirlbution  with  a 


population  standard  deviation,  u,  of  10  would 
have  means  distributed  with  equal  to  3.33, 

2,  and  i  for  n  equal  to  9,  25,  and  100,  re¬ 
spectively. 

3.  Sample  means  tend  to  be  normally  dis¬ 
tributed.  This  relationship  is  a  function  of  n. 
The  distribution  of  the  sample  means  becomes 
more  normal  or  Gaussian  as  the  size  of  the 
sample  is  increased. 

4.  When  samples  are  small  the  distribu¬ 
tion  of  the  sample  means  is  described  by  the 

t  or  Students  distribution. 

5.  The  sample  size,  n ,  affects  the  con¬ 
fidence  interval.  The  larger  the  sample  size, 
the  narrower  the  confidence  interval  and  the 
better  the  estimate  of  the  universe  value.  The 
preciseness  of  statistical  inferences  increases 
with  the  \fn. 

Having  covered  the  fundamentals  that 
essentially  define  the  location  of  sample 
means,  it  Is  appropriate  that  the  discussion 
continue  with  some  typical  assumptions  and 
examples  to  illustrate  some  of  the  possible 
mean  statistics  or  parameters.  Let  it  be 
assumed  that  tests  on  n  (begin  with  n  >  50) 
modules  or  components  have  been  conducted 
and  that  the  mean  failure  stress,  S„,,  has  been 
determined.  In  addition,  assume  that  the 
standard  deviation  of  the  universe  from  which 
the  sample  was  taken  is  known  to  be  ra.  Then, 
certain  confidence  stateme..ts  can  be  made 
about  the  mean  failure  stress  based  on  large 
samples  (say  n  >  50).  The  distribution  of  the 
means  is  considered  to  be  normal  or  approxi¬ 
mately  normal.  Therefore,  confidence  limits 
for  the  mean  failure  stress  can  be  determined 
in  terms  of  observed  values  of  sample  sta¬ 
tistics.  The  confidence  level,  p,  expressed  in 
percent  Is  called  the  confidence  coefficient. 

The  normal  curve  areas  are  used  to  determine 
confidence  limits  for  large  values  of  n.  For 
each  p  value,  there  is  a  corresponding  mul¬ 
tiple,  t ,  that  is  used  to  calculate  the  confi¬ 
dence  interval.  Confidence  limits  for  the  mean 
failure  stress  are  defined  by: 

Confidence  Limits  -  ±  t  s/yiT .  (1) 

Multiples  for  some  P  values  applicable 
to  the  normal  distribution  are  shown  in  Table 
1.  Suppose  that  a  confidence  level  of  95  per¬ 
cent  is  desired  for  the  test;  thus,  using  the 
multiple  for  p  =  0.95,  the  mean  failure  stress 
can  be  expected  to  fall  within  the  interval 
described  by  the  values  of  ±  1.96  s/ylT. 
That  is,  95  nut  of  100  times  the  sample 
mean  of  n  items  will  lie  between  the  value 
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TABLE  1 

Multiples  for  Some  Values  Applicable 
to  tiio  N’ormal  Distribution 


■1 

0.50 

0.67449 

0.75 

1.1503 

0.90 

1.6449 

0.95 

1.9600 

0.975 

2.2414 

0.99 

2.5758 

0.995 

2.9070 

i 

0.999 

_ 

3.291 

i 

J 

of  -  1.96  s  ViT  and  the  value  of  S„+  1.96  s  ^n. 
In  like  manner,  for  a  desired  confidence  of  99 
percent,  the  confidence  interval  can  he  ex¬ 
pressed  as  reaching  from  S„  -  2.5758  s/yTT  to 
S„  +  2.5758  s/VF. 

Now,  it  must  be  pointed  out  that  the  con¬ 
fidence  limits  given  herein  have  revolved 
entirely  around  samples  that  are  relatively 
large  (say  n  >  50).  The  next  logical  step  is  to 
define  equivalent  limits  for  data  based  on  sam¬ 
ples  less  than  50.  What  happens  to  these  con¬ 
fidence  limits  as  n  becomes  less  than  50? 
Actually,  the  distribution  of  the  sample  means 
(for  small  values  of  n)  departs  from  the  nor¬ 
mal  form  and  tends  to  assume  the  "Students" 
t  distribution.  The  t  distribution  was  origi¬ 
nally  formulated  by  W.  S.  Cosset,  a  chemist 
employed  by  Guinness  Breweries,  who  used 
the  pen  name  of  "Student."  Cosset  published 
papers  in  1907  and  1908  that  discussed  sta¬ 
tistics  from  exact  sampling  tests  that  led  to 
the  "Student"  t  distribution.  Fortunately, 
because  of  "Student's"  work,  the  exact  dis¬ 
tribution  for  a.  normal  universe  has  been 
established  for  sample  values  of  the  statistic 


where  s  represents  an  estimate  of  the  uni¬ 
verse  si andard  deviation  and  x  is  the  sample 
mean.  The  i  distribution  is  symmetrical 
about  its  mean  and  departs  but  slightly  from 
the  form  of  the  normal  distribution.  Whereas 
the  t  distribution  is  founded  on  empirical  data, 
it  seems  to  be  a  reasonable  guide  tor  statisti¬ 
cal  inferences  on  small  sample  data.  The  t 
distribution  depends  on  a  parameter,  degrees 
of  freedom,  which  is  equal  to  n  -  1 .  There  are 
individual  t  distributions  for  the  individual 
degrees  of  freedom.  Thus,  for  each  value  of 
n  -  1  there  is  a  separate  distribution  curve  of 
t  values  versus  probabilities.  These  t  values 
become  the  multiples  tor  the  equation 

Confidence  Limits  S„,  1  t  s/v7i  .  (1) 

Tables  of  percentage  points  of  the  t  distribu¬ 
tion  can  be  found  in  several  popular  texts  on 
statistics.  These  tabulations  contain  values 
of  t  corresponding  to  selected  cumulated 
probabilities  tor  different  degrees  of  freedom. 
Some  typical  t  values  are  listed  for  illustra¬ 
tion  in  Table  2.  It  can  be  seen  from  Table  2 
that  the  confidence  interval  equals  twice  the 
quantity  (t  s  Vn)*  Therefore,  to  state  the  con¬ 
fidence  intervals  in  terms  of  standard  devia¬ 
tions,  t  distribution  points  were  multiplied  by 
(2/Vn)  for  various  sample  sizes,  n,  and  for 
selected  confidence  levels.  These  values  of 
2  t  Vb  are  shown  in  Fig.  1.  They  represent 
the  width  of  the  confidence  interval  in  units  of 
sample  standard  deviation.  The  confidence 
intervals  in  standard  deviations  for  corre¬ 
sponding  confidence  levels  are  depicted  as  a 
fun  tion  of  n.  Sample  sizes  of  2,  3,  4,  5,  10, 

20,  61  and  121  were  used  for  the  calculations. 
These  curves  Indicate  the  confidence  that  can 


TABLE  2 

t  Values  tor  Various  Cumulated  Probabilities, 
and  Sample  Sizes  (n) 


Sample 

Size 

Probability 

n 

0.50 

0.75 

0.90 

0,95 

0.«75 

0.99 

0.995 

0.999 

2 

1.00000 

2.4142 

6.3136 

12.706 

25.452 

63.657 

127.32 

636.619 

5 

0.74070 

1.3444 

2.1318 

2.7764 

3.4954 

4.6041 

b..597b 

8.610 

10 

C.70272 

1.2297 

1.8331 

2.2622 

2.6850 

3.2498 

3.6897 

4.781 

20 

0.68763 

1.1866 

1.7291 

2.0930 

2.4334 

2.8609 

3.1737 

3.883 

30 

U.G8304 

1.1739 

1.6991 

2.0452 

2.3638 

2.7564 

3.0380 

3.659 
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Fig.  1  -  Confidence  intervals  for  means  2t/n>^* 


be  reasonably  expected  for  mean  failure  stress 
values  recorded  during  empirical  fragility 
tests  on  GAM-87  A  guidance  units. 


accomplished  in  a  manner  analogous  to  that 
for  the  mean.  Confidence  limits  for  a  general 
parameter  are  given  by 


Perhaps,  the  most  important  lesson  to  be 
learned  from  these  statistics  is  that  confidence 
values  are  meaningless  unless  both  the  confi¬ 
dence  level  and  the  corresponding  confidence 
limits,  or  Interval,  are  clearly  defined.  Figure 
1  shows  that  the  larger  the  sample  size,  the 
narrower  the  confidence  interval  and  the  bet¬ 
ter  the  estimate  of  the  true  environmental 
failure  level.  For  example,  the  95-percent 
confidence  levels  for  n  =  2,  3,  4,  5,  10,  20,  61, 
and  121  exhibit  confidence  Intervals  of  17.97 
4.97,  3.18,  2.48,  1.43,  0.936,  0.512,  and  0.36,’ 
respectively.  It  is  seen  also  that  for  a  fixed 
confidence  interval,  the  confidence  level  in¬ 
creases  directly  with  sample  size.  For  in¬ 
stance,  with  a  constant  confidence  interval  of 
±2  standard  deviations,  the  confidence  levels 
for  n  =  2,  3,  4,  and  5  are  78.5,  92.5,  97.2,  and 
98.9  respectively.  Tabulated  data  used  to 
construct  Figure  1  are  presented  In  the  Ap- 
pendL  :  (Table  A). 

To  provide  similar  Information  on  sample 
sta'idard  deviations,  calculations  have  been 
mr.de  to  establish  confidence  intervals  for 
population  standard  deviations  estimated  from 
sample  statistics.  Confidence  data,  defining 
the  expected  spread  of  standard  deviaUons 
have  been  prepared  by  different  methodologies. 
In  compiling  these  confidence  data,  several 
approaches  have  been  Investigated.  Consid¬ 
eration  has  been  given  to  the  relevance  of  the 
normal  distribution,  the  t  distribution,  the  x* 
distribution,  and  some  constants  commonly 
usccl  In  quality  control  stsiljslics 

First,  the  determination  of  confidence 
intervals  for  the  standard  deviation  of  the 
population  based  on  large  samples  was 


Confidence  Limits  =  g  ±  t  .  (2) 

Og  is  the  standard  deviation  or  the  stand¬ 
ard  error  of  the  statistic.  Previously,  the 
confidence  limits  of  the  mean  failure  stress 
were  given  as  s„  ±  t  s/^.  The  ratio  of  s/^n 
represents  the  standard  error  of  the  mean  and 
»  is  an  estimate  of  the  population  standard 
deviation  taken  from  sample  data.  Similarly, 
the  confidence  interval  (under  certain  condi¬ 
tions),  for  the  population  standard  deviation 
is  defined  by 


Confidence  Interval  =  s  i  t  »/v/2n  .  (3) 

The  term  a//Tn  is  derived  from  the  fact  that 
the  standard  error  or  the  standard  deviation 
of  the  distribution  of  sample  standard  devia¬ 
tions  from  a  normal  population  is  approxi¬ 
mately  o/yCTn ,  Therefore,  the  preciseness  of 
the  estimate  of  the  population  parameter  in¬ 
creases  with  the  square  root  of  2n .  The  ex¬ 
pression  sit  s/y7n  becomes  reasonably 
accurate  for  large  values  of  n  where  appli¬ 
cable  t  values  are  taken  from  the  normal 
distribution.  For  values  of  n  less  than  30  the 
X-  distribution  is  generally  used.  The  /3 
values  and  the  corresponding  t  values  for 
the  normal  distribution  given  in  Table  *  cm 
be  used  with  Fq.  (3)  to  detern'ine  tho  con¬ 
fidence  intervals  for  the  standard  deviation 
of  the  population  based  on  standard  deviations 
from  large  sanipl.-.s.  For  instance,  it  can  be 
expressed  with  95-percent  confidence  that 
the  population  standard  deviation  lies  in  the 
range  s  ±  1.96  %/^n  when  n  is  large  (say 
2  '  30,  preferably  larger).  In  like  manner, 
99-percent  confidence  exists  when  tho  popu¬ 
lation  8t;mdard  deviation  lies  in  the  region 
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between  s  -t  2.5758  =■.  V27i  and  s  -  2.5758 
s  V2n. 

The  X-*  distribution  is  considered  a 
fairly  accurate  representation  for  standard 
deviation  limits  when  n  is  less  than  30.  This 
distribution  is  skewed  to  the  right  and  tends 
to  approach  the  normal  cur''e  as  n  increases. 
Thus,  there  is  a  trade  off  point  between  the 
distribution  and  the  normal  distribution  that 
occurs  somewhere  above  the  value  of  n  =  30. 
Since  the  t  di.strilmtion  also  approaches  the 
normal  distribution  for  large  values  of  n,  it 
can  be  used  to  fill  the  void  between  n  =  30  and 
the  x  -  normal  trade-off  point.  The  rela¬ 
tionship  between  the  t  and  the  normal  distri¬ 
bution  as  n  increases  is  clearly  shown  in  the 
portion  of  a  t  table  in  Table  3.  The  normal 
distribution  is  equivalent  to  the  case  of  n  =  oo. 


TABLE  3 

Portion  of  a  t  Table  Showing  the  Relationship 
Between  the  t  and  the  Normal  Distribution  as 
n  Increases 


( 

n 

\ 

0.90 

0.95 

0.99 

0.999 

30 

1.699 

2.045 

2.756 

3.659 

31 

1.697 

2.042 

2.750 

3.646 

41 

1.684 

2.021 

2.704 

3.551 

61 

1.671 

2.000 

2.660 

3.460 

121 

1.658 

1.980 

2.617 

3.373 

00 

1.645 

- L 

1.960 

—  I. 

2.576 

3.291 

T'le  curves  in  Fig.  2  show  confidence 
intervals  based  on  the  t  distribution  that  are 
equivalent  to  the  value  of  2  t  for  n 

equal  to  2,  3,  4,  5,  10,  20,  61,  and  121.  Again 
it  is  seen  that  the  larger  the  value  of  n,  the 
smaller  the  confidence  interval.  Further¬ 
more,  the  confidence  interval  approaches  zero 
as  n  becomes  infinite.  Thus,  it  can  be  seen 
that  the  larger  the  sample,  the  better  the 
estimate  of  the  population  parameter  from  the 
sample  statistic.  Tabulated  data  used  to  con¬ 
struct  Fig.  2  are  presented  in  the  Appendix 
(Table  B). 

Some  supplementary  confidence  data  on 
population  standard  deviations  were  prepared 
by  utilizing  statistical  factors  taken  from 
quality  control  tables.  The  confidence  inter¬ 
vals  shown  in  Fig.  3  were  computed  by  using 
quality  control  factors  Cj  and  Cj  with  an 
applicable  equation  tor  t  values.  The  math¬ 
ematical  derivation  for  this  new  approach 
follows.  The  exact  formula  for  the  standard 
deviation  of  the  distribution  of  sample  standard 
deviations  from  a  normal  population  is: 

*  =  v/zTn-I)  -  2nc/  .  (4) 

where  a'  is  the  standard  value  of  a  and  Cj 
equals  a  constant  that  varies  with  n,  relating 
the  average  standard  deviation  o  for  samples 
of  n  observed  values  each  to  the  standard 
deviation  cr'  of  the  universe  sampled,  the 
relation  being  d  -  Cjir' . 


I 


Oi 


0» 


0«« 


CONOOCMCF  iNTtKVkLS  «  SUMtOMD  DCVIATIOMS 


Fig.  2  -  Confidence  intervals  for  standard 
deviations  s  t  t  s/V2n 
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Fig,  3  -  Confidence  intervals  for  standard 
deviations  2  t  (c^/cj) 


The  factor  Cj  is  a  constant  also  that 
varies  with  n  and  is  defined  mathematically 
as; 


Equations  (2)  and  (4)  can  he  combined  to 
formulate  the  specific  confidence  limit 
equation: 


Conf idence 
Limit 


Using  the  relation  s  -  Cjtr',  Eq.  (7)  becomes: 


Conf idence 


CjvTn 


v4(n- 


l)-2ncj^(8) 


B3 

~  Bj/C2 

B4  ‘  B  j/c  2 

(11) 

Cj  -  3  ; 

82  =  *^2  ^  “^3 

(12) 

c,  -  3C3 

‘•2 

^'3 

‘^2 

(13) 

B4 

Cj  i  3C3 

<^2 

3  c, 

1  +  - -  . 

(14) 

Then 

=  9  > 

•^2 

(15) 

Similarly, 


This  is  simplified  to; 

Confidence  Limit  -  s  tt  —1 

<=2l 

which  is  condensed  to: 

*•'  J 

Confidence  Limit  =  s  ±  t  — 

^2 

or  I  .  (10) 

c,  ( 

Confidence  Limit  =  sit  —  si 

*2  j 

This  solution  is  easily  verified  by  using  other 
relationships  commonly  used  to  establish  3 
sigma  limits  for  quality  control  charts.  In 
this  case  tluj  value  of  3  is  equivalent  to  the 
selected  t  value  from  a  normal  distribution. 
In  quality  control  statistics,  the  upr/>  ’  -'H 
lor  a  sigma  chart  is  given  as  8^5  a.'i'*  t.te 
lower  limit  is  given  as  83  9. 


Bjff  =  3  -  ^  a  .  (16) 

2 

Since  the  t  value  is  equal  to  3  in  these 
two  equations 


J  '-3 

Sigma  Limits  =  S  ±  t  —  ?  or  s±t-j^s.  (17) 


It  can  be  seen  that  Eq.  (17)  is  the  same 
as  the  confidence  expression  previously 
derived  as  Eq.  (10).  Values  of  2  tfcj/r,)  for 
n  =  2,  3,  4,  5,  10,  and  20  have  been  plotted  in 
Fig.  3  from  data  that  are  presented  in  the 
Appendix  (Table  C). 

The  x’  distribution  has  been  used  to 
prepare  the  confidence  data  on  universe 
standard  deviations  that  are  shown  in  Fig.  4 
and  tabulated  in  the  Appendix  (Table  D).  For 
values  of  n  less  than  30,  the  distribulion  of 
the  sample  variances  (cr^)  takes  the  form  of 
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Fig.  4  -  Confidence  intervals  for  standard 
deviations  distribution 


the  distribution.  Percentage  points  of  the 
x^  distribution  can  be  found  in  most  statistical 
textbooks.  The  form  of  the  x*  distribution 
varies  with  the  number  of  degrsus  of  freedom 
which  is  n  - 1  in  this  case.  The  chi-square 
distribution  exhibits  a  distinct  curve  for  each 
value  of  n  and  is  a  skewed  distribution  tliat 
approaches  normality  for  large  values  of  n. 

Confidence  limits  for  universe  standard 
deviations  were  obtained  from  the  x^  ex¬ 
pression, 


The  chi-square  value  is  equivalent  to  a 
selected  percentage  point  from  x*  tables  for 
n  -  1.  For  example,  the  lower  and  upper  0.99 
confidence  limits  for  the  universe  variance  are 

n  .  n 

-7j -  and  --j - 

^0.005  ^0.«95 

forn>l  forn>l 

The  square  roots  of  these  values  yield  the 
upper  and  lower  limits  for  the  universe  stand¬ 
ard  deviation  with  a  confidence  of  0.99.  Values 
of  >^/x*  for  different  values  of  n  for  confidence 
levels  of  0.50,  0,80,  0.90,  0.950,  0.980,  and 
0.990  have  been  computed  and  are  presented 
in  the  Appendix  (Tabie  D).  Corresponding  con¬ 
fidence  intervals  have  been  determined  also 
and  are  listed  in  Table  D  and  portrayed 
graphically  in  Fig.  4. 

The  next  set  of  conflde;ice  data  to  be 
presented  applies  to  the  range  parameter,  R . 
Again,  some  quality  control  factors  have  been 
used  to  obtain  confidence  lulei-vals  for  universe 


ranges.  The  confidence  intervals  shown  in 
Figs.  5  and  6  were  estabiished  by  using  quality 
control  factors  dj  and  dj  with  applicable 
equations  for  limits.  The  distribution  of  the 
range  is  not  symmetric  for  small  sample 
sizes.  If  samples  are  drawn  from  a  normal 
distribution  with  standard  deviation  o-' ,  the 
average  of  the  distribution  of  the  range  is 
dj  a'  and  the  standard  ueviatton  is  d,  u' . 

The  variance  of  the  range  is  (dj/dj)^.  The 
factor  dj  is  a  constant  that  varies  with  n , 
relating  the  average  range  R  for  samples  of 
n  observed  values  each  to  the  standard  devia¬ 
tion  cr'  of  the  universe  sampled,  the  relation 
being  R  =  dj  a' .  The  factor  dj  is  a  constant 
also  that  varies  with  n  and  is  often  desig'ztcd 
as  CT,,  the  standard  deviation  of  the  range  for 
the  specific  value  of  n.  The  ratio  R/v'  Is 
equal  to  w .  The  standard  deviation  of  the 
range,,  was  given^as  dj  tr’ .  Now,  since  a' 
can  be  estimated  by  R/dj,  then  becomes 
equal  to  (dj/dj)  R.  This  last  expression  fits 
neatly  into  the  equation  for  the  confidence 
limits  of  a  general  parameter  (Eq.  2)  to  yield 
the  universe  range: 

'*3  - 

Confidence  Limits  =  R  t  t  R  .  (19) 

“2 

This  equation  is  indeed  similar  to  the 
equation  derived  for  the  standard  deviation 
limits  given  In  Eq.  (17)  with  the  exception  that 
Eq.  (19)  contains  symbols  associated  with  the 
range  parameter.  Equation  (19)  can  be  easily 
verified  by  using  other  relationships  that  are 
used  in  quality  control  statistics  to  determine 
3  sigma  limits.  Once  more,  the  value  of  3  is 
assumed  to  be  the  selected  t  value.  In  quality 
control  statistics,  the  upper  limit  for  a  range 
chart  is  given  as  b^R  Juid  the  lower  limit  is 
given  as  Dj  R. 


Fig.  5  -  Confidence  intervals  for 
ranges  2  t  (djAlj) 


Fig.  6  -  Confidence  intervals  for  ranges  2  t  dj 


Da  --  D,/dj: 
n,  =  da  -  Sda: 


D4  =  Da/d  a  (20) 

D2  =  dj  ^  3dj  (21) 


Since  the  t  value  is  equal  to  3  in  these 
last  two  equations 


(22) 


a. 

Range  Limits  =  R  ±  t  fi  . 

•*2 


(26) 


D4 


dj  +  Sdj 

-T7— 


1  +  3 


Then 


D4R 


R  + 


Similarly, 


(23) 


(24) 


(25) 


Equation  (26)  is  identical  to  the  confidence 
limits  previously  given  in  Eq.  (19).  Values  of 
2  t  (dj/da)  for  n  =  2,  3,  4,  5,  10,  and  20  are 
shown  in  Fig.  5.  Tabulated  data  for  n  =  2 
through  n  =  25  are  listed  in  the  Appendix 
(Table  E),  for  confidence  levels  of  0.50,  0  75 
0.90,  0.95,  0.975,  0.990,  0.995,  and  0.999.  ’ 


Another  confidence  expression  for  the 
range  is  easily  formulated  by  combining  Eq. 
(2)  with  the  standard  deviation,  cr„,  of  d,  o’. 
This  new  confidence  equation  is 


R  i  t  djo'  =  R  ±  t  djs  .  (27) 
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This  confidence  limit  equation  can  be 
easily  substantiated  by  arift'Monoi  quality  con¬ 
trol  relationships  used  to  determine  3  sigma 
limits.  Again,  the  value  of  3  is  considered  to 
be  the  selected  t  value.  In  quality  control 
statistics,  the  upper  limit  for  a  range  chart  is 
given  as  Dj  a'  and  Uie  lower  limit  is  given 
as  Dj  . 

D,  (ij  -  Sdj,  Dj  ^  dj  +  313(28) 


Di  =  dj  o'  -  adj  cr'  (29) 

D2  o'  dj  o'  +  Sdj  o'  .  (30) 

Now  since  o'  can  be  estimated  by  R.  d^, 
then  Eqs.  (29)  and  (30)  become 

Dj  o'  -  R  -  adj  o'  (31) 

Dj  c'  =  R  t  adj  o'  .  (32) 

Whereas  the  t  value  is  equal  to  3  in  these 
last  two  equations,  the  range  limits  are; 

I  i  t  dj  a'  =  R  t  t  dj  s  .  (33) 


This  equation  is  the  same  as  the  limits 
that  were  defined  by  Eq.  (27).  Values  of  2  t  dj 
for  n  =  2,  3,  4,  5,  10,  and  20  are  displayed  in 
Fig.  6.  Tabulated  values  of  2  t  dj  are  given 
in  the  Appendix  (Table  F),  tor  confidence 
levels  of  0.50,  0.75  ,  0.90,  0.95  ,  0.075  ,  0.990, 
0.995,  and  0.999.  Sample  sizes  from  n  =  2 
through  n  =  25  are  Included  in  the  Appendix 
(Table  F). 

A  tilled  set  of  confidence  data  for  the 
range  parameter  has  been  prepared  based  on 
probability  information  that  is  depicted  in 
Fig.  7.  Several  distributions  of  the  relationship 


v  -  R  cr  frrjm  a  normal  universe  are  plotted  on 
probability  paper  for  n  =  2,  4,  6,  8,  and  10. 

The  abscissa  represents  the  probability  that 
the  value  of  w  (for  the  selected  value  of  n) 
will  be  less  than  the  corresponding  ordinate 
value  of  z.  It  can  be  seen  that  this  relative 
range  distribution  varies  with  n  and  tends  to 
becoiie  normal  with  increasing  sample  size. 
The  deviation  from  normality  appears  to  be 
greatest  near  the  lower  left  corner  of  the 
graph  for  small  percentile  points. 

Confidence  limits  can  be  calculated  from 
these  probability  points,  p  (w  <  z),  by  multi¬ 
plying  the  Z  value  for  the  selected  percentile 
point  by  o' .  Since  o'  is  estimated  as  being 
equal  to  R'dj,  the  limits  for  any  chosen  con¬ 
fidence  level  are  given  by 

to'  -  z  R/dj  .  (34) 

Values  of  Z/dj  have  been  calculated  for  n  =  2 
through  n  s  12  and  are  listed  in  the  Appendix 
(Table  G).  Tabulated  values  are  given  for 
probabilities  of  0.001,  0.005,  0.010,  0.025, 
0.050,  0.950,  0.975,  0.990,  0.995,  and  0.999. 
The  tabulated  values  can  be  multiplied  by  the 
sample  range  to  obtain  the  desired  upper  and 
lower  range  limits.  For  example,  the  upper 
range  limit  for  n  =■  10  with  a  probability  of 
0.999  is  equal  to  1.94  R.  The  corresponding 
lower  limit  for  n  =  10  with  a  probability  of 
0.001  is  0.351  R. 


FAILURE  PROBABILITIES 

Any  discussion  concerned  with  the  prob¬ 
lems  of  environmental  criteria  and  their  cor¬ 
responding  safety  margin  tests  requires  the 
consideration  of  applicable  statistics  such  as 


Fig.  7  -  Probability  of  the  relative  range  w  =  R/cr 
for  various  sample  sizes 
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avor^cs,  standard  deviations,  and  rane^^ 
CorJidence  data  for  these  statisUcs  related  tn 

thoroughly  ex¬ 
pounded  in  the  previous  section  to^lav  a  solid 

rS  Uier  f ‘"ferences  oVfaTli 

proba  nhties.  Primarily,  this  study  is  aimed 
“r  ®mall  sample  sizes,  n  <  50 

1  reasons.  The  discussion  will  continue  for 

Ues7o7me‘a?fLT^''“"I'‘"‘’'  probabili- 

Uts  lor  mean  failure  stress  values  as  a  funr- 

hon  of  range  or  standard  deviation.  In  turn 

the  reliability  of  these  failure  probabilities  ’ 

fiXn  by  application  of  the  con¬ 

fidence  -imits  that  were  presented  in  the 
previous  section. 

ne  i  samples  the  range  and  Standard 

deviation  are  likely  to  fluctuate  together  If 
the  sta.ndard  deviation  is  large,  the  r.inge  is 
also  ll,{ely  to  be  large.  If  the  standard  Lvla- 
non  is  small,  the  range  is  likely  to  be  small 
In  large  samples,  however,  the  occurrence  of 
one  extreme  value  will  cause  the  r^ge  ^^bf 
arge,  but  it  may  have  less  effect  on  the  stand- 
ard  deviation  On  the  other  hand,  if  thL  pr^ 
1cm  is  to  analyze  variability  wherein  small 

‘be  range  may  be 

employed  as  r  substitute  lor  the  sta^idard 

Sst  ui",:  f  being  an  efficient 

samo  es  t£*'  small 

samples,  the  range  is  easy  to  calculate.  For 

j"’  ‘  ‘®  usually  preferred  to  the 
stMdard  deviation  In  quality  control  analysis 
Some  small- sample  data  are  shown  in  Fig.  8 
hat  demonstrate  the  concurrent  fluctuatims 
between  standard  deviations  and  ranges. 

ri,!  samples  of  Size  5  were 

drawn  from  a  normal  distribution.  Their 

and"2ro'tted'’''p“°"®  computed 

and  plotted.  Even  with  this  simple  statistical 

exercise,  it  Is  seen  that  the  range  and  the 
S  other. 

shape,  the  peaks  and  vaii^vs  in  airrni>mo.,t 
This  clearly  substantiates'the  fact  ttot  the 
range  Is  an  efficient  substitute  for  the  standard 
deviation  when  small  samples  are  used. 

Statistics,  i.e..  mean,  range, 
"m  “^lation.  etc.,  can  be  calculated 
.4  lata  of  a  sample  and  from  these,  esti- 

parameters. 

.  -metlmes  it  is  necessary  to  find  approximate 

£  I  >  501  ih'”'  "f.  large  sample 

i  estimate  of  population  stand- 

ard  deviation  is  the  sample  standard  deviation 
(s).  If  1  samples  of  size  n  are  taken  the 
average  standard  deviation,  f ,  is  eS  to  r,/i 
and  lor  this  condition  the  average  standard  ’ 
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Fig.  8  .  (tangr  and  (tandard 
deviation  ■imilarlly 

deviation  is  a  better  estimate  of  the  population 
stS^d  ‘ban  any  single  sample 

^"“‘b'=r  n>«lhod  of  esti¬ 
mating  the  standard  deviation  of  the  population 
is  by  using  the  statistical  relationship  of 
*  -  R/o  (see  previous  section  and  Fig.  7). 

The  standard  deviation  is  estimated  from  the 

of  ?  whicM?  ""  '’f  ‘be  -ean 

Tnus  t^h  ^  represented  symbolically  by  d,. 
Tnjs,  the  standard  devkition  is  equal  to  R/d  ^ 

‘®  sood  if  the'universe 

Ses  of  d"  Appropriate 

values  Of  dj,  the  average  value  of  w.  have 

been  used  to  show  the  relationship  between 
range  and  standard  deviation  for  the  environ¬ 
mental  statistics  which  are  the  primary 
objective  of  this  report.  Range/standaL 
deviation  ratios  are  presented  in  Fig.  9  to 

Jnnd/T/  comparable  to 

stMdard  deviations  for  constant  values  of  n 
in  terms  0  the  critical  stress,  s..  A  family 

Se  dlL".V°!;  ?  =  I’  and  4S^ 

arri  1’  and  the  stand- 

ard  deviation,  s ,  both  normalized  by  the 
critical  stress.  Thus,  values  of  range  k 

“eSJ  s  'Tf'""’ 

tress,  s,. ,  can  be  obtained  from  this  graph 
for  various  sample  sizes.  An  examination  of 

Us^^vSe  samples,  the 

R/S  valuer  approach  the  i/s.  values.  For 
... unco  ,be  o. 

1.1Z8  s/s  for  the  case  where  n  =  2.  This  is 

six''sSrd“dl''^  approximation  of 

SIX  standard  deviations  per  range  that  Is  used 

o  ten  m  statistics.  Actually,  thf  six  sta^dar? 
deviations  per  range  become  fairly  valid  for 
sample  sizes  as  great  as  450.  More  precisely 
over  critical  stress  value  Is  6.009^^' 
times  the  standard  deviation  over  critical 
stress  value  for  n  =  450. 

pertinent  points  regarding 
anges  and  standard  deviations  have  been 
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01  v;AT*n«.  5 


Fig.  9  -  Range  vs  standard  deviation 
as  a  function  of  n 


covered  and  explained,  this  report  will  present 
statistical  information  designed  to  provide 
prob^illtles  that  components  and  modules  will 
fail  ai  environments  below  the  service,  speci¬ 
fied  or  critical  stress  environment.  That  is, 
statistical  data  will  be  given  so  that  failure 
probabilities  (below  the  critical  stress,  S  ) 
can  be  interred  from  statistics  obtained  during 
environmental  tests  of  GAM-87A  components 
and  modules.  First,  probabilities  based  on 
standard  deviations  above  the  critical  stress 
will  be  presented  and  then  equivalent  proba¬ 
bilities  determined  from  normalized  range 
values  will  be  given.  To  illustrate  standard 
deviation  probabilities,  assume  a  normal  or 
near  normal  distribution  for  the  population  or 
universe.  Then,  the  individual  values  of  the 
stress  failure  levels  will  be  normally  dis¬ 
tributed,  the  mean  failure  stress  will  be  fairly 
representative  of  the  universe  mean,  and  the 
standard  deviations  of  the  sample  stress 
failures  will  tend  to  be  distributed  in  a  form 
ranging  from  the  skewed  chi  square  to  the 
normal  distribution.  Next,  calculate  the  mean 
failure  stress  and  the  standard  deviation  in 
units  of  critical  stress.  What  can  be  inferred 
abc/ut  failure  probabilities  from  these  two 
sample  statistics?  Based  on  these  statistics, 
what  percentage  of  components  and  modules 
can  be  reasonably  expected  to  fall  at  ampli¬ 
tudes  below  the  critical  environmental  stress? 
These  questions  car  je  answered  by  proper 
application  of  the  te>  statistics  to  predict  the 
percentage  of  items  (similar  to  the  sample 
items)  that  can  be  expected  tp  fall  below  the 
critical  stress  level. 

Tiie  methodology  of  establishing  compo¬ 
nent  and  module  failure  probabilities  is  fairly 
simple.  The  environmental  amplitude  between 


the  mean  failure  stress,  s„,  and  the  critical 
stress.  Sc ,  is  defined  in  multiples  of  standard 
deviation  (normalized  by  the  critical  stress). 
Basically,  the  problem  is  to  determine  what 
portion  of  a  statistical  distribution  is  either 
above  or  below  the  critical  stress  amplitude. 
With  an  assumption  of  normality  and  with  the 
number  of  safety  margins  (standard  deviations) 
determined,  the  areas  of  the  normal  curve  that 
are  above  and  below  the  critical  stress  level 
can  be  found  and  their  corresponding  proba¬ 
bilities  can  be  established.  The  area  of  the 
normal  curve  that  falls  below  the  critical 
stress  limit  is  equivalent  to  the  probability 
that  items  similar  to  those  used  in  the  ter.' 
sample  will  fall. 


tall  that  lies  below  this  critical  line  is  accom¬ 
plished  by  calculating  the  value  of  the  trans¬ 
formation  S„  -  s^u  and,  in  turn,  finding  the 
corresponding  probability  from  tables  of  the 
normal  distribution.  For  example,  if  the 
standard  deviation,  .  is  equal  to  0.5  s  and 
if  S  is  equiU  to  3.5  S,,  then  S„  -  s,/,  becomes 
3.5  Sj  -  Sj  /0.5  Sj .  Thus,  the  transformation 
value  is  5  standard  deviations  which  repre¬ 
sents  a  failure  probability  of  0.0000003.  In 
other  words,  it  can  be  reasonably  expected, 
with  the  stated  conditions,  that  only  three 
items  out  of  10  million  will  display  fragility 
levels  that  are  less  than  the  critical  or  spec¬ 
ified  environmental  level. 


The  fragility  levels  of  the  components  and 
modules  are  assumed  to  originate  from  popu¬ 
lations  that  display  normal  or  Gaussian  dis¬ 
tributions.  A  normal  distribution  is  defined 
by  this  noncumulatlve  formula,  where  x  is  the 
mean  and  o-  is  the  rms  or  standard  deviation: 
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^  I  ' 


'’f>ncijmulative  curve  of  the  normal 

and  IS  bell-shapea.  It  is  well  known  that  the 
area  within  the  .3.  limits  is  eSeUt  to 
.  pt  reent  of  the  total  area  and  that  the 
turning  points  occur  at  ±U  values  The 
gW^n  by^  distribution  function  is 


cum  f(x)  -  — f 

1.  '**  ■  (36) 

This  equation  is  frequently  altered  in 
show  integration  over  the  area^frmn  -x  to  x 
instead  of  the  area  from  ^  to  x  There  are 
many  tables  in  statistical  literature  with 
values  for  the  ordinate  and  area  of  the  norm- 1 

thc'’Nxr^  excellent  set  prepared  oy 

tne  National  Bureau  of  Standards  contains  ^ 
precise  values  of  the  normal  ordlS  a^  the 

values,  cum  f  (x;  irom  -x  to  tx)  are  related 
to  cum  f(x),  fiq.  (36),  as  follows: 

cum  f(x)  =  cum  f  (x;  -x  to  +x) 

i  ~  cum  f  (x;  -X  to  +xl 

2~~  •  (37) 

the  equivalent  to  the  area  of 

Bmit  iTthf"*’''^  critical 

timit.  In  this  case,  the  critical  stress  <;  lu 

indicated  by  -x  and,  since  the  normal  4urVe  Is 

ymmetrical  about  the  mean,  the  probability 

of  success  (Eq.  37)  consists  of  the  area 


between  tx  plus  the  area  of  an  upper  tall. 

numerCfoP 
numeiicaliy  equal  to 

"  gum  f  (x:  -X  to 


th^riehftii  expression  of 

tSe  sH  !  “PP"  ‘ail  has 

the  same  area  as  the  tall  that  Is  below  the  crit¬ 
ical  stress  level.  Therefore,  the  area  S  InTer- 
est  and  the  probability  of  failure  Is  given  by 

o  =  ‘  ~  ‘  (*:  -*  to  +XJ 

■  f  -  — — -  .  ^ggj 

tion  as  a  func 

tion  of  safety  margins  (mean  failure  stress. 

m  over  critical  stress,  S,.)  for  constant 

f  °f  standard  deviation,  ,  ,  in  Fig.  10. 

k"7®®  ®''°*®  probLillty  of 

an  Item  failing  below  the  critical  or  specified 

‘''®  ®‘andard  deviation  is 

of  failure  probability 

f  failure,  p , ,  becomes  greater  with  larcer 
values  of  the  standard  deviation  and  conversely, 
s  V?  Th®®ifi  ‘""®ase8  In  the  ratio  of 

glioh  is  S^rVf  ’’f  “>s 

we%  mL;  n„l°V  ’'''“®“"  calculations 

were  made  only  for  case'  wherein  S  was 

“c  TheprobriUty 

of  failure  is  0,50  when  the  mean  future  stress 
is  equal  to  the  critical  stress  for  then  half  of 


Fig.  10  -  rail-ire  prohahUitiee 
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fig.  11  -  Probability  of  failure  vs  mean  failure  stre! 
function^^of  sample  size  for  two  ranges;  R  =  3.00 


ss,  as  a 
Sj  and 


converted  Into  values  of  the  ordinate  (mean 
failure  stress,  S„  over  critical  stress,  S  ) 
and  standard  deviation.  Whereas  the  statis¬ 
tics  shown  in  Fig.  10  are  based  on  proven 
statistics,  the  validity  of  utilizing  this  graph 
requires  some  meaningful  confidence  state¬ 
ments  regarding  the  sample  data.  Some  indi¬ 
cation  of  the  validity  of  sample  mean  failure 
stress  values  and  sample  standard  deviation 
stress  values  can  be  obtained  from  the  con¬ 
fidence  Information  presented  in  the  previous 
section  (Figs.  1  through  4). 

I* allure  probabilities  have  been  presented 
in  terms  of  standard  deviations  and  mean 
failure  stress  that  can  be  supplemented  by 
applicable  confidence  data.  In  establishing 
these  confidence  daU,  an  attempt  was  made 
to  remove  biased  values  by  corrections  that 
reflected  the  sample  size  and  the  statistic  or 
parameter.  However,  it  is  desirable  to  show 
additional  data  on  failure  probabilities  that 
display  more  vividly  the  effects  of  sample 
size  on  the  possible  failure  of  components  and 
modules  at  test  levels  below  the  critical  stress 
environment.  For  this  reason,  numerous  com¬ 
putations  have  been  made  to  provide  failure 
probabilities  on  the  range,  r,  statistic  for  dif¬ 
ferent  values  of  n,  the  sample  size.  The  use 
of  range  values  yields  additional  graphs  that 
clearly  indicate  the  relationship  between  sam¬ 
ple  size,  n  ,  and  the  probability  of  failure. 
Several  graphical  displays  that  exhibit  the  ef- 
lect  01  sample  size  on  range  failure  probabili¬ 
ties  are  presented  in  Figs.  1!  through  19. 

These  range  data  have  been  prepared  by 
combining  the  w  relationship  shown  in  Figs.  7 


£ind  9  with  values  of  the  transformation 

■  S,.'5.  More  speciiicaily,  range  values  in 
terms  of  the  critical  stress  have  been  divided 
by  the  appropriate  value  of  d,  for  n  to  obtain 
equivalent  values  of  the  standard  deviation  in 
terms  of  the  critical  stress.  In  turn,  these 
standard  deviations  have  been  used  in  the 
transformation  s„  -  s,,/s  to  find  failure  prob¬ 
abilities  for  the  range  at  various  sample 
sizes.  Thus,  for  a  given  range,  a  given  sam¬ 
ple  size,  and  given  value  of  s  -  s  (or  -  's  i 


Fig.  U  -  Probability  of  failure 
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Fig,  13  -  Probability  of  failure  vs  mean  stress 
for  n  =  2,  as  a  function  of  range 


the  probability  of  failure  below  the  critical 
stress  can  be  established. 

Figure  11  shows  the  effect  of  change  in 
range  and  sample  size  on  failure  probabili¬ 
ties.  This  figure  contains  data  for  n  =  2,  3, 

4,  5,  20,  and  450  and  for  R  =  0.500  and 
R  =  3.00  S,,.  An  examination  of  these  data 
shows  that  increasing  values  of  mean  failure 
stress  are  associated  with  decreasing  failure 
probabilities  for  any  constant  value  of  n.  It  is 
seen  that  smaller  failure  probabilities  accom¬ 
pany  larger  values  of  n  for  constant  range 
values.  Also,  this  graph  shows  clearly  that 
the  smaller  the  range,  the  smaller  is  the  prob¬ 
ability  of  failure.  The  three-dimensional 
spectrogram  of  Fig.  12  shows  failure  proba¬ 
bilities  as  a  function  of  range  and  mean  failure 
stress  for  various  sample  sizes.  This  field 


diagram  approaches  a  four-D  illustration  by 
virtue  of  the  several  failure  blankets  created 
by  the  different  n  values.  An  excellent  indica¬ 
tion  of  the  relationships  among  the  range,  the 
mean  failure  stress,  the  sample  size,  and  the 
failure  probabilities  is  provided  by  this  three- 
dimensional  plot.  The  data  tend  to  peak  near 
the  high  range  values  and  the  low  mean  failure 
stress  values.  The  n  blankets  clearly  dl^lay 
the  lower  failure  probabilities  that  occur  tor 
greater  sample  sizes  with  constant  range  and 
mean  failure  stress  values.  Figures  13 
through  19  show  detailed  failure  probabilities 
as  a  function  of  range  for  seven  Individual 
values  of  n.  They  also  show  families  of 
curves  tor  n  =  2,  3,  4,  5,  10,  20,  and  450, 
respectively.  For  example.  Fig.  13  shows 
failure  probabilities  for  n  =  2  with  range 
values  of  0.166  S,,  0.20  S„  0.25  S„  0.333  S„ 
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Fig.  Ifl  -  Probability  of  failure  vs  inean  stress 
for  n  -  20,  as  a  function  of  range 
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Fig.  19  -  Probability  of  failure  vs  mean  stress 
for  n  =  450,  as  a  function  of  range 


0.50  Sp,  0.75  S,.,  1.0  Sj,  1.5  S,.,  1.75  S^,  2.0  S  , 
2.5  ,  and  3.00  These  graphical  presen¬ 

tations  provide  an  adequate  representation  of 
failure  probabilities  as  related  to  the  sample 
size,  the  mean  failure  stress,  and  the  range. 

An  analysis  of  these  data  shows  (1)  lower 
failure  probabilities  tor  the  lower  range 
curves,  (2)  less  probability  of  failure  with 
greater  stress  levels,  and  (3)  less  chance  of 
failure  with  greater  values  of  n  for  constant 
range  and  constant  mean  failure  stress.  This 
last  effect  is  easily  seen  when  Fig.  13  (n  =  2) 
is  compared  with  Fig.  19  (n  =  450). 


SUMMATION 

This  report  has  encompassed  the  results 
of  an  extensive  statistical  investigation  that 
was  designed  to  provide  supporting  data  for 


environmental  tests  to  failure  of  modules  and 
components  from  the  GAM-87A  guidance  sys¬ 
tem.  Although,  these  statistics  were  studied 
with  this  test  to  failure  program  in  mind,  it  is 
felt  that  the  statistics  of  this  report  are  appli¬ 
cable  to  many  similar  statistical  sampling 
problems.  Statistics  were  presented  that 
thoroughly  expounded  confidence  data  on 
means,  standard  deviations,  and  ranges.  Sev¬ 
eral  methods  of  establishing  confidence  lim¬ 
its  for  each  of  these  universe  parameters 
were  given.  Failure  probabilities  below  the 
environmental  i^ecification  or  critical  stress 
level  were  displayed  for  modules  and  com¬ 
ponents.  These  failure  probabilities  were 
determined  with  the  assumption  that  fragility 
levels  of  the  various  items  were  normally 
distributed.  Data  were  included  for  failure 
probabilities  based  on  (1)  standard  deviations 
and  (2)  ranges  as  functions  of  the  mean  failure 
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failure  probabilities  were  pre- 
sented  in  considerable  detail  to  illustrate  the 
effect  of  variations  in  range  and  sample  size 
on  failure  probabilities.  The  usage  of  the 
range  statistics  is  especially  recommended 

^2.  The  mean,  the 

standard  deviation,  and  the  range  confidence 
intervals  and  levels  were  discussed,  displayed 

Sirmat  ‘  Utilization.  Sufficient 

information  has  been  given  on  these  parameters 
so  that  meaningful  statistical  inferences  can 
be  made  on  the  parameters  and  their  corre¬ 
sponding  failure  probabilities. 

f  confidence  data  can  be  used  to  pro- 
vide  some  degree  of  assurance  that  a  test  value 
obtained  will  be  reasonably  indicative  of  the 
true  universe  parameter,  i.e.,  the  mean  failure 
stress,  the  failure  stress  range,  or  the  stand¬ 
ard  deviation  of  the  failure  stress.  These  con¬ 
fidence  data  can  be  used  to  set  limits  which 
may  be  expected  to  include  the  parameter  value 
that  would  have  been  obtained  if  the  test  engi¬ 
neers  had  conducted  fragility  tests  on  an  ex¬ 
ceedingly  great  number  of  test  specimens. 

Now  then,  the  establishment  of  confidence  lim¬ 
its  on  either  large  or  small  samples  is  akin  to 
making  a  statistical  inference.  Essentially 
this  statistical  inference  consists  of  using 
sample  statistics  from  a  universe  to  estimate 
the  parameter  of  that  universe. 


Since  statistical  inferences  are  usually 
mate  in  t.n  ms  of  probability  percentiles,  the 
test  engineer  or  the  analytical  engineer  must 
select  the  degree  of  assurance  required  for 
the  tests.  Suppose  that  99-percent  limits  have 
been  selected;  then  it  can  be  reasonably  ex¬ 
pected  with  99-percent  confidence  that  the 
universe  or  population  parameter  will  fall 
within  these  limits.  In  a  similar  manner,  an 
inference  could  be  made  that  the  parameter 
would  be  in  limits  99  times  in  100  and  out  of 
limits  1  time  in  100. 

Use  of  the  confidence  inferences  provides 
the  test  engineer  with  some  practical  feeling 
lor  the  validity  of  the  tes*  data.  It  becomes  a 
simple  matter  to  proceed  ..om  the  selected 
degree  of  assurance  on  the  estimated  param¬ 
eter  to  the  determination  of  the  failure  prob¬ 
ability  of  future  specimens.  This  is  easily 
accomplished  with  the  use  of  the  failure  prob¬ 
ability  charts  given  in  this  report. 
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APPENDIX 

TABLE  A 

Confidence  Intervals  for  Means 


Tabulated  value  =  2  t//H 


0.50 

SI 

0.75 

0.90 

1 

0.95 

0.975 

0.990 

0.995 

0.999 

2 

1.4142 

3.4142 

8.9291 

17,969 

35,995 

90.025 

180.06 

900.32 

_  _3 

0.94281 

1.8517 

3.3717 

4.9683 

7.1652 

11.460 

16.269 

36.486 

4 

0.76489 

1.4226 

2.3534 

3.1825 
2.4833 
2.0989  ' 
1.8497 

4.1765 

5.8409 

7.4530 

12.941 

L  ^ 
U  ® 

0.66250 

0.593.34 

1.2024 

1.0622 

1.9067 

1  64 

3.1264 

2.5829 

12441 

4.1180 

_  J.P064 

7.7010 

_ 7 

0.54242 

0.96252' 

1.4689 

3.2892 

2.8025 

3.8974 

3.2632 

5.6003 

4.5046 

_ 8 

0.50285 

0.88692 

1.3397 

1.6720 

2.0090 

2.4745 

2.8491 

3.8219 

0 

0.47093 

0.82687 

1.2397 

1.5373 

1.8343 

2.2369 

2.5550 

3.3607 

^0 

11 

12 

0.44444 
"  0.'42200 
_  0J0267 

0.77773 

0.73647 

0.70119“ 

1.1C93 

1.4307 

1.6981 

2.0554 

2.3336 

3.0238 

1.0930 

1.343C 

1.5882 

1.9112 

2.1597 

2.7661 

1.0369 

1.2707 

1.4971 

1.7931 

2.0188 

2.5617 

_ 13 

0.385 1 8 

0.67058 

0.64362 

0.98664 

1.2086 

1.4200 

1.6943 

1.9017 

2.3952 

U.o7uo7 

0.94659 

1.1548 

1.3537 

1.6101 

1.8027 

15 

0.357  5b 

0.61973 

0.59835 

Lp.90953 

0.87650 

1.1076 

1.2960 

1.5372 

1.7174 

lb  1 
17 

0,34560 
0.33476  ~ 

1.2450 

1.4734 

1.6430 

WivIi'L*pm 

0.84689 

1.0283 

1.1995 

1.4168 

1.5775 

16 
19  ' 

_  '20  ’ 

0.32489  I 

0.31585 

0.30752 

1.1588 

1.3662 

1.5191 

■WiTiFnB 

0.79566 

0.77328 

1.1218 

1.4667 

1.7995 

1.0882 

1.2794 

1.4194 

1  7365  ' 

21 

2'2 

0.29981 

“0.29266 

0.51709 

0.50448 

0.75272 
n  1 

1.0575 

1.2418 

1.3763 

1.6803 

23 

0.28600 

0.49276'^ 

0.71608 

1.0032 

1.2073 

1.1755 

KMmsii 

0.97894 

1.1461 

1.5379 

2\i 

0.68436 

0.82556  1 

0.95640 

1.1188 

1.2362  \ 

1.4980 

27 

u,<£oono 

0.66997 

0.65649 

■ixiir/nai 

1.0933 

1  riiToT* 

1.4611 

[1728 

29 

0.25641 

0,44437 

0.64380 

0.775511 

0.89706 

BmBi 

il.iOUt  1 

1.1552  T 

1.4268 

1.3947 

0.25379 

0.43631 

0.63177 

0,87964 

1.0263 

MWCTftH 

0.24941 

■nfitifiwi 

0.21260 

0.17378 

0.36460 

0,29746 

iSai 

mmWm 

U.S4759  1 

■wwtsi 

^Bii 

Kllai 

■Tivrritirvi 

121  1 

0.12301 

0 

|Bj 

0.30140  1 

_ 0  r 

is 

0.41271 

0 

0.47589 

0 

0.51998 

0 

Note:  Tabulated  value  x  standard  deviation  =  confidence  intervals. 
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TABLE  B 

Confidence  Intervals  for  Standard  ’Jeviations 


n 

O.bO  - 

. 

0.75 

0.90 

0.95 

lUe  -  Z  t/\/  4 

0.975 

!  0.990 

I 

0.995 

0.999 

2 

1.0000 

2.4142 

6.3138 

12.706 

25,452 

63.657 

127.32 

636  62 

3 

0.66667 

1.3092 

2.3842 

3.5132 

5.0666 

8.1036 

11.504 

25.800 

0.54086 

1.0059 

1.6641 

2.2504 

2.9532 

4,1301 

5.2703 

9.1507 

D 

0.46846 

0.85027 

1.3483 

1.7560 

2.2107 

2.9119 

3.5402 

5  4454 

6 

0.41955 

0.75107 

1.1634 

1.4841 

1.8264 

2.3258 

2.7559 

3.9600 

0.38355 

0.68061 

1.0387 

1.3079 

1.5863 

1.9817 

2.3074 

3.1852 

8 

0.35557 

0.62715 

0.94730 

1.1823 

1.4206 

1.7497 

2.0146 

2.7025 

9 

0.33300 

0.58468 

0.87658 

1.0871 

1,2971 

1.5817 

1.8067 

2  3763 

10 

0.31427 

0.54994 

0.81979 

1.0117 

1.2008 

1.4534 

1.6501 

2.1381 

11 

0.29840 

0.52076 

0.77285 

0,95007 

1.1231 

1.3514 

1.5271 

1.9559 

12 

0.28473 

0.49581 

0,73317 

0.89855 

1.0586 

1.2679 

1.4275 

1.8114 

14 
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0.26225  ~ 

0.47417 

0.455ir 
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0.66934 
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A 
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1.3447 

1.6937 

15 
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0.78317 

U.  1 23 
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1.0870 

1.2747 

1.2144 

1.5954 

1.5117 
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0.42310 

0.61978 

0.75360 

0.88031 

1.0418 

1.1618 

1.4400 

17 

“l8  ^ 

0,23071 

0.M973 

"6.40944 
0.397 06~ 

0.59884 

0.57987 

0.72712 

A  7AQO»T 

6.84820 

1.0018 

1.1154 

1.3771 

19 

20 

0.22334 

0.38566~ 

~0.56^1^ 

0.68162 

U.OI937 

0.79326 

0,96607 

0.93387 

1.0742 

1.0371 

I  1.3217 

1.2725 

0.21746 
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0.54679 

0.66187 

0.76951 

0,90476~ 

1.0036 

1.2279 

21 

0.21200 
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0.53225 

0.64375 

0.74778 

0.87808 

0.97316 

1.1881 

0.20694 

0.35672 

0.51881 

0,62702 

0.72779 

0.85370 

0.94530 

1.1515 

23 

0.20223 

0.34843 

0.50634~^ 

0.61156 

■mil 

0.83122 

0.91968 

1.11G2  ' 

0.19783 

0.34070 

0.49476 

0.59718 

0.69221 

0.81040 

0.89605 

1.0874 

Iff 

0.19370 

0.33344 

0,48391 

1 

0.79108 

A  7'7QAO 

0.87412 

1.0592 

26 

0-32664 

0.47374 

27 

0.32023 

0.46421 

0.55943 

Vs  1  f  Wi7 

0.75627 

U.05374 

0,83471 

1.0331 

1.0089 

28 

SSSSSSS8S 

0.31422 

0,45523 

0.54837 

—  - _ _ ^ 

0.63432 

0.74050 

0.81G89 

n  Qftfiio 

Si 

ESibIS 

0.30852 

0.44673 

[Bi 

■iwtv.wiTiai 

0.72568 

0.80015 

0.30310 

0.43870 

0.71170 

0.78441 

0.94475 

sa 

0.29797 

mmmi 

— _ — 

0.51874  1 

0.59934 

0.69850 

0.769R7 

n  QORAU 

41 

0,15033 

0.25781 

Limil 

lilllAUi 

ftSdmil 

0.59733 

A 

61 

0.12288 

0.21033 

0.30252 

0.3622C 

0.41630 

0.48170 

0.52775 

Vs  1 

A  AOARI 

121 

0.08698 

0.14861 

0.21312 

0.25455 
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0.33651 

0.36768 

A 

00 

0 

0 

0 
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Note:  Tabulated  value  x  standard  deviation  =  confidence  intervals. 


292 


TABLE  D 

Confidence  Limits  and  Intervals  for  Standard  Deviations 


Tal)ulated  limits  =  /n 

1 

n 

0.50 

Lower 

Limit 

0.50 

Upper 

Limit 

0.50 

Interval 

0.80 

Lower 

Limit 

0.80 

Upper 

Ijimit 

0.90 

Interval 

1 

0.90 

Lower 

Limit 

T - 

0.90 

Upper 

Limit 

0.90 

Interval 

2 

1.229 

4.439 

3.210 

0.859 

11.2 

1  10.3 

0.722 

22.6 

21.9 

3 

4 

1.040 

2.283 

1.243 

0.807 

3.77 

2.96 

0.708 

5.40 

4.69 

,0.9367 

1.816 

0.829 

0.800 

2.62 

1.82 

0.715 

3.37 

2.65 

5 

0.9636 

1.613 

0.649 

0.802 

2.17 

1.37 

0.726 

2.65 

1.92 

6 

0.9516 

1.498 

0.546 

0.806 

1.931 

1.125 

0.735 

2.28 

1.54 

7 

0.9446 

1.423 

0.478 

0.813 

1.785 

0.973 

0.745 

2.07 

1.32 

8 

^  0.9409 

1 

r.371 

0.430 

0.817 

1.682 

0.865 

0.753 

1.92 

1.17 

9 

0.9384 

1  1.332 

0.394 

0.819 

1,604 

0.785 

0.762 

1.82 

1.06 

10 

0.9370 

1  1.302 

0.365 

0.825 

1.548 

0.723 

0.769 

1.73 

0.96 

11 

0.9362 

1.278 

0.342 

0.829 

1.503 

0.674 

0.775 

1.67 

0,89 

^  12 

[  0.9359 

1.258 

0.322 

0.833 

1.466 

0.633 

0.780 

1.62 

0.84 

n 

i_‘“  _ 

'0.9356 

1.241 

0.305 

0.838 

1.436 

0.598 

0.787 

1.58 

0.79 

14 

0.9360 

1.227 

f  0.291 

0.841 

1.410 

0.569 

0.791 

1.54 

0.75 

15 

^  0.9360 

1.214 

0.278 

0.843 

1.387 

0.544 

0.790  ^ 

1.51 

0.71 

1  IG 

0.9363 

j  1.204 

0.268 

0.847 

1.368 

0.521 

0.800 

1.48 

0.68 

_17 

r  0.9368 

1.195 

0.258  J 

0.850 

1.351 

0.501 

0.804 

1,46 

0.66 

18 

0.9373 

1.186 

0.249 

0.852 

1.335 

0.483 

0.808 

1.44 

0.63 

19 

0.9379  '1.178 

0.240 

0.855 

1.320 

0.465 

0.811 

1.42 

0,61 

0.9386  j 

1.172 

0.233 

0.857 

1.307 

0.450 

0,815 

1.41 

0,59 

1—21 

0.9387 

1.166 

0.227 

0.860 

1.301 

0.441 

0.818 

1.39 

0.57 

22 

0.9394 

1.160 

0.221 

0.862 

1.291 

0.429 

0.820 

1.38 

0,56 

23 

6.9398 

1.155 

0.215 

0.864 

1.282 

0.418 

0.824 

1.37 

0.55 

24 

0.9404 

1.150 

0.210 

0.866 

1.273 

0.407 

0.826 

1.35 

0.52 

0.9409 

1.146 

0.205 

0.868 

1.262 

0.394 

0.829 

1.35 

0.52 

0.9413 

1.142 

0.201 

0.869 

1.255 

0.386 

0,830 

1.34 

0.51 

27 

0.9419 

1.138 

0.196 

0.871 

1.249 

0.378 

0.833 

1.32 

0.49 

28 

0.9423 

1.135 

0.193 

0.874 

1.244 

0.370 

0,836 

1,31 

0.47 

_  29 

0.9429 

1.131 

0.188 

0.675 

1.239 

0.364 

0.838 

1.31 

0.47 

30 

0.9433 

1.128 

0.185 

0.876 

1.231 

0.355 

0.839 

1.30 

0.46 

31 

0.9438 

1.125 

0.181 

0.877 

1.227 

0.350 

0.841 

1.29 

0.45 

41 

0.9479 

1.103 

0.155 

0.8896 

1.188 

0.298 

0.8575 

1.244 

0.386 

51 

0.9515 

1.089 

0.137 

0.8985 

1.163 

0.265 

0.8692 

1.211 

0.341 

61  T 

0.9543 

1.080 

0.126 

0.9055 

1.146 

0.240 

6.8783 

1.188  ' 

0.310 

71 

0.9567 

1.073  ^ 

0.116 

0.9111 

1.133 

0.222 

0.8856 

1.171 

0.285 

_81 

0.9586 

1.007 

0.108 

0.9158 

1.122 

0,207 

0.8916 

1.158 

0.266 

91  ' 

0.9609 

1.062 

0.101 

0.9196 

1.114 

0,195 

0.b970 

1.147 

0.250  ” 

101  1  0.9622  1 

1.059 

0.097 

—  L 

0.9232 

1.107 

0.184 

0.9014 

1.138 

0.237 

Kote.  rabulatcci  limit  x  standard  deviation  =  confidence  limit. 

Tabulated  interval  x  standard  deviation  =  confidence  interval. 
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TABLE  E  -  Continued 

Confidence  Limits  and  Intervals  for  Standard 


Deviations 


Tabulated  limits  = 


_ 18 

_ 19 

20 

_ 21. 

22 

23 

_ 24 

_ 25_ 

__2G 

_ ^ 

28 

_ 29^ 

_  30_ 

pf 

I  4 1 
I  •*! 


! _ 81_ 

191 

pior 


0.950 

Lower 

Limit 

0^3^^ 

0.638 

0.654 

0.671 

0.6J5_ 

0.^97 

0.707 

0.717 

0.725 

0.733  ^ 

0.740 

0.747 

0.753  ! 

0.758 

0.763” 

0.768  I 

0.772 

0.777  j 

0.780_  j 

0.784  i” 


0.794 

0.797 

0.800 

0.803 

qj05 

0.607 

0.810 

012^ 

0.8312 

0.84M 

0.8557 

0.8644 

0.8717 

0J778 

0.8828 


Upper  i 


Interval 


0.980 

Lower 

Limit 


1  0.^58 
I  0.669 


1.^69  j 
1.543  J 
1,519^ 
1.498 
l.j480j 

1.446 
1.432 
1_^1^ 
1.409 
1.398 
1.385 
1.376  j 
L369  ! 
U58 


0.V47 

0.752 

0.756 

0.7C0 

0.762 

0.76^ 

0.769 

a772_ 

0.775 

0^78_ 

0.780 

0.8023 

as  184 

0.8308 

0.8409 

0.8493 

0.8563 

0.8624 


0.980 

Upper 

Limit 

U2^ 

12.2 

5.90 
4.10 
3.30 
2-83_ 
2.54 
2.34 
2.19 
2.07 
1.98  _ 

1.91 
1.846” 
i.m 
iJso” 

1.711 
1.676 
1.646 
1.618 
1.594 
1.572 
1.553 
1.535 
1.515 
1.504 
1.488 
1.473 
1.460 
1.448 
1.437 
1.^0 
1.310 
1.276 
1.250 
1.230 
1.214  ~ 
1.201 


0.980 

Interval 

112.4 
11.6 
5.30  ' 
3.49 
2.67 
2^19 
L88 

_ 1.67 

1.51 

”  1^8 _ 

1.28 

1.21 

1.135 

1.076 

_  l.M7_ 
0.982 
0.942 
0.907 
0.874 
0.847 
0,820 
C.797 
0.775 
0.753 
0.738 
0.719 
0.701 
0.685 
0.670 
0.657  ~~ 
0.558 
0^92 
0.445 
0.409 
0.381  ' 

0.358 
0.339 


0.990  0.990 

Lower  Upper 

Limit  Limit 

0.504  225.6 
0.532  17.3 

0.559  7.47 


0.801  1.350 

0.8^^ _ 1.310 

0.825  1.281 

0.835  1.258 

M42  1.240 

0.849  1.225 


0.990 

Interval 


6.91 

4.33 

3.22 
2.60 
2.21 
1.95 
1.75 
1.60 
1,48 
1.38 
1.29 

1.23 
1.166 
l.llfi 
1.067 
1.027 
0.990 
0.957 
0.926 
0.899 
0.873 
0.850 
0.827 
0.804 
0.790 
0.769 
0.756 
0.738  ' 
0.623 
0.549 
0.496 
0.456 
0.423 
0.398 
0.376 


Note:  Tabulated  limit  x  standard  deviation  =  confidence  limit. 

tabulated  interval  x  standard  deviation  =  confidence  interval. 
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TABLF  F 

Confidence  Intervals  for  RanRes  In  Standard  Deviations 


Tabulated  value  =  2  t  dj 


i  ^ 

1  0.50 
j  1.71 

0.75 

0.90 

0.95 

1  0.975  j  0.990 

-i-  L 

0.995 

0.999 

[  4.12__ 

10.8 

21.6 

I 

i  109 

-T'  -  -  - - 

217.2 

1090 

i  3 

4 

j  1.45 

1  2.85 

5.18 

!  7.64 

'  11.0 

1 

j  17.6 

25.0 

56.2 

!  1.35 

♦ 

i  2.50 

j  4.14 

{  5.60 

7.36 

.  10.3 

13.12 

- 1 

22.8  ! 

5  i  1.28 

( 

,  2.32 

j 

I  3.68 

1  4.80 

6.04 

\  7.96 

9.68 

14.88 

6  1  1.23 

[  2.21 

j  3.42 

1  4.36 

f 

1  5.36 

6.84 

8.10 

11.64  1 

7  1  1.20 

2.12 

3.24 

'  4.08 

4.94 

6.18 

7.20 

9.92 

!  8 

1.17 

2.06 

!  3.10 

j  3.88 

j  4.66  i  5.74 

6.60 

8.86 

9 

l.M 

L 

2.00 

3.00 

‘  3.72 

1 

1  ~1 

!  4.44  ^  5.42 

6.20 

8.14 

10 

'  1.12 

i 

1.96 

1  2.92 

3.62 

4.28  1  5.18 

5.88 

7.62 

I  " 

I 

'  1.10 

1.92 

2.86 

3.50 

4.14  j  4.98 

5.64 

7.22 

'  12 

r 

1  1.09 

1.89  I  2.80 

4 

3.42 

4.04 

'  4.84 

5.44 

6.90 

1  13 

1.07 

1.86 

2.74 

3.36 

3.94 

4.70 

5.28 

6.64 

14 

1.06 

1.84 

2.70 

3.30 

3.86 

- 

4.60 

5.14 

6.44 

15 

L 

i 

1.05 

1.81 

2.66 

3.24 

3.78 

4.50 

5.02 

6.26 

16 

1.04  1 

1.79 

2.62 

3.20 

3.72 

4.42 

4.92 

6.10 

17 

1.03  I 

1.77 

2.60 

3.16 

3.68 

4.-34 

— - - 

4.84 

5.96 

18 

1.02  ' 

1.76 

4 

2.56 

3.12 

3.62 

4.28 

4.76 

5.66 

19 

1.01  1 

1.74 

2.54  1 

3.08 

3.58 

4.22 

4.68 

5.74 

20 

1.00  I 

i 

1.73 

2.52 

3.06 

3.54 

4.18 

4.62 

5.66 

21 

0.994  1 

1.72 

2.50 

3.02 

3.50 

4.12 

4.56 

5.58 

22 

0.988 

1.70 

2.48 

3.00 

3.48 

4.08 

4.52 

5.50 

23 

0.982 

1.69 

2.46 

2.96 

3.44 

4.04 

4.46 

5.44 

1  24 

0.976 

1.68 

2.44 

2  04  1 

1 

3.42 

4.00 

4.42 

5.36 

L  ==5  1 

0.972 

. 

1.67 

2.42 

2.92  1 

3.40 

3.96 

4.38 

5.32 

Note;  Tabulated  value  k  standard  deviation  =  confidence  interval. 
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TABLE  G 

Probability  Limits  for  Range 


Talwlafed  v:iJues  -  « 


n 

1 

0.001 

1  0.005 

0.010 

[  0.025 

1^.050 

r 

0.950 

T 

0.975 

0.090 

0.995 

0.999  1 

2 

0 

_ 

0.0089 

0.018 

0.035 

0.080 

2.46 

2.81 

f  ■  ^ 

3.23 

3.52 

4.12 

3 

0,035 

0.077 

0.11 

0.18 

0.25 

1.96 

2,17 

2.43 

2.61 

2.99 

4 

0.097 

0.17 

0.21 

0.29 

0.37 

1.76  1  1.93 

1 

2.14 

2.28 

2.58 

1  ^ 

O.IG 

0.24 

0.28 

0.37 

0.443 

1.66 

1.81 

1.98 

2.10 

2.36 

6 

0.21 

0.30 

0.24 

0.34 

0.418 

0.493 

1,59 

1,72 

1.88 

1.98 

2.22 

7 

0.26 

0.388 

0.462 

0.532 

1,54 

1.66 

1.80 

- 

1.90 

2.12 

8 

1. 

0.29 

0.379 

-j 

0.421 

0.495 

0.562 

1.51 

1 

1.62 

1.75 

J 

1.85 

2.04 

9 

1 

0.32 

0.407 

0.451 

0.522 

0..58G 

1.48 

1.58 

1.71 

1.80 

1.99 

1  10 

i 

0.351 

0.432 

0.478 

0.f)42 

0.604 

1.45 

1.56 

1.68 

1.76 

1.94 

11 

r 

0.378 

0.457 

0,498 

0.561 

0.621 

1,43 

1.53 

1,65 

1.73 

1.90 

L 

0.399 

0.47C 

_ j 

0.&U- 

0.577 

_ _ J 

C.635 

1,42 

1.51 

1.62 

1.70 

1.87 

Noll'!  Tabulated  values  <  range  =  confidence  limits. 
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THE  COUPLED-COMPRESSION  ISOLATOR  FOR 
SHOCK  AND  VIBRATION^ 


K.  D.  Hawkins 
Sperry  Gyroscope  Conijnny 
Great  Neck,  New  York 


An  experimental  design  for  an  isolator,  culled  a  coupled-compression 
isolator,  lias  been  devi  loped  This  paper  describc'S  the  design  and  pre- 
j  sentB  ri-sulls  for  two  isolators;  one  intended  for  wide-range  attenuation 
I  of  aircraft  vibration  and  the  other  for  protection  of  shipboard  equipment 
from  hifh -impart  shock. 


INTRODUCTION 

Isolators  are  essential  to  the  reliable 
performance  of  military  vehicles  and  weapons 
systems.  Yet  isolators  are  an  unwanted 
necessity.  They  take  space  and  add  weight, 
require  special  design  considerations  and, 
ill  some  cases,  worsen  the  effect  of  the  envi¬ 
ronment  on  the  equipment.  Some  of  the  dis¬ 
advantages,  common  to  most  isolators,  have 
been  largely  overcome  by  an  experimental 
design  developed  by  this  Company.  This  new 
type  of  isolator  Is  called  the  Coupled- 
Compression  Isolator.  The  design  Is  capable 
of  meeting  a  wide  range  of  isolator  applica¬ 
tions.  In  this  paper,  description  and  results 
are  presented  for  the  coupled-compression 
Isolator  designed  lor  wide-range  attenuation 
of  aircraft  vibration  and  another  designed  lor 
protection  of  shipboard  equipment  from  high- 
impact  shock. 


DESCRIPTION 

In  Its  elemental  form,  the  isolator  con¬ 
sists  of  a  pad  of  resilient  material,  four  metal 
plates,  and  straps  or  calfles,  connecting  the 
assembly.  Figures  1  and  2  provide  a  good 
picture  of  how  the  assembly  is  put  together. 
The  dimensions  of  the  Isolator  depend  on  the 
environments,  the  load,  and  the  function  to  bo 
Performed.  For  performance  equivalent  to 
conventional  isolators  it  miglit  be  one  third 


Fig.  1  -  The  couplrcl-coinpreBBion  isolatoi' 


or  less  in  height,  although  possibly  cover¬ 
ing  more  area. 

The  characteristics  of  the  resilient  pad 
and  the  connecting  straps  are  important. 

These  determine  completely  the  performance 
of  the  isolator.  In  all  experimental  designs 
tested  to  date,  the  resilient  pad  has  been  a 
molded  ribber  pad  of  cellular  construction, 
called  a  buckling  pad.  The  buckling  pad  pos¬ 
sesses  unique  nonlinear  spring  properties  in 
compression  which  make  it  particularly  ver¬ 
satile  for  use  as  an  iisolation  medium.  The 
buckling  pad,  initially  still  in  compression, 
gets  softer  as  the  walls  begin  to  buckle.  How 
this  characteristic  i.s  used  to  advantage  will 
be  shown  later.  The  straps  of  the  isolator  are 
of  primary  importance  because  they  hold  the 
mount  together  and  thus  secure  the  equipment. 
They  must  be  very  strong  in  tension  and  yet 
be  able  to  buckle  freely  In  compression. 


*This  paper  was  iivl  prescnti  c!  at  Hie 


Syniposiun-i. 
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MULTI-PLY  COATED 
SYNTHETIC  EAbhic  strap 


WIJUNTING  PLATE'. 


COMPRESSION  PLATES 

resilient  element 
iMOLDED  Elastomer  buckling  pao) 


f  ig.  i  -  f.utaway  view  showing  interior  construction 
of  the  coujiled-comorcBsion  isolator 


Coaled  synthetic-fiber  fabrics  are  able  to  meet 
most,  or  all,  requirements  for  strap  material. 
The  straps  also  inlluence  the  directional  prop¬ 
erties  of  the  isolator  and  the  orientation  of  the 
tension  libers  is^sometinies  Important. 


OPERATION 

The  coupled-compression  isolator  is 
designed  so  that,  regardless  of  the  direction 
of  the  applied  load,  the  resilient  pad  will  be 
compressed.  The  action  of  the  isolator  is 
illustrated  in  Fig.  3.  Under  compression  the 
straps  buckle  allowing  unrestrained  compres¬ 
sion  of  the  pad.  Under  tension  the  straps  go 
into  tension,  and  with  a  coupling  action  cause 
pad  compression.  Under  shear  loads,  the 
straps  go  into  diagonal  tension,  again  causing 


pad  compression.  The  compressive  elastic 
properties  of  the  pad  provide  the  restoring 
force  for  all  directions  of  loading.  Thus,  a 
single  thickness  of  pad  serves  for  tension, 
compression,  and  shear  loads  but  Is  itself 
always  compressed.  Conventional  Isolator 
designs  which  are  self- capturing  require  sep¬ 
arate  pads  lor  tension,  compression,  and 
shear  loads  plus  clearance  space.  A  compar¬ 
ison  of  a  conventional  cup-type  vibration 
mount  with  an  equivalent  coupled-compression 
isolator  is  shown  in  Fig.  4. 

The  action  of  the  straps  and  pad,  3*.  large 
amplitudes,  is  inherently  nonlinear  and  is 
accompanied  by  considerable  energy  loss.  As 
a  result,  maximum  vibration  transmissibilities 
at  resonance  range  between  2  and  5,  and 
shock  energy  is  attenuated  in  an  optimum 


EHFAR  LOAD 

f  ig.  3  -  Action  of  the  coupled- 
comprossioii  i-iNtor  under  IcaJ 
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Fifi.  A  -  Sixf  comparison  of  .coupled-conipr'' s sion 
isolator  with  conventional  elastomer  mount 


manner.  Attenuation  of  vibration  Is  equal 
to  that  obtained  with  the  best  conventional 
isolators. 

The  performance  under  shock  and  vibra¬ 
tion  is  largely  determined  by  the  characteris¬ 
tics  of  tlie  buckling  pad.  The  buckling  pad  has 
been  made  in  a  variety  of  sizes,  thicknesses, 
and  cell  configurations  to  meet  different 
requirements.  All  the  pads,  however,  have 
the  same  property  of  developing  a  lower 
spring  constant  when  compressed.  The  load- 
deilectlon  curve  shown  in  Fig.  5  is  typical. 

The  nonlinearity  and  hysteresis,  shown  by  the 
curve,  result  in  low  magnification  at  reso¬ 
nance  and  excellent  absorption  of  energy.  The 
best  wide-range  vibration  attenuation  Is 
achieved  when  the  pad  is  statically  loaded  by 
gravity  or  precompression,  so  that  its  normal 
position  Is  one  of  partial  buckling.  This 
desired  preload  Is  automatically  maintained 
by  the  coupled-compression  isolator,  regard¬ 
less  of  orientation  in  the  gravity  field. 

For  installations  requiring  precise 
returnability,  such  as  inertial  systems  or 
shock  protection  where  low-frequency  vibra¬ 
tion  isolation  is  not  Important,  the  buckling 
pad  would  not  be  precompressed  to  partial 
buckling  but  would  normally  remain  in  the 
stiffer,  Initial  position.  For  shipboard  shock 
protection,  this  initial  stillness  would  readily 
provide  mounting  frequencies  above  propeller 
excited  frequencies,  but  shock  loads  would 
cause  soft  protective-buckling  action.  Yield¬ 
ing  metal  braces  have  been  used  to  obtain 
similar  shock  protection,  but  such  designs  are 
not  good  for  repeated  shocks;  and  they  are 
bulkier  and  more  directional. 


ADVANTAGES 

In  the  foregoing  discussion,  several  unique 
advantages  of  the  coupled-compression  isola¬ 
tor  have  been  indicated.  It  might  be  useful  to 
review  what  these  advantages  are  for  different 


Fig.  5  -  Load -deflection  character¬ 
istics  of  coupled  -  compr  e  s  sion  shock 
isolator,  compared  with  equivalent 
cup-lype  shock  mount 


applications.  For  aircraft  and  missile  iustal- 
latlons,  large  savings  in  space  and  weight  are 
possible.  One  ounce  of  isolator  weight  per  20 
pounds  of  e<iuipment  is  practical.  The  clear¬ 
ance  between  the  isolated  equipment  and  ihe 
support  structure  need  be  only  a  fraction  of 
what  is  usually  required  for  mounts.  .For 
MIL-R-5272C  vibration  environment,  a  3/8- 
incli  clearance  would  be  sufficient  for  all  sizes 
of  equipment.  Heavy  equipment  would  nor¬ 
mally  require  more  mounting  area  than  light 
equipment,  but  additional  area  is  likely  to  be 
available  on  heav7  equipment.  In  some  appli¬ 
cations,  this  new  design  will  require  more 
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movnting  area  than  conventional  mounts  Thi^ 
"enefitTar"  f but  several 

VC  ’ ’the  L'  ibuted 

C  vci  the  base  of  the  structure  permittin.r  -, 
liKhter  base  design,  with  less  reinforcing 

the  naturti  freo'''”'' 

and  nrn,  /  of  the  isolated  structure 

dovelcT  ''‘‘mping  of  modes  that  do 

For  shii)board  shock  protection  space 
and  weight  are  usually  not  critical  -  even  so 

mo  ,n  f '^y  conventional 
mounts  -  when  used  by  coupled-compression 
isolators  results  in  a  stable  mounting  with  two 
to  fom  times  more  shock  protection  This  is 
because  the  now  isolator  provides  much 

fully  used  for  maximum  shock  protection. 

flexibility  of 

latm  n°"  coupled-compression  iso¬ 
s'  adaptable  in  area  and 

niem  armn"^  does  not  require  extra  reinforce¬ 
ment  at  niounting  locations,  it  is  much  easier 
to  obtain  desired  elastic  centers  which  mini- 

nmdL'^°^o'®ti‘"f  isolator 

modes  hor  that  matter,  the  buckling  pad  can 

^y  an  isolation  cushion 

contah“«b'  normally  surrounded  or 


PERFORMANCE  TESTS 

isola?o7h^.!’^’'”®"‘  coupled-compression 
iso  atoi  has  proceeded  in  the  direction  of  two 

inn°!  ^‘‘■‘^raft  vibration  isola¬ 

tion  and  shipboard  shock  isolation.  For  air- 

isolation,  the  effort  was  towards 
Smn  wide-range  vibration  attenu¬ 

ation,  for  shipboard  shock  isolation,  the  objec¬ 
tive  was  better  shock  attenuation  with  no  ^ 
greater  height  than  standard  shock  mounts. 
Applicable  speciiications  for  the  aircraft  iso- 
ETe°ctrT’'*^  MIL-C-172n  (Vibration  Mounts  for 
p  Aircraft)  and  MIL- 

t-5272C  (Environmental  Testing  of  Electronic 

slSoard  ;  specifications  for  the 

Shipboard  isolator  were  MIL-M-1718S  (Tests 

Sd  ‘"Shipboard  Applications) 

and  MIL-T-17113  (Snock  and  Vibration  Speci¬ 
fications  for  Electronic  Equipment).  For  both 
types  of  Isolators,  experimental  models  were 
"u  ..  .wiia  evaluated  under  laboratory  condi¬ 
tions  comparable  to  those  required  in  the 
above  specifications.  The  results  in  all 
cases  were  highly  huccessful. 


AIRCR/  FT  VIBRATION  ISOLATOR 

‘he  coupled-compression 
he  stir-"  started  with 

!)f  1  t  v"i‘T  hackling  pad.  Various  pads 

differ  ml  V  size  wore  molded  of 

different  types  of  elastomers  and  with  differ¬ 
ent  cell  shapes.  Practical  considerations 
required  that  only  one  pad  bo  selected  for 
complete  testing  and  evaluation.  A  pad  of  Dow 
Corning  No.  50  silicone  rubber,  having  IC 
u  ‘.h*^  square  inch,  was  chosen.  This 
pad  had  tlie  best  all-around  performance  when 
supporting  a  7-l/2.pound  load.  For  the  initial 
experimental  tests,  the  strap  material  used 
was  1-inch-wide,  self-adhering,  silicone, 
rubber-coated,  fiberglass  tape  which  was 
readily  available.  Plates  were  1/32-inch- 
tlnck  aluminum.  S])ecial  vibration  test  fix¬ 
tures  were  built  to  insure  precise  control  of 
input  motion  over  the  entire  test  spectrum 

isolator  at  a  time 

(rig.  6).  Vibration  transmissibility  was 

measured  from  5  to  2000  cps  at  .036-inch 

to  2000  cps).  Vibration  attenuation  was  uni- 
ormly  good  for  all  directions  of  static  load¬ 
ing,  tension,  compression,  imd  shear:  and  it 
‘he  best  conventional  iso- 
frequency  magmification 

Sf  v  ‘he  transmis¬ 

sibility  curves  is  shown  in  Fig.  7. 

Separate  vibration  experiments  witl  the 
silicone  elastomer  buckling  pads  sliowed  their 
operation  to  be  unaffected  by  high-altitude 
pressures  equivalent  to  60,000  feet  or  by 
extreme  cold  temperatures  of  -OS^C.  Normii 
operation  at  temperatures  up  to  +150°C  was 

of  predicted  because 

of  the  known  properties  of  the  silicone  elasto- 
Zf-  ^''"“‘'^hle  strap  material  of  syn- 

mSt  9n  ‘"hric  can  also 

meet  all  of  these  environmental  requirements 

Sely  rhoc^"'''*'  "'^^h 


SHIPBOARD  SHOCK  ISOLATOR 

The  cnimied-cornpression  isolator  for 
shipboard  shock  is  a  oc.aJed-up  version  of  the 

sir?  a  r*’"'  rapacity  was 

selected  ior  e.xpcrimental  evaluation.  The 
buckhng  pad,,  for  this  capacity,  was  6  by  6  by 
1-1/8  inches  and  had  3/4-inch  square  cells. 
Plat^  were  1/8  inch-thick  steel  and  the  stran 
was  Permacel  161  Strapping  Tape,  contaiSl? 
fibergLass  tension  strands.  The  complete 
assembly  was  7-1/4  by  7-1/4  by  1-5/8 
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Fig.  6  -  Vibration  test  Uxturc  for  coupled- 
coinprpssion  isolator  (.aircraft  type) 


inches.  Figure  8  shows  how  this  experimental 
mount  was  assembled. 

Testing  consisted  of  static  load  versus 
deflection  measurements,  vibration  up  to  55 
cps,  and  high- impact  shock  testing  on  the 
standard  Navy  High-Impact  Shock  Machine  for 
Lightweight  Equipment.  For  comparison  pur¬ 
poses,  identical  tests  were  conducted  on  two 
types  of  cup-type  shock  mounts:  Barry  Con¬ 
trols  Corp.  C-2060  and  NC-2080.  The  latter 
uses  silicone  elastomer  elements,  and  it  is 
not  specifically  recommended  for  shipboard 
shock  use.  These  mounts  are  l-i/2  inches 
high;  they  take  less  mounting  area  than  the 
coupled-compression  Isolator  and  are  rated 
at  50-pound  load  for  shipboard  application. 

The  results  of  the  load-deflection  tests 
are  shown  in  Fig.  5.  The  high  initial  stiffness 
and  the  large,  soft-displacement  capacity  of 
the  coupled- comprei^tsion  insulator  arc  clearly 
shown.  The  cup-type  mount  becomes  increas¬ 
ingly  stiff  and  has  limited  capacity. 


The  results  of  the  vibration  tests  are 
summarized  in  Fig.  9.  Resonur.t  frequencies 
were  approximately  35  cps,  as  plann^,  except 
for  the  coupled-compression  Isolator,  in  the 
shear  direction,  for  which  resonance  occurred 
at  15  cps.  This  was  attributed  to  the  vertical 
orientation  of  the  tension  fibers  for  the  strap 
material  used  in  the  experimental  mount.  The 
addition  of  diagonal  tension  fibers  would  con¬ 
siderably  stiffen  the  mount  in  shear.  For 
equipment  employing  Isolators  In  different 
mounting  planes,  unequal  axial  and  shear  stiff¬ 
ness  is  often  desirable  and  may  actually  sim¬ 
plify  the  pi  'blem  of  maintaining  elastic  cen¬ 
ters  at  the  center  of  gravity.  Resonant 
frequency  transmisslbillty  was  much  lower  for 
the  coupled-compression  Isolator  than  for  the 
standard  cup-type  shock  mount. 

The  instrumentation  used  for  shock-test 
measurement  is  shown  in  Fig.  10.  The  load 
weight  for  four  shock  mounts  was  a  200-pound 
one-inch-thick  steel  plate.  Shock  waveforms 
were  measured  in  the  center  of  the  load  plate 
and  were  recorded  on  a  high-speed  oscillo¬ 
graph  by  Instruments  having  flat  response  to 
3000  cps.  Comparison  of  peak  accelerations 
for  various  shock  amplitudes  and  directions 
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fig.  9  -  Vibration  tiani»mifioibility  for  tho 
Loupled-comprcssion  shock  isolator,  com¬ 
pared  with  equivalenl  rt.p.typo  shock  mounts 


Fig.  10  -  The  instrumentation  used  for  Navy  shock-test  measurement 


coincided  in  a  critical  way  with  the  natural 
oscillations  of  the  coupled-compression  iso¬ 
lator  —  which  caused  a  compounding  of  shock 
input  energy  across  the  mount.  The  cup-type 
mount,  having  much  higher  natural  frequency 
under  shock,  was  not  affected  in  this  way. 
Second,  the  metal  elements  of  the  cup-type 
mount  deformed  elastically  under  tension 
luading  and  thus  provided  additional  displace¬ 
ment  not  initially  considered.  Another  factor 
concerned  the  amplitude  of  the  shock  which 
was  somewhat  less  severe  than  might  be 
expected  on  a  larger  test  facility,  or  in  actual 
service.  Larger  shock  amplitude,  of  course, 
would  favor  the  coupled-compression  isolator 
because  of  its  greater  displacement  capacity. 


showed  the  coupled-compression  isolator  to 
be  lower  in  all  cases  by  a  factor  of  1-1/2  to  4; 
however,  a  much  more  meaningful  comparison 
was  made  by  the  use  of  shock  spectra.  The 
acceleration-time  records  were  digitized,  and 
und-imped  shock  spectra  were  computed  by 
electronic  digital  computer.  The  results  for 
a  5-foot  vertical,  hammer-drop  shock  are 
presented  in  Fig.  11.  The  coupled-compression 
isolator  has  better  attenuation  in  the  lower 
frequency  range  by  a.  factor  of  2  or  more  and 
by  a  factor  of  1-1/2  at  the  higher  frequencies; 
the  peaking  un  at  300  cps  is  due  to  resonance 
of  the  load  plate. 

Greater  Improvement  in  shock  attenuation 
was  expected  than  was  actually  obtained.  The- 
oreticaily,  because  of  the  softer  characteris¬ 
tics  and  the  much  greater  available  displace¬ 
ment,  the  coupled-compressior4  shock  isolator 
should  transmit  4  to  5  times  less  shock  than 
the  equivalent  cup-type  mount.  An  investiga¬ 
tion  as  to  why  this  didn't  occur  revealed  sev¬ 
eral  reasons.  First,  the  timing  of  the  basic 
oscillatory  motion  of  the  shock  machine  table 


Certain  improvements  in  the  pad  material 
and  changes  in  its  dimensions  are  expected  to 
improve  its  shock-attenuating  abilities  further, 
Another  cluinge  would  be  the  use  of  heavier 
strap  material.  Nonmetallic  strap  materials 
are  available  which  have  adequate  strength 
for  heavy  equipment  under  large  shock  loads; 
however,  there  is  no  reason  why  metal  cable 
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‘h.  -  iransmrn.d  shock  spcctratpeak  accnlcration  vers, 

frequency)  for  Navy  high-impad  shock  test  measurement 


cannot  be  incorporated  into  the  strap  material 
If  additional  strength  is  desired. 


CONCLUSION 

It  should  be  emphasized  that  the  results 
reported  in  this  paper  are  for  an  experimental 
program  to  evaluate  a  new-type  isolator,  and 
additional  work  must  be  done  before  product 
use  can  be  planned.  Construction  and  evalua¬ 
tion  of  additional  sizes,  inclusion  of  newer 


strap  and  pad  materials,  and  complete  quali¬ 
fication  testing  are  yet  to  be  done.  The 
success  of  those  initial  tests  has  been  sig¬ 
nificant.  The  unique  nonlinear  properties  of 
the  buckling  pad  and  the  space  and  weight 
saving  features  of  the  coupled-compression 
action  promise  to  advance  the  art  ol  shock 
and  vibration  isolation.  It  is  hoped  that 
reporting  the  results  to  date  will  incur  crit¬ 
ical  appraisal  of  this  new  isolation  device 
ai^  will  be  a  step  toward  better  shock  and 
vibration  protection  in  the  future. 


♦  * 


* 
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VIBRATION  INTERACTION  OF  FOUNDATION 
EQUIPMENT  AND  PIPING 

V.  il.  Ncubcrl  and  J.  E.  Cadorel 
Eli'clric  Boat  JJivision 
Gi'iieral  DynaniicH  Corjjoration 
Groton,  Connecticut 


I  J'OI-  some  typos  of  equipinont,  ‘ho  vibration  coupling  between  various 
comiiononls  may  bo  nogloetcd  and  oaetj  component  studied  separately, 
either  analytically  or  o'tperimcnlaily ,  to  determine  natural  frequencies 
and  mode  shapes.  However,  in  many  cases  interaction  must  be  consid- 
on  d  to  rielermine  adequately  vibrational  characteristics  of  the  system 
As  an  example,  this  paper  presents  the  results  for  a  typical  small  ship 
comiionent  in  winch  interaction  b.'tween  piping,  foundation,  machine,  and 
mount  was  investigated.  In  the  IBM  704  solution,  13Z  static  and  69 
dynamic  degrees  of  freedom  were  considered. 


INTRODUCTION 

Shock  or  vibration  response  of  various 
system  subcomponents  is  often  predicted  by 
experimental  cr  tliooretical  studies  of  indi¬ 
vidual  components.  In  many  cases  this  is 
justified.  In  other  instances,  it  is  necessary 
to  consider  the  entire  system  in  order  to  pre¬ 
dict  vibratory  Ifehavior  of  any  part  of  the  sys¬ 
tem  at  the  drawing  board  stage.  Usually,  it  Is 
quite  obvious  whether  interaction  will  be 
important;  however,  the  complexity  of  the 
system  may  make  it  impossible  to  perform  a 
reliable  theoretical  analysis,  or  too  costly  to 
make  an  experimental  mockup  for  each  item 
on  a  ship,  for  example. 

Wlien  machines  are  sound  mounted  on 
foundations,  vibration  coupling  between  the 
iiiitcimre  ami  founuation  is  usually  not  impor¬ 
tant.  Piping  or  conduits  connected  to  the 
shock-  or  sound-mounted  machines  may  have 
undesiralile  "shorting"  effects  on  their 
rc.sponsc.  A  particular  example  is  presented 
in  which  foundations,  equipment,  piping,  and 
mounts  were  studied  simultaneously  to  deter¬ 
mine  the  importance  of  mass  and  flexibility  of 
the  various  parts  of  the  sy£*em. 

SYSTEM  STUDIED 

The  sy.stem  includes  a  small  machine  that 
is  fairly  typical  of  several  .small  components 


Fig.  1  -  Diagram  of  the  Bystorn 


on  sulimarines  (Fig.  1).  The  foundation  is 
made  of  2-inch  schedule  40  piping,  connected 
with  solid-steel  corner  blocks.  This  founda¬ 
tion  has  been  studied  quite  thoroughly  pre¬ 
viously  for  steady- state  vibration  and  shock 
flj.  A  3-inch  pipe  has  been  connected  to  the 
machine,  for  the  purpose  m  this  theoretical 
study  only.  The  piping  lies  entirely  in  the 
or  liorizontal  plane.  The  mount  stiffnesses 
used  are  those  of  a  Mare  Island  6E100 
resilient  mount.  A  total  of  four  mounts 
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were  used  ■  one  connected  to  each  corner 
of  the  foundation 

Four  cases  were  investigated  analytically 
and  are  presented  in  this  paper.  They  arc  the 
following: 

Case  A.  The  entire  system 

Case  n  Th.e  system  excluding  mass  of 
the  piping 

Case  C.  The  system  excluding  mass 
and  flexibility  of  the  piping 

Case  D.  The  entire  s\stem  excluding 
only  the  rubber  mounts.  (That 
is,  the  machine  is  bolted 
directly  to  the  foundation.) 

In  all  cases  the  machine  was  considered 
perfectly  rigid,  although  it  was  recognized  that 
this  assumption  is  justified  oiUy  in  the  low- 
frequency  i-iinge.  Machine  flexibilities  can  be 
included  and  they  assume  greater  importance 
for  equipment  without  rubber  mounts. 


ANALYTICAL  APPROACH 

In  this  relatively  simple  system,  the 
qualitative  effect  of  interaction  on  the  lowest 
natural  frequencies  could  be  estimated  by 
slide  rule,  at  least  for  the  cases  where  the 
mounts  essentially  decouple  the  foundation 
from  the  rest  of  the  system.  However,  in  this 
and  more  complex  problems  quantitative 
results  can  best  be  obtained  from  a  high¬ 
speed  digital  computer  or  by  experiment. 

Faith  in  calculated  results  naturally  depends 
on  correlation  with,  or  direct  use  of,  experi¬ 
mental  measurements  as  much  as  possible. 

The  discrete-mass  method  was  used  for 
which  the  computer  technique  has  been 
described  previously  [2, 3).  Bending,  shear, 
stretching,  and  torsional  deformations  of 
piping  and  structural  elements  were  Included. 
Damping  was  not  included.  Rotary  Inertia  was 
included  for  the  machine  but  not  for  pipe  or 
foundation  elements.  Fourteen  mass  points 
were  included  for  the  foundation  and  seven  for 
the  3-lnch  pipe. 

For  this  problem,  the  flexibility  or  influ¬ 
ence  coefficient  matrix  S  was  obtained  by 
inverting  a  132  by  132  static  stiffness  matrix. 

1  iie  ciynamic  matrix  equations  for  free  vibra¬ 
tions  were  then  of  the  form, 

X  =  -  Smx  . 


Since  rotary  inertia  vas  not  included  (except 
for  the  ma"hine),  09  dynamic  degrees  of  free¬ 
dom  were  used  for  Case  A.  The  mathematical 
model  is  shown  in  Fig.  2.  The  total  mass  of 
the  machine  is  326 ^i/g  which  corresponds  to 
6.6M  on  the  diagram,  ether  masses  are  also 
related  to  M. 


RESULTS 

Natural  frequencies,  mtxle  shapes,  and 
impedances  were  determined  for  the  four 
cases.  Natural  frequencies  up  to  500  cps  are 
tabulated. 


TABLE  1 

Natural  Frequencies  of  System  (cps) 


1  Case  A 

i 

1  Case  B 

j"  Case  C 

Case  D  ' 

i  , 

6  7 

6.6 

1  6.3 

V---  -  a 

9  7 

10.0 

'  7.1 

13.6 

14  6 

7.7 

20.2 

23.5 

14.0 

1 

32.3 

65.1 

20.0 

1 

58.8 

82.4 

20  9 

1  97.4 

[  - 

y - 

- -  «  , 

114.2 

114.2 

114.2 

43.8  1 

120.7 

120.7 

120.7 

50.9  1 

139.6 

139.6 

139.6 

54.5 

'  163.8  (pipe) 

98.2  1 

1  184.4  (pipe) 

162.1 

1  217.8 

217.8 

217.8 

164.5  1 

238.8  (pipe) 

233.9 

266  7  (pipe) 

245.3 

370.6 

37U.6 

370.6 

394.8 

414.2 

4!4  2 

414.2 

447.0 

443.1 

413.1 

443.1 

460.4 

463.7  (pipe) 

490.8  ! 

488,5  (pipe) 

For  cases  A,  B,  and  C  inspection  of  the 
table  as  well  as  impedance  curves  (Figs.  3-7) 
reveals  that  the  mounts  effectively  decouple 
the  foundation  from  the  rest  of  the. system. 
The  natural  frequencies,  identical  in  each  of 
these  three  cases,  are  those  involving  motion 
only  of  the  foundation.  The  first  six  values 
for  Case  C  represent  rigid  body  motion  of  the 
machine  on  the  mounts.  In  Case  B,  these  val¬ 
ues  are  slightly  higher  because  the  stiffness 
of  the  piping  has  been  included.  In  Case  A, 
each  of  the  sbe  values  is  slightly  lower  than 
for  Case  B  because  the  mass  of  the  pipe  has 
also  been  considered.  Inspection  of  Figs.  3 
and  4  reveals  this  same  trend  in  resonances. 
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natural  frcqjencies,  labeled  ”(pipe)'* 
n  Table  1,  are  those  which  appear  because 
the  mass  of  the  piping  has  been  included  in  the 
calculation.  These,  therefore,  disappear  in 
Cases  B  and  C.  •  hh  i 


Some  of  the  calculated  mode  shapes  are 
shown  in  Figs.  8  through  13.  Long  dashed 
linos  indicate  the  displacement  amplitudes  for 
a  modal  pattern.  The  short  dashed  lines,  con¬ 
necting  mass  points.  Indicate  the  components 
of  motion  parallel  to  the  coordinate  axes.  The 
first  mode  for  Case  A  (Fig.  8)  indicates  ver¬ 
tical  motion  of  the  machine  on  the  mounts. 

The  pipe  must  also  participate,  but  the  founda¬ 
tion  does  not.  The  second  mode  of  Case  A 
(Fig  9)  involves  translation  of  the  machine  in 
the  horizontal  plane  and  slight  twisting  about 
the  y-axis.  Tlie  sixth  mode  (Case  A)  shows 
pure  rotation  of  the  machine  about  the  y-axts 
(Fig.  10).  The  eighth  mode  of  Case  A  (Fig.  11) 
indicates  that  the  machine  stands  still  while 
the  foundation  bends  in  the  x-dlrection. 


Only  one  mode,  the  ninth,  has  been  plotted 
^r  Case  C  (Fig.  12).  Piping  is  excluded  for 
Case  C,  Here  the  foundation  twists  and  the 
machine  on  the  mounts  is  motionless. 


In  the  first  mode  for  Case  D,  only  the  pipe 
participates  (Fig.  13),  each  mass  moving  in 


the  vertica'  direction.  The  dotted  impedance 
curve  in  t  .g.  4  indicates  that  the  most  signif¬ 
icant  motion  in  the  x-direction  of  the  machine 
plus  foundation  occurs  at  54.5  cps.  At  low 
frequencies,  the  impedance  curve  approaches 
a  stiffness  line  which  is  primarily  that  of  the 
foundation  legs  as  clampcd-clamped  beams. 

Point  impedances  for  the  center-of- 
gravity  of  the  machine  in  the  vertical  direction 
are  shown  in  Figs.  5  and  C.  Mount  effective¬ 
ness  is  shown  for  Cases  A  through  D,  in  that 
the  impedance  curve  approaches  the  mass 
line  of  the  machine.  For  Case  D,  the  stiffness 
line  (Fig.  6)  is  that  of  the  stretching  or  axial 
distortion  of  the  legs  of  the  foundation.  In  an 
actual  case,  the  machine  and  bedplate  mass 
and  elastic  properties  would  greatly  reduce 
this  impedance. 

Since  damping  was  not  included,  the 
impedances  at  resonances  would  be  zero,  and 
at  antiresonances,  infinite.  For  this  presen¬ 
tation,  these  values  have  been  arbitrarily  cut 
off  rather  than  continued  as  straight  vertical 
lines  off  the  graphs. 


EXPEHIMENTAL  COKHRMATION 

This  study  was  primarily  a  computer 
exercise.  In  a  separate  study  using  the  same 
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Kig.  13  -  First  ir.r.<Je  (43.8  cps),  Case  D 


foundation,  the  decoupling  due  to  resilient 
mounts  was  demonstrated  [4]  experimentally 
for  a  situation  similar  to  Case  C.  It  was 
sltown  that  ihe  measured  point  impedance  was 
almost  identical  with  that  of  the  bare  founda¬ 
tion.  Experimental  and  analytical  studies  of 
the  impedance  properties  of  the  foundation, 
such  as  given  in  Fig.  7  for  Case  A,  are  also 
reported  elsewhere  [2],  and  the  agreement  is 
excellent.  The  machine  and  pipe  combination 
used  here  is  a  hyixithetical  one  which  has  not 
been  studied  experimentally. 


SUMMARY  AND  CONCLUSIONS 

Results  demonstrate  the  importance  of 
piping  mass  and  flexibility,  and  machine  mass 
on  the  frequencies,  mode  shapes,  and  imped¬ 
ances  of  a  particular  system.  Machine  flexi¬ 
bility  should  also  be  considered,  depending  on 
the  frequency  range  of  interest. 

Decoupling  of  the  system  by  resilient 
mounts  is  demonstrated.  This  as  well  as  the 
appearance  of  the  mode  involving  stretching 


of  the  foundation  legs  is  felt  to  be  a  demon¬ 
stration  of  accuracy  of  computer  approach 
used. 

Impedance  curves  indicate  the  ratio  of 
force  to  resulting  velocity  at  the  same  point. 
Transfer  imped itnce  can  also  be  obtained  and 
used  to  relate  the  velocity  at  a  point  to  a  driv¬ 
ing  force  at  another  point. 

Structural  damping  has  not  been  included. 
For  shock  response,  the  amount  of  damping 
neglected  would  not  have  a  significant  effect 
on  maximum  stresses.  Obviously,  for  steady- 
state  problems  a  small  amount  of  damping  will 
be  quite  significant  near  resonant  frequencies. 
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Section  4 

ACOUSTIC  ENVIRONMENTS 


ACOUSTIC  PROBLEMS  ASSOCIATED  WITH  UNDERGROUND  LAUNCHING 

OF  A  LARGE  MISSILE 

H.  N.  McGregor,  et  al* 

The  Martin  Company, 

Denver,  Colorado 


Acoustic  problems  associated  with  the  underground  launching  of  a 
large  missile  were  investigated  by  high-intensity,  random-noise  testine 
^es7  structures.  A  high-inUnsityrrandom-no^Te* 

he  redu  Acoustirtreatments  for 

..-  -I  f  V  ^  acoustic  environment  were  evaluated.  Comnonents 

iTe  st:m°lfo1o‘r68  db"  “ at  o;er-aiTrTnd"om 
I  u  I  .  Structural  segments  were  tested  under  sim- 

ulated  launch  loads  at  random  levels  from  157  to  166  db. 


INTRODUCTION 

Two  of  the  important  tactical  require¬ 
ments  of  an  ICBM  wetqion  systems  are  a  min¬ 
imum  reaction  time  and  protection  against 
nuclear  hnmhardmcnt.  To  achieve  this  twofold 
tactical  requirement,  hardened  underground 
silos  containing  missiles  in  the  ready-to- 
launch  condition  will  be  employed  for  certain 
ICBM's.  Underground  launching  causes  the 
missile  to  be  subjected  to  severe  acoustic  and 
and  acoustically  induced  vibration  environ¬ 
ments  because  of  the  confinement  of  the  acous¬ 
tic  energy  within  the  silo  launch  and  exhaust 
ducts. 

Martin-Denver  has  completed  studies  and 
tests  with  the  following  objectives;  Obtaining 
information  for  the  prediction  of  the  in-silo 
launch  acoustic  and  vibration  environments- 
determining  the  functional  .and  structural  ’ 
responses  of  missile  components  and 


structures  to  simulated  acoustic  environments; 
and  of  evaluating  selected  acoustic  treatments 
for  use  in  the  silo  launch  duct  to  rtniuce  the 
acoustic  environment  to  leyels  compatible 
with  missile  components  and  structures. 

To  achieve  these  objectives  the  program 
was  divided  into  four  test  phases  as  follows: 
Vibration  and  acoustic  measurements  obtained 
during  aboveground  captive  missile  firings; 
localized  high  random  acoustic  testing  of 
TClectod  missile  structural  segments;  high- 
level  random  acoustic  testing  of  certain  mis¬ 
sile  components;  measurement  of  the  acoustic 
performance  of  launch  duct  acoustic  treat¬ 
ments. 

Since  there  were  four  distinct  test  phases 
and  a  facility  development  phase  to  the  over- 
^1  program,  this  paper  has  been  prepared  in 
five  sections  and  the  appropriate  credit  is 
given  with  each  section. 


’i'This  paper  contains  several  sections. 


Appropriate  credits  are  given  with  each  section. 
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fig.  1  -  Acoustic  facility 


ACOUSTIC  SOURCES  AKD 
TEST  FACILITY"' 

III  order  to  meet  the  required  objectives 
of  the  program,  an  acoustic  facility  with  high- 
intensity  random  and  sinusoidal  acoustic 
sources  incorporated  was  built  at  the  Martin- 
Donver  plant.  t\n  over-all  view  of  the  facility 
is  shown  in  Fig.  1. 

Tlie  anticipated  silo  acoustic  environment 
dictated  the  performance  requirements  for  the 
random  noise  source.  Specifically  the  source 
was  to  be  capable  of  producing  sound  pressure 
levels  up  to  approximately  170  dbt  over  a  3- 
by  3-foot  suction  of  missile  structure  and  in  a 
74-ctibic  foot  reverberation  chamber. 

Various  methods  of  producing  high- 
intensity  random  acoustic  energy  were  inves¬ 
tigated,  taking  into  account  cost,  reliability, 
conversion  efficiency,  frequency  response, 
and  the  acoustic  energy  per  unit  surface  area 
of  the  transducer.  The  latter  becomes  quite 
significant  when  the  amount  of  acoustic  energy 
that  must  be  concentrated  over  a  9 -square  foot 
area  is  considered. 

Based  on  these  factors,  the  method  of 
generating  random  noise  with  a  multiple 
disc  siren  as  established  at  the  Wright  Air 


*Prepared  by  H.  N.  McGregor. 

'Jtefcrence  level  0.0002  dynes  per  square 
centimeter. 


Development  Center  [l]  was  selected  for  the 
noise  source.  An  acoustic  source  based  on 
this  concept  was  designed  and  built. 

The  siren  consists  of  four  concentric 
counter-rotating  discs  with  randomly  posi¬ 
tioned  ports  contained  in  a  cylindrical  cast- 
aluminum  housing  (Fig.  2).  The  rotors  are 
driven  circumferentially  by  standard  size  "V" 
belts  from  four  electric  motors.  The  first 
prototype  unit  built  employed  variable  speed 
motors  to  establish  optimum  rotor  speed 
ratios  relative  to  sound  pressure  level  and 
spectrum  shape.  The  random  siren  is  coupled 
to  an  exponential  horn  with  a  theoretical  cutoff 
frequency  of  22  cps.  The  horn  is  of  heavy 
laminated  glass  cloth  and  honeycomb  sandwich 
construction  to  provide  fatigue  strength  and 
damping. 

A  narrow-band  analysis  (5  cps)  shows  the 
presence  of  irregularities  in  the  spectrum. 
Although  these  irregularities  present  problems 
in  the  analysis  of  test  data,  the  spectrum 
shape  was  adequate  for  proof  testing  of  com¬ 
ponents  and  structures.  To  improve  the  spec¬ 
trum  shape,  two  sirens  were  connected  in 
parallel  (Fig.  3).  Rotor  speeds  of  the  two 
sirens  were  adjusted  so  that  the  summation  of 
the  output  of  the  sirens  produced  a  smooth 
spectrum.  A  narrow-band  analysis  of  the 
single  and  parallel  siren  arrangement  is 
shown  in  Fig.  4.  Sound  pressure  level  meas- 
ui’ed  at  the  mouth  of  the  horn  radiating  into 
free  space  for  the  single  and  parallel  siren 
arrangement  as  a  function  of  inlet  air  pressure 
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f  ifi.  2  -  Random  siren 


Fig.  3  -  Parallel  sirens 


IS  shown  ill  Fig.  5.  Also  shown  in  Fig,  5  ai’e 
tlio  sound  pressure  levels  measured  in  the 
reverberation  chamber  and  near  the  surface 
of  a  missile  structure. 

In  addition  to  the  random  acoustic  source 
a  sinusoidal  source  was  required  with  the  ' 
ability  to  produce  sound  pressure  levels  of 
160  db  from  30  to  1000  cps  over  a  55-ft*  area. 
This  was  achieved  by  eonstructing  a  high- 
pressure  sinusoidal  siren  (Fig.  6),  employing 
components  from  the  random  siren,  where 
possible. 


The  20-port  rotor  of  the  siren  is  belt 
driven  by  a  variable-speed,  JO-hp,  dc  motor. 
Pulley  ratios  ar°  changed  to  allow  operation 
over  file  frequency  range  from  20  to  1000  cps. 


Frequency  response  at  40  psig  is  shown  in 
Fig.  7. 


-  uiu  l  ajiuoni 

the  sinusoidal  sirens  is  obtained  from  an 
Mlison  TE-1  ermpressor  unit  which  consists 
of  two  T-56  turboprop  engines,  geared  together 
Md  coupled  to  a  modified  compressor  section 
from  a  T-56  engine.  Compressor  performance 
curves  for  various  temperatures,  at  the  facil¬ 
ity  elevation  of  6000  feet  above  sea  level  are 
shown  in  Fig.  8.  ’ 


Acquisition  and  measurement  equipment 
located  in  the  instrumentation  and  control 
building  provides  a  centralized  integrated 
instrumentation  system  for  the  recording  and 
analysis  of  acoustic,  vibration,  strain,  and 
temperature  data. 
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Fig.  6  -  Sinusoidal  eii-en 


FREQUENCY  (cps) 


Fig.  7  -  Sinusoidal  siren  performance 
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Kig.  8  -  Coinpresaor  peiiorinance  curves 


ACOUSTIC  TEST  OP  STRUCTURES' 

In  order  to  establish  the  probability  of 
acoustically  induced  fatigue  failure  of  the 
missile  structure  during  the  in-silo  launch, 
segments  of  the  missile  structure  were  tested 
with  localized  high  level  random  acoustic 
excitation  [2],  Simulated  launch  loads  were 
applied  to  the  segment  with  a  hydraulically 
operated  loading  fixture  (Fig.  9).  Normal 
incidence  was  employed  for  these  tests.  Pre¬ 
liminary  studies  and  limited  testing  indicated 
that  the  areas  on  the  missile  most  susceptible 
to  acoustically  induced  fatigue  would  be  the 
sections  not  containing  propellants.  Such  sec¬ 
tions,  typically,  are  constructed  of  ring 
frames,  stringers,  and  riveted  skin;  in  con¬ 
trast,  the  propellant  tanks  are  made  from 
chemically  etched  continuous  structures  with 
a  minimum  of  stress  risers. 

Seven  structural  segments  were  tested  at 
sound  pressure  levels  from  157  to  167  db  for 
a  peri^  of  10  minutes  per  specimen.  Of  the 
seven  specimens  tested,  three  experienced 
failure.  A  typical  failure  is  shown  in  Fig.  10. 

In  most  cases  the  failure  originated  in  the 
foi-m  of  cl  "hairline  crack"  at  the  junction  of 
the  skin  panel  and  stringer.  This  crack  then 
propagated  parallel  to  the  stringer  for  several 


^Prepared  by  D.  Dinicola  and  H.  Williamsor. 


inches  and  either  terminated  or  was  deflected 
towards  the  central  area  of  the  panel.  In  one 
instance  the  ring  frames  were  damaged  at  the 
junction  of  the  ring  frame  and  stringer. 

Structural  modifications  were  made  to  the 
structure  to  increase  its  resistance  to  acous¬ 
tically  induced  fatigue  and  to  enable  it  to  with¬ 
stand  a  transient  overpressure  occurring  in 
the  silo  during  engine  start-up.  To  meet  the 
structural  requirements  imposed  by  the  over¬ 
pressure  pulse,  additional  ring  frames  were 
added  to  the  structure.  The  original  long 
unsupported  skin  panel  bays  were  broken  up 
into  smaller  panels  by  the  installation  of  a 
spacer  element  between  the  ring  frame  and 
skin  panel. 

The  segment  which  exhibited  the  shortest 
time  to  failure  was  modified  and  retested. 

This  segment  was  the  conically  shaped  transi¬ 
tion  section  located  between  the  first  and  sec¬ 
ond  stages  of  the  missile.  Extensive  tests 
were  performed  [3]  to  determine  the  vibration 
response  of  the  structure  to  acoustic  excita¬ 
tion  and  its  ability  to  withstand  the  anticipated 
silo  acoustic  environment.  A  vibration  survey 
was  conducted  to  determine  the  major  reso¬ 
nant  frequencies  and  mode  shapes  of  the 
structure  under  simulated  launcii  loads;  this 
was  accomplished  by  applying  a  constant  (25 
pounds)  sinusoidal  force  input  at  the  junction 
of  a  ring  frame  and  stringer  and  measuring 
the  acceleration  response  at  the  driven  point 
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Fig.  11  -  Driving  point  impedance 


and  at  several  other  points  on  the  structure. 
Driving  point  impedance  as  a  function  of  fre¬ 
quency  was  computed  and  is  shown  in  Fig.  11. 


The  significance  of  the  localized  acoustic 
cxcs.ation  used  for  these  tests  had  to  be  deter 

actual  environment  in 
which  the  total  surface  of  the  missile  is 
excited.  The  interpretation  of  high-level, 
localized,  acoustic  excitation  tests  depends 
upon  the  knowledge  of  the  dynamic  properties 
°  fissile  structure  f^nd  the  acoustic  field 
within  the  silo.  Although  the  djiumlc  pre^r- 
tles  of  the  structure  can  be  experimentally 
measured  and  (within  a  limited  frequency 
range)  computed,  establishment  of  the  spatial 
time  distribution  of  t.he  acoustic  pressures 
upon  the  surface  of  the  missile  during  silo 
lauiich  presents  a  difficult  problem. 


The  coefficient  can  be  determined  experimen¬ 
tally  and  can  be  used  to  express  the  accelera¬ 
tion  response  of  the  structure  to  a  random 
acoustic  input  over  a  broadband,  or  for  a 
series  of  discrete  frequency  bands,  depending 
upon  the  definition  of  Oj  j.  The  acceleration 
response  of  the  structure  during  complete 
acoustic  excitation  as  would  occur  in  the  silo 
can  be  represented  as  follows: 

=  ''i“u  ♦  Vij  "  +  P„ai„ 

where 

Xj  «=  sum  total  of  all  acceleration 
responses  occurring  at  Section  1 

P„  «  acoustic  excitation  over  Section  n 


Tlie  following  analysis  was  applied  in  an 
attempt  to  correlate  the  results  of  localized 
acoustic  tests  and  to  predict  the  probability  of 
structural  failure  during  silo  launch.  The 
response  of  the  structure  to  localized  acoustic 
excitation,  assuming  a  linear  system,  can  be 
represented  as  follows: 


A,  =  P,a,j 

where 


“in  "  ‘^o®Wicient  relating  acoustic  exci¬ 
tation  at  Section  n  to  response  at 
Section  1. 


iniB  technique  can  be  used  to  predict  the 
resiwnse  of  the  structure  In  the  silo  environ¬ 
ment  with  reference  to  the  response  measure- 
ments  m^e  during  localized  excitation  tests 
If  the  foUowlng  assumptions  are  made: 

1.  The  acoustic  field  is  random  and 
uncorrelated. 


*1  =  acceleration  response  at  section  of 
excitation 

I’l  =  localized  acoustic  excitation 

“ii  =  coefficient  relating  acoustic  exci¬ 
tation  and  acceleration  response. 


2.  1  he  coefficients,  a,,,  a,  .  .  .  ,  a 
are  approximately  equal  dfue  to  the 
symmetry  of  the  structure. 

3,  The  coefficients  relating  the  response 

at  a  given  section  to  the  acoustic  exci¬ 
tation  at  another  section,  and  con¬ 
versely,  are  equal,  i.e.;  =  a 

'  '  nm  “mn* 
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4.  Thu  root- mean-square  acceleration 
response  at  a  given  section  is  the  root- 
mean- square  summation  of  the  individ¬ 
ual  contributions  from  all  the  sections. 

Thus, 

V  '*-'1'^ 

'  -  I 

where 

K  =  number  o''  equal  area  sections  on  the 
surface  of  test  specimen. 

The  difference  In  acceleration  response 
between  localized  and  complete  excitation  can 
be  used  to  express  the  loc^ized  acoustic  sound 
pressure  level  in  terms  of  the  equivalent  silo 
sound  pressure  level. 

ill)  (localized  test)  db  (silo) 

•  20  >o«,0  "-'a, 

The  structure  was  e.xcitcd  with  random 
acoustic  excitation  over  a  9-square  foot  area 
at  a  sound  pressure  level  of  136  db.  This  level 
was  used  to  minimize  the  possibility  of  fatigue 
of  the  structure  during  the  test.  The  acous¬ 
tically  induced  acceleration  occurring  on  the 
remaining  9-square  foot  areas  of  the  struc¬ 
tural  segment  was  recorded  on  tape.  .A  1/3- 
octave  analysis  of  the  da  i  was  performed  and 
the  average  acceleration  level  in  1 /3-octave 
bands  for  each  of  the  9-square  foot  areas  was 
computed.  Results  of  this  test  indicate 
approximately  a  6-db  difference  in  the  accel¬ 
eration  response  between  localized  and  com¬ 
plete  acoustic  excitation  tor  the  structure 
tested. 

As  the  final  phase  of  this  test  effort,  the 
structure  was  proof  tested  at  166  db  with  the 
static  load  on  the  structure  programed  to 
simulate  the  dynamic  loads  during  silo  launch. 
After  10  minutes  of  testing  at  this  level,  no 
significant  failures  were  observed  which  would 
have  affected  the  flight  of  the  missile. 

ACOUSTIC  TEST  OF 
MISSILE  EQUIPMENT* 

A  total  of  40  missile  components  were 
tested  [4]  in  a  random  acoustic  noise  field  at 


*Prcparcd  by  J.  M.  Otera. 


test  levels  up  to  172  db,  in  order  to  establish 
ihcir  acoustic  threshold  of  malfunction  or 
damage.  Selection  ol  the  components  was 
based  upon  previous  vibration  test  results  and 
the  criticality  of  the  component  function  during 
silo  launch.  During  the  tests,  the  components 
were  functionally  operated,  and  all  critical 
operational  parameters  wore  monitored  or 
recorded.  The  components  were  exposed  to  a 
series  of  acoustic  excitation  levels  in  the 
reverberation  chamber  starting  at  130  db  and 
increasing  in  6-db  increments  until  the  com¬ 
ponents  malfunctioned,  or  until  the  limit  of  the 
test  facility  (168  db)  was  reached.  Higher  test 
levels  (172  db)  were  achieved  for  small  com¬ 
ponents,  such  as  relays,  which  could  be  posi¬ 
tioned  in  the  throat  of  the  exponential  horn, 
coupling  the  random  noise  source  to  the  rever¬ 
beration  chamber.  The  components  were 
either  mounted  rigidly  on  an  interior  surface 
of  the  reverberation  chamber  or  suspended 
with  shock  cord.  A  typical  component  Installed 
in  the  reverberation  chamber  is  shown  in 
Fig.  12. 

The  ideal  method  would  have  been  to 
mount  the  components  on  a  fixture  with  the 
H.Tme  mounting-point  mechanical  impcdence 
as  encountered  In  the  missile-  however,  the 
engineering  and  hardware  fabrication  required 
to  simulate  mounting-point  ir.pedence  could 
not  be  accomplished  withi  i  the  time  span  of 
the  program.  Of  the  40  components  tested, 
which  included  control  system,  electrical, 
cryogenic,  hydraulic,  and  pnet:  ;:atic  compo¬ 
nents,  only  four  experienced  out-of- 
speclllcation  deviation  when  subjected  to  the 
acoustic  enrfronments. 

In  conjunction  with  the  vibration  and 
acoustic  tests  of  the  transition  section  dis¬ 
cussed  previously,  a  guidance  component  was 
installed  on  its  mounting  hardware  in  the 
structure  and  functionally  operated  while  the 
surface  of  the  structure  suKJorting  the  com¬ 
ponent  mounting  bracketry  was  excited  with 
random  acoustic  energy  at  158  and  165  db. 

The  electrical  signals  from  the  component, 
together  witli  the  accelerations  on  the  compo¬ 
nent,  were  recorded  on  tape.  The  recording  of 
the  electrical  signals  from  the  component  were 
played  back  into  a  missile-control-system 
mockup.  Engine  displacement  and  accelera¬ 
tions  were  measured  to  determine  the  effect 
of  the  acoustically  induced  error  signals  upc. 
missile  guidance  and  the  structural  vibration 
produced  by  the  engine  gimbling.  Results  of 
these  tests,  along  with  random  vibration  tests 
of  the  component  at  predicted  acceleration 
power  spectral  densities,  showed  that  vibration 
isolation  of  the  component  was  necessary. 
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Fig.  i4  .  Comjfionent  installation 


Tn  E^oneml,  missile  components  which 
have  successfully  passed  airborne  vibration 
requirements  will  withstand  short  term  direct 
acoustic  excitation  up  to  160  db  without  mal¬ 
function  or  failure.  Relatively  simple  methods 
of  protection  can  be  provided  for  most  compo¬ 
nents  which  exhibit  acoustic  sensitivity. 

In  another  respect,  however,  a  high  per¬ 
centage  of  component  malfunctions,  or  fail¬ 
ures,  will  occur  due  to  the  Increased  acous¬ 
tically  induced  vibration  environment  during 
silo  launch  [5].  To  overcome  this  problem, 
components  must  be  either  relocated  to  areas 
of  the  missile  having  lower  vibration  environ¬ 
ments,  isolated,  or  as  a  last  resort  redesigned 
to  withstand  the  environment. 


SILO  ACOUSTIC  LINER 
INVESTIGATIONS* 

Measurements  and  computations  indicate 
an  expected  sound  pressure  level  in  the  silo 
of  aouroximatcly  165  to  170  db  at  the  tailskirt 
of  the  missile.  If  no  method  is  used  to  atten¬ 
uate  the  acoustic  energy  propagating  up  the 
launch  duct,  these  sound  pressure  levels  will 
occur  throughout  the  launch  duct  and  expose 
the  missile  to  levels  considerably  higher  than 
those  "iirountered  during  above-ground  launch 


^Prepared  by  J.  R,  Pitsker,  Jr. 


The  object  of  this  phase  of  the  test  pro¬ 
gram  was  to  evaluate  various  launch  duct 
acoustic  treatments  and  to  obtain  a  practical 
treatment  that  provided  sufficient  attenuation 
to  reduce  the  sound  field  about  the  missile  to 
levels  approaching  above-ground  operation  [6). 

Silo  launch-duct  acoustic  treatments  were 
evaluated  with  a  50-foot-long,  1/16-annular 
segment  of  a  full-scale  silo  launch  facility, 
rhe  test  facility  is  shown  in  Fig.  13.  The 
test  duct  is  joined  by  a  conical  transition 
Section  to  an  exponential  horn  fitting,  either 
the  sinusoidal  or  random  siren.  A  remov¬ 
able  22-foot  extension  of  the  test  duct  pro¬ 
vides  an  acoustic  termination  to  prevent  the 
generation  of  undesirable  standing  waves  in 
the  test  section  of  the  duct.  Acoustic  treat¬ 
ments  evaluated  were:  wedges,  miiltiiaver 
structures,  and  uniformly  continuous  stnic- 
tures  of  (1)  metal  wool,  (2)  bonded  glass 
wool,  and  (3)  unbonded  glass  wool.  As  a 
result  of  these  tests,  a  3-foot-thick,  bulk, 
unbonued,  glass-wool  configuration  was 
selected  for  the  acoustic  material  with  which 
to  line  the  experimental  silo-launch  facility. 
Plane  wave  attenuation  performance  of  this 
liner  is  shown  In  Fig.  14. 

In  addition  to  the  acoustic  attenuation 
tests,,  tests  were  conducted  to  determine 
compatibility  of  selected  acoustic  materials 
with  missile  propellents. 
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Fig.  13  -  Liner  test  fiicility 
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Fig.  14  -  Liner  attenuation 


PREDICATION  OF  VIBRATION  LEVELS* 
Introduction 

This  section  describes  iiow  the  acoustic 
tieid  surrounding  the  Titan  missile, determines 

*Prepared  by  F.  M.  Condos. 


the  Vibration  environment  seen  by  the  compo¬ 
nents  within  the  missile,  summarizes  the 
measured  aljove-ground  Titan  acoustic  and 
vibration  environment,  and  presents  a  method 
for  predicting  the  vibration  ervironment  when 
the  acoustic  field  surrounding  the  missile  is 
altered  to  that  of  an  underground  in- silo  launch 
condition,  or  to  that  of  a  larger  but  similar 
missile. 

The  discussion  is  limited  to  the  method 
of  predicting  the  in-silo  vibration  environment. 
The  actual  prediction  of  vibration  levels  for 
an  underground  launching  of  the  Titan  involves 
a  detailed  discussion  of  the  in- silo  acoustic 
environment  and  is  beyond  the  scope  of  the 
present  paper. 


DescripUuii  of  Titan  Vibration  Environment 

From  the  beginning  of  tlie  W/S107A-2 
Captive  and  Flight  Test  Program,  vibration 
measurements  were  made  throughout  the  var¬ 
ious  compartments  of  the  missile  at  the 
mounting  points  of  eijuipment,  such  as  the 
three-axis  reference  system,  guidance  equip¬ 
ment,  rate  gyro,  and  electrical  inverter. 
Measurements  were  also  made  on  primary 
airframe  structure,  on  items  such  as 
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t>g.  15  .  Typical  vibration  lime  hiatory 


Stringers  and  frames  which  were  typical  small 
component  mounting  locations. 

The  measurement  program  covered  all 
phases  of  the  missile  test  program:  Stage  I 
ground  firing,  Stage  II  ground  firing,  Stage  I 
ground  firing  with  Stage  II  on  top  of  Stage  I 
(the  flight  configuration),  and  Stage  I  and  Stage 
n  flights  The  data  indicated  that  the  ground 
firing  of  Stage  I  and  Stage  II  represented  the 
most  severe  vibration  environment  (exceeding 
or  equ^ing  the  flight  levels),  and  It  was  pos¬ 
sible  therefore  to  concentrate  most  of  the 
measurement  effort  on  ground  firings,  using 
landline  instrumentation  which  was  more 
readily  available  than  high-frequency  teleme¬ 
tering  channels. 


The  typical  flight  vibration  history  for  the 
fore  and  aft  compartments  Is  shown  In  Fig.  15. 
The  initial  ground  level  occurs  with  engine 
Ignition  and  thrust  build-up.  The  missile  is 
held  down  a  nominal  4  seconds  after  engine 
start  and  then  released.  The  release  results 
in  a  rather  large  launch  transient  caused  by 
release  of  strain  energy  and  explosion  of  the 
launch  bolts.  The  transient  can  have  a  peak 
value  of  250  g  at  the  aft  end  and  6-10  g  at  the 
forward  end.  This  transient  decays  very 
rapidly,  and  the  vibration  returns  to  the  level 
noted  before  lift-off.  There  is  no  evidence 
that  the  missile  vibration  environment  has 
been  instantaneously  changed  by  the  release 
of  the  missile. 


Following  lift-off,  the  .ibration  levels 
gradually  decrease  in  all  compartments  to  a 
minimum  level  at  about  15  seconds  after 


lift-off.  The  minimum  level  is  less  than  1 
grms  for  the  forward  compartments.  Com- 
partment  V,  the  booster  engine  compartment, 
*1?.®  highest  level  of  any  compartment  at 
this  time.  From  this  data,  it  must  be  con¬ 
cluded  that  the  before-lift-off  vibration  is 
caused  primarily  by  acoustic  excitation.  As 
mentioned  earlier,  the  absence  of  a  sudden 
reduction  in  missile  vibration  just  after  Ilft- 
off  precludes  any  effect  of  the  missile  being 
tied  doiTO  The  gradual  reduction  from  lift-off 
to  lift-off  plus  15  seconds  must  then  the 
result  of  loss  of  ground-reflected  acoustic 
energy  and  shifting  of  the  sound  source  farther 
aft  as  the  missile  rises  above  the  rocket  flame 
deflectpr  plate.  The  Mach  number  at  20  sec¬ 
onds  is  on  the  order  of  0.2,  which  is  too  low 
to  effect  the  sound  field. 

After  lift-off,  the  next  period  of  high 
vibration  occurs  during  the  transonic  region 
and  at  maximum  aerodynamic  pressure 
The^  lire  caused  by  aerodynamic  dlstuibances 
on  the  surface  of  the  missile.  The  over-all 
level  is  approximately  equal  to  the  prelift -off 
level.  The  vibration  spectrum  shape  during 
the  period  of  aerodynamic  excitation  is  very 
nearly  the  same  as  that  of  the  ground  spec¬ 
trum,  except  for  a  slight  increase  in  low- 
frequency  energy  up  to  200  cps. 

Beyond  the  aerodynamic  disturbance 
region,  the  level  again  drops  to  a  minimum. 

shock 

transients  witli  levels  of  40-  to  50-g  peak  in 

v.biutJuu  levels  of  less  than  3  grms  in  any 
compartment.  The  vibration  is  relatively 
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constant  throughout  Ihp  flight  of  Stage  n  and 
represents  the  amount  of  vibration  mechani¬ 
cally  transmitted  through  the  Stage  11  struc¬ 
ture,  since  no  acoustic  fieid  ccui  exist  above 
the  atmosphere. 

There  are  several  conclusions  v,’hich  may 
be  drawn  from  these  flight  characteristics 
which  aid  in  the  prediction  of  vibration  levels 
expected  for  sn  underground  launching,  and 
for  larger  missiles. 

1.  The  major  portion  of  the  vibration 
environment  is  the  result  of  acoustic  excita¬ 
tion  of  the  structure,  since  the  structure  is 
not  capable  of  transmit  <ng  vibration  any 
appreciable  distance.  This  is  evident  from 
the  gradual  decrease  in  vibration  after  lift-off 
and  the  very  low-vibration  levels  during  Stage 
n  flight. 

2.  The  aerodynamic  disturbances  in  the 
transonic  region  result  in  nearly  the  same 
vibration  environment  as  the  ground  acoustic 
field.  As  expected,  the  aerodynamic  effects 
are  the  most  pronounced  at  the  conical  sec¬ 
tions,  and  less  pronounced  at  the  cylindrical 
sections  of  the  missile  airframe 

3.  Propellant  loads  have  very  little  effect 
on  the  structure's  ability  to  transmit  vibration. 
This  Is  concluded  from  the  fact  that  the  vibra¬ 
tion  level  near  the  end  of  flight  for  bath  Stage  I 
and  n  is  the  same  as  the  level  earlier  in  the 
flight. 

4.  The  vibration  environment  before  lift¬ 
off  appears  to  be  related  to  the  flight  environ¬ 
ment  In  frequency  content  as  noted  from  the 
similarity  of  spectrum  shapes  before  l;lt-off 
and  during  flight. 


Statistical  Method  of  Data  Analysis 

It  was  deemed  most  practicable  to  spec¬ 
ify  Titan  design  and  test  vibration  levels  on  a 
compartment  basis,  one  level  for  each  com¬ 
partment.  In  this  manner,  a  component  could 
be  located  In  any  position  within  the  compart¬ 
ment  and  would  not  be  restricted  to  a  specific 
location  by  environmental  requirements. 

Since  the  vibration  environment  at  every 
location  within  a  compartment  could  not  be 
measured,  a  number  of  typical  locations  were 
selected  for  measurement.  From  these  meas¬ 
urements,  It  was  necessary  to  predict  a  com¬ 
posite  compartment  environment  wiiich  would 
apply  to  any  component.  The  acceleration 
spectral  density  analysis  of  measured  vibration 


was  observed  to  have  variallons  from  location 
to  location  and  from  flight  to  flight,  but  meas¬ 
urements  from  the  same  compartment  were 
louiifi  to  cxiiibit  the  same  general  spectrum 
shape.  It  was  decided  to  make  a  statistical 
approach  lo  the  problem. 

The  acceleration  spectral-density  data 
for  each  compartment  was  divided  into  50-cps 
bands.  The  highest  g^/cps  value  in  each  band 
was  usefl  as  a  data  point.  All  data  points  of 
the  same  frequency  band  taken  from  the  same 
test  condition,  such  as  side-by-side,  tandem 
captive,  or  flight,  constituted  the  population. 
No  grouping  by  axis  or  direction  was  made. 
The  population  was  evaluated  to  determine  its 
distribution.  The  log  normal  distribution  was 
chosen  as  the  best  fit.  With  the  establishment 
of  a  log  normal  distribution,  it  became  a  sim¬ 
ple  process  to  predict  the  probability  of  cer¬ 
tain  gVeps  levels  occurring. 

The  90-percent  probability  level  was 
selected  as  a  good  design  criteria.  This  level 
may  seem  rather  low  but  there  is  jutrtification 
for  this.  First,  the  data  points  are  always  the 
maximum  level  in  that  band  width.  Stmondly, 
data  from  all  directions  or  axes  and  from 
light  and  heavy  components  were  combined  in' 
the  population.  This  tends  to  broaden  the  dis¬ 
tribution.  Thirdly,  overlaying  the  maximum 
points  which  make  up  the  population  shows 
that  the  majority  of  these  points  fall  at  or 
below  the  90-percent  level.  Figure  16  is  a 
presentation  of  the  90-percent  probability 
levels  for  each  compartmej;*..  Note  that  there 
are  levels  for  both  Stage  I  and  Stage  n  ground 
firings. 


Advantages  and  Shortcomings  of 
Statistical  Analysis 

The  value  of  a  statistical  method  is  that  it 
allows  one  to  extrapolate  vibration  data  out 
into  a  region  beyond  the  measured  levels  with 
a  depec  of  confidence  greater  than  that 
obtained  by  taking  maximum  measured  values 
and  increasing  these  by  a  safety  factor.  A 
statistical  analysis  is  less  influenced  by  a 
single  high  value,  which  may  Ix!  the  result  of 
improper  calibration,  than  is  a  maximum 
envelope  approaih.  At  the  same  time  it  does 
not  completely  ignore  an  extreme  high  or  low 
actual  value.  Disadvantages  are  that  the  sta¬ 
tistical  method  results  in  a  higher  overall, 
root-moan-square  vibration  level  than  that 
indicated  by  any  individual  measurement. 

This  is  because  one  assumes  that  the  maxi¬ 
mum  g  Vcps  level  is  confrtant  over  the  50-cps 
band,  when  it  may  actually  occur  over  a 


Fig.  16  -  Titan  vibration  levels 
(90-pcrcent  probability) 


narrower  band.  It  is  felt  that  this  conserva¬ 
tism  is  not  detrimental  since  any  single  reso¬ 
nance  responds  to  the  energy  admitted  by  its 
band  width  and  is  a  little  affected  by  the  over¬ 
all,  root-mean-sauare  level.  In  addition,  a 
particular  structural  resonance  may  shift  in 
frequency  slightly  from  missile  to  missile, 
further  reducing  the  need  for  resolution. 
Additional  previously  mentioned  disadvantages 
are  those  which  tend  to  broaden  the  distribu¬ 
tion  and  induce  conservatism.  A  final  disad¬ 
vantage  is  the  inability  to  establish  an  accu¬ 
rate  confidence  level  relative  to  the  actual 
environment  because  of  the  large  number  of 
variables  associated  with  the  data  samples. 


Acoes^*^  Levels 

Acoustic  levels  were  measured  in  and 
about  the  missile  to  establish  the  acoustic 
profile  applicable  to  the  missile  for  captive 


firings  [2].  The  acoustic  profile  is  shown  in 
Fig.  17.  These  are  average  levels.  There  was 
evidence  of  a  1-  to  2-db  shadow  effect  on  the 
side  opposite  the  deflected  flame.  The  levels, 
shown  for  Stage  11  when  it  is  placed  on  top  of 
Stage  I,  are  extrapolated  because  all  data  were 
taken  with  Stage  n  beside  Stage  I.  Typical 
spectrum  shapes  are  shown  in  Fig.  If'. 


Prediction  of  Equipment  Vibration  Levels 
from  the  External  Acoustic  Field 

The  preceding  paragraphs  have  dealt  with 
the  environment  of  an  existing  missile,  estab¬ 
lished  after  the  missile  had  been  developed. 
Obviously,  this  information  is  of  little  value 
except  to  verify  the  accuracy  of  the  original 
predictions  and  design  criteria.  The  principal 
value  of  these  data  lies  in  their  use  for  pre¬ 
dicting  vibration  environments  for  an  under¬ 
ground  launching,  or  for  a  larger  missile. 
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To  predict  the  vibration  environment  of 
another  missile,  or  for  an  underground  launch- 
ing,  it  is  necessary  to  consider  the  expected 
acoustic  field  and  the  new  structure  and  to 
mal^e  certain  assumptions  based  on  engineer¬ 
ing  judgement. 

A  detailed  description  of  the  acoustic 
levels  and  of  the  acoustic  prediction  methods 
for  above-  ground  or  underground  launchings 
is  beyond  the  scope  of  this  paper.  It  suffices 
to  say  that  the  acoustic  field  can  be  determined 
by  analytical  and  empirical  means  sufficiently 
accurately  to  apply  the  method  outlined  here. 


Structural  differences  between  the  mis¬ 
siles  providing  the  vibration  data  and  the  mis¬ 
siles  used  for  an  underground  launching  have 
to  be  considered.  The  Titan  structure  is  of 
typical  aircraft  construction  with  frames  and 
skin  riveted  and  welded  together.  Equipment 
is  Installed  on  brackets  attached  to  stringers 
and  frames  or  on  trusses  attached  to  the 
structure.  A  larger  missile  will  have  a  simi¬ 
lar  configuration  appropriately  sized  to 
increased  loads.  Major  dynamic  modes  will 
remain  similar  to  the  Titan  and  will  fall  below 
30  cps.  In  general,  it  can  be  concluded  that 
the  structure  will  respond  to  the  acoustic 
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environment  in  much  the  same  manner  as  the 
Titan  did  because  of  the  similarity.  Changes 
which  would  most  effect  the  response  are 
increased  skin  mass  and  increased  local 
stiffness.  Since  stiffness  control  is  limited  to 
frequencies  below  panel  resonance,  the  effect 
is  apparent  only  up  to  about  200  cps.  Decause 
of  this  and  because  analysis  of  panel  itiffness 
is  cumbersome,  it  was  ignored  as  a  significant 
factor.  Only  the  mass  effect  was  used  as  a 
structural  consideration.  As  previously  men¬ 
tioned,  the  vibration  is  predominantly  a  re  suD 
of  acoustic  excitation.  For  the  purpose  of 
prediction,  it  is  assumed  to  be  the  only  source. 

The  remaining  assumption  is  that  the 
structural  response  to  acoustic  excitation  is  a 
linear  function.  This  was  quickly  established 
by  structural  acoustic  tests  which  Indicated 
the  response  of  stringers  and  frames  to  be 
linear  over  an  acoustic  level  of  140  to  165  db. 

The  prediction  of  vibration  levels  becomes 
a  matter  of  applying  a  factor  (f)  to  the 
90-percent  probability  level  of  the  accelera¬ 
tion  spectral  density  level  for  each  frequency, 
based  on  the  following  relationship :  ’ 

F  =  antiloR  -35-  ^ 

where 

M,  =  skin  mass  per  square  foot  for  the 
Titan 

a  skin  mass  per  square  foot  for  new 
missile 

Adb  a  difference  in  acoustic  spectrum 
level  for  a  given  location  on  Titae 
and  new  missile 


Typical  acoustic  spectra  for  Compartment 
IV  of  Titan  for  above-ground  and  underground 
firings  are  shown  in  Fig.  19.  By  the  use  of  the 
above  relationship,  the  vibration  enviiouiiient 
for  Compartment  IV  during  an  underground 
firing  of  a  ’’new"  missile  was  calculated  yield¬ 
ing  i;he  random  vibration  spectrum  shown  in 
Fig.  20. 

The  aerodynamic  flight  environment  of 
the  "now"  missile  is  considered  to  be  similar 


Fig,  20  -  Predicted  level  for  under¬ 
ground  launching  (Compartment  IV) 
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to  that  of  tne  Titan,  which  is  a  function  only  of 
the  re-entry  vehicle  shape.  Trajectory  will 
effect  the  duration  and  time  of  occurrence  of 
the  maximum  flight  vibration  but  should  not 
altci  the  maximum  level.  Levels  for  equip¬ 
ment  attached  directly  to  the  engines  can  be 
established  on  the  basis  of  increased  mechan¬ 
ical  energy  since  the  low  arca-to-mass  ratio 
precluded  the  possibility  of  high  acoustic 
response. 


Conclusion 

The  foregoing  is  a  simplified  method  for 
establishing  vibration  levels  on  structur.illy 
similar  missiles  prior  to  actual  measure¬ 
ments  or  tests.  The  method  avoids  the  use  of 
matheniatical  analyse.^  of  structural  response, 
which  are  tedious  and  tend  to  give  an 


ap{)oarance  of  accuracy  unwarranted  by  the 
data,  assumptions,  or  calculations  required. 

CONCLUSION 

Acoustic  problems  associated  with  the 
underground  launching  of  a  large  missile  c 
be  solved  by  the  employment  of  launch-duct 
acoustic  treatments,  minor  modification  to 
the  missile  structure,  and  vibration  isolation 
of  components  where  required. 

In  general,  most  missile  components  are 
relatively  Insensitive  to  direct  acoustic  exci¬ 
tation  up  to  sound  pressure  levels  of  160  db. 
Component  vibration  levels,  due  to  acoustically 
induced  structural  vibration,  are  higher  than 
levels  occurring  during  above  ground  launch 
and  in  general  require  vibration  protection  of 
the  components. 
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DISCUSSION 


Mr.  Puller  (Boeing  Airplane  Co.):  What 
was  the  phliosc^hy  of  this  random  test  with 
the  horn?  How  did  you  interpret  this  in  terms 
of  life  ?  Did  you  know  anything  about  the  cor¬ 
relation  of  pressures  over  the  panel  or  did  you 
know  anything  about  the  shaping  of  the  power 
spectrum  to  the  proper  value  ?  What  did  you 
do  with  the  test  data  once  you  got  it  ? 


Mr.  McGregor:  There  were  several  prob¬ 
lems  Involved.  First,  the  acoustic  spectrum 
generated  by  thts  siren  approximated  the  spec- 
triun  which  was  anticipated  for  the  silo.  The 
question  arose,  how  shall  we  test  the  struc¬ 
ture?  Shall  we  use  normal  incidence,  grazing 
incidence,  or  some  angle  between?  After 
many  discussions  it  was  agreed  to  disagree. 
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Wo  said  go  ahe:id  and  test  v/ith  normal  incd- 
donce.  The  interpretation  of  failures  is,  I 
nink,  a  rather  difficult  thing  to  assess  froir 
these  tests.  Actually  the  tests  were  merely 
proof  tests.  If  the  structure  withstood  this 
excitation  for  at  least  10  minutes,  it  was  con- 
siderod  that  it  would  withist.and  the  silo  envi- 
lonment.  We're  now  conducting  tests  on  the 
panel  which  I  showed  you  there  in  which  a 
little  more  refined  techniques  are  being 
employed  to  correlate  exposure  time  and 
fatigue  life. 


Mr.  TroUe^(Boeing  Airplane  Co.);  I 
wonder  if  you  could  tell  us  what  wer^  3'our 
spectral  shapes  and  levels  that  you  could 
achieve  with  your  random  sound  generator? 

Mr.  McGregor:  Tlie  sound  pressure 
levels  achievable  were  166- 1G7  db  when  the 
horn  was  placed  against  the  structure.  In  the 
70  ft  reverberation  chamber  sound  pressure 
levels  were  up  to  168  db.  and  to  172  db  in  the 
horn. 


Mr.  Barnes  (Boeing  Airplane  Co.):  Is 
there  any  technique  in:it  you  people  have  devel¬ 
oped  for  providing  shaping  of  your  spectrum? 

Mr.  McGrejjor;  To  be  honest  with  you, 
no.  While  we  were  building  the  acoustic  facil¬ 
ity  we  did  not  have  a  compressed-air  source 
in  which  to  run  an  evaluation  program  on  our 
siren,  so  every  weekend  we  would  pack  the 
siren  and  all  the  instrun-ientation  associated 
with  it  and  take  it  up  to  Climax,  Colorado,  up 
to  the  molybdenum  mine  up  there,  and  use  the 
compressed-air  source  up  there.  Every  Sun¬ 
day  night  we'd  come  back  with  all  the  pieces 
and  work  the  rest  of  the  week  and  try  it  the 
next  weekend.  We  finally  got  a  siren  which 
was  structurally  sound  and  we  were  very  for¬ 
tunate  that  the  spectrum  of  the  siren  output 
very  closely  approximated  the  missile  spec¬ 
trum  You  can  get  some  shaping  of  the  spec¬ 
trum  by  varying  rotor  speeds.  You  run  into 
some  problems  in  which  you  have  a  set  of 
speed  ratios  on  the  rotors,  I  guess  you  could 
call  them  forbidden  speeds,  at  which  the  thing 
turns  into  a  sinusoidal  generator. 

(Note:  At  this  point,  part  of  the  discus¬ 
sion  was  lost  while  changir^  tape  reels.) 

Mr.  Klein  (Space  Technology  Lab^a- 
tories)'  Could  you  tell  me  how  you  deterlinined 
lJ;c  duration  of  the  structures  test  ? 

Mr.  McGregor:  The  structures  tests 
were  performed  in  increments  in  which  the 
structure  was  irradiated,  for  the  first  series  ' 


of  test.s,  !  ur  a  2-rainute  burst  and  then  wo 
went  out  and  inspecled  the  structure.  The 
philosophy  was  that  it  lessened  the  mean  time 
to  failure.  If  it  la.^tcd  for  10  minutes,  wo 
would  have  a  reasonably  high  degree  of  confi¬ 
dence  that  it  would  withstand  the  relatively 
short  exposure  time  during  silo  launch. 

Mr^  Brown  (Vari an  Associates):  I  am 
wondering  about  the  setup  where  you  used  the 
two  sirens  in  parallel-wlicro  they  tended  to 
smooth  out  the  field  of  your  wave.  What  do 
you  attribute  the  better  results  to?  Is  it  more 
or  less  the  two  waves  impinging  there  at  that 
y-throat?  Do  they  tend  to  randomly  cancel 
some  of  the  more  spurious  points  7 

^.  McGregor:  I  think  the  reason  the 
spectrum  smoothed  out  is  because  both  of  the 
sirens  are  not  running  at  exactly  the  same 
speed  and  are  not  producing  exactly  the  same 
spectrum.  We  did  not  have  sufficient  time  to 
go  into  more  detailed  tests  becae  ■  of  our 
ciirient  test  program.  What  we  an  to  do  is 
to  set  up  the  two  sirens  in  paraLal  and  take  a 
look  first  at  one  siren  and  look  for  the  peaks 
and  valleys  in  the  spectrum,  and  then  set  up 
the  other  siren  so  that  it  would  fill  In  the  val¬ 
leys  and  maybe  knock  off  the  peaks. 

Mr.  Brown:  Would  there  possibly  be  an 
application  for  using  two  smaller  sirens  then 
using  again  a  duplicate  y-throat  arid  coupling 
four  together  like  that?  Could  t.hat  smooth  it 
out  even  more,  do  you  think? 

Mr.  McGregor:  Well,  T  think  so.  I  think 
if  you  went  to  many-many  sirens  you  would 
probably  get  a  very  smooth  spectrum. 

Now  how  about  in  the  expo¬ 
nential  horn  in  there,  you  placed  the  blast 
right  up  to  the  test  item,  more  or  less  a  sur¬ 
face  contact.  What  would  be  the  difference  if 
,  ..u  removed  it  possibly  a  meter  or  so.  Is  it 
more  advantageous  to  have  it  next  to  the  horn? 

Mr.  McGregi'u’'  Yes,  it  is.  wS  'iVC  '^wll 
the  horn  away,  tfie  sound  levels  drop  down. 

Mr.  Brown:  What's  the  shape  of  the 
wave?  Do  you  consider  that  it  is  extremely 
plane  for  a  full -zero-degree  incidence? 

My-  McGregor:  I  can  say  this.  We  placed 
the  random  siren  against  a  concrete  block  and 
measured  the  sound  distributio.n  across  the 
face  ci  the  block— no  phase  measurements 
now,  just  pressure  measurements— and  the 
pressure  measurements  in  1/3-octave  bands 
seemed  to  be  reasonably  uniform  across  the 
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fare  of  llie  horn.  Of  course  when  you  go 
against  the  structuie,  you  have  a  panel  reso¬ 
nating  here  and  one  over  there,  and  you  will 
get  some  change  in  the  sound  field. 

Mil._Fuller:  When  you  tested  these  at 
nornial  'neirJence,  didn't  you  see  any  standing 
wave  phenomena  that  would  change  the  shape 
of  the  spectra  that  you  were  trying  to  repro- 
iJuce  ?  In  other  words,  when  you  measure  the 
spectra  from  the  random  source  did  you  meas¬ 
ure  it  with  something  in  front  of  it,  like  the 
block,  or  was  this  a  free-field  measurement 
that  was  analyzed  to  give  the  spectrum  ? 

¥li_M9Gregor;  We  found,  with  the  siren 
radiating  into  free  space  and  then  against  the 
concrete  block,  timl  the  change  in  the  spectrum 
shape  was  very  small.  This  was  not  true  in 
the  reverberation  chamber. 

Mr.  Fuller:  You  didn't  notice  any  reso¬ 
nances  due  to  the  air  column  even  in  the  ran¬ 
dom  test,  then?  You  had  no  air  column  effect? 

Mr.  McGregor:  No  appreciable  effect.  Of 
course,  the  horn  itself  is  a  little  over  eleven 


feet  long.  The  theoretic.}.!  cut-off  frequency 
was  22  cycles. 

Dr.  VignessJChairrnan,  U.S.JNaval 
Peseai’ch  Laboratory):  I  think  in  all  of  this 
kind  of  work,  which  is  really  rather  new,  that 
we  don't  have  a  feel,  in  terms  of  db,  as  to  what 
constitutes  a  magnitude  which  really  would 
give  damage.  If  we  would  speak  of  it  in  terms 
of  psi,  then  around  150-160  db  it  begins  to  be 
appreciable  in  psi.  When  you  get  something 
less  than  1/lOth  of  a  psi  it  probably  won't 
hurt  anything  if  you  are  worrying  about  struc¬ 
tural  damage.  But  when  you  begin  to  get 
something  greater  than  1/lOth  of  a  psi,  then 
you  might  begin  to  worry  about  structural 
damage  caused  by  resonant  effects  and  such. 
So,  if  you  begin  to  convert  mentally  until  you 
have  a  feeling,  in  terms  of  the  db  imlues,  of 
the  pressures  involved,  I  think  you'll  begin  to 
feel  what  might  cause  damage.  Of  course,  the 
levels  would  be  entirely  different  when  you 
are  worrying  about  microphonics  and  noise  in 
your  equipment  generated  by  the  excitation 
noise.  But  if  you're  worrying  about  fatigue 
and  structural  damage,  then  try  to  get  an  idea 
as  to  the  forces  involved,  the  pressures  and 
the  area. 


* 
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EMPIRICAL  PREDICTION  OF  SPACE  VEHICLE  VIBRATION* 


Kenneth  MrK.  Kldred 

Wesler.-i  EU-ctro-Acouslic  Laljornlory,  Inc, 
I, os  Angeles,  California 


The  material  presented  in  this  paper  lias  been  drawn  from  a  much 
iaryer  studyT  of  Struclnral  Vibrations  in  Space  Vehicles  [1],  The  paper 
gives  a  briel  background  of  the  sources  of  space  vehicle  vibration,  and 
iLliistrates  llie  variation  of  the  two  major  exciting  soutces,  rocket  noise 
and  bouniiary  layer  pressure  fluctuatiors,  during  a  typical  launch.  This 
introduction  is  followed  by  a  summary  of  available  vibration  data  for 
current  missiles  at  both  launch  and  maximum  dynamic  pressure  fligiii 
phases.  Two  empirical  correlations  between  the  excitation  and  result- 
ing  vibration  are  presented  and  discussed. 


INTRODUC  ION 

Vibration  is  of  major  concern  in  the  de¬ 
sign  and  development  of  a  successful  missile 
or  space  vehicle.  'This  concern  stems  directly 
from  the  flight  failures  which  have  been  traced 
to  excessive  vibration  of  structure  or  equip¬ 
ment.  Usually,  excessive  vibration  manifests 
itself  either  in  the  fatigue  failure  of  skin  and 
structure,  or  in  the  malfunction  of  electronic 
and  mechanical  equipment.  Although  fatigue 
failure  is  normally  associated  with  relatively 
long  exposure  periods,  it  can  occur  in  a  short 
time  if  the  vibration  is  very  severe  or  the  fre¬ 
quency  high.  On  the  other  hand,  equipment 
malfunctions  are  usually  amplitude  sensitive 
and  independent  of  exposure  duration.  How¬ 
ever,  either  type  of  problem  can  be  disastrous 
to  the  successful  accomplishment  of  a  mission 
by  a  complex  vehicle,  which  requires  the  co¬ 
ordinated  and  precise  functioning  of  many  sys¬ 
tems  and  their  diverse  components. 

Consequently,  it  is  desirable  to  assess  the 
probable  operational  vibration  environment  of 
a  vehicle  while  it  is  still  on  the  drawing  board. 
Correct  evaluation  of  the  probable  environment 
at  this  early  date  can  provide  a  reali.stlc  basis 
for  considering  vibration  requirements, 
together  with  all  other  basic  vehicle  require¬ 
ments,  in  the  preliminary  design  stage.  This 


consideration  can,  in  turn,  guide  both  system 
and  mission  concepts  toward  increased  relia¬ 
bility  at  mini.mum  penalty. 

The  major  sources  of  excitation  for  vi¬ 
bration  in  space  vehicles  and  high  performance 
aircraft  are  jet  or  rocket  noise,  boundary  layer 
and  base  pressure  fluctuations,  and  other  phe¬ 
nomena  which  are  characterized  by  continuous 
frequency  spectra  and  random  amplitudes. 
Hence,  the  task  of  predicting  vibratory  r'*- 
sponses  and  stresses  for  these  vehicles  is 
more  formidable  than  formerly  when  the  ex¬ 
citing  forces  were  primarily  sinusoidal  in  na¬ 
ture.  turthermore,  although  structural  fatigue 
Is  predominant  at  frequencies  below  500  cps, 
equipment  malfunction  and  electronic  compo¬ 
nent  fatigue  extend  the  frequency  range  of  con¬ 
cern  to  at  least  10,000  cps.  H'>nce,  in  many 
cases,  when  predicting  vibration  response  for 
advanced  aircraft  and  space  vehicles  all  fre¬ 
quencies  below  10,000  cps  must  be  considered. 

The  vibration  response  of  any  portion  of 
the  vehicle  resulting  from  a  source  of  mechan¬ 
ical  energy  depends  on  the  characteristics  of 
the  source,  the  path  between  the  source  and 
the  receiver,  and  the  characteristics  of  the 
receiver  itself  (Fig.  1).  At  low  frequencies, 
the  responsi!  oi  the  entire  vehicle  to  exiernal 
sources  is  a  maximum  at  the  basic  body  .modes. 


|This  paper  was  not  presented  at  the  Symposium. 
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Fig.  I  -  Sketch  of  the  complex  transmission  of 
mechanical  energy  from  source  to  receiver 


and  the  magnitude  of  the  response  depends 
primarily  upon  the  location  relative  to  the 
body  mode  shape,  the  magTiificatlon  factor  for 
the  mode,  and  the  magnitude  of  the  forcing 
function  over  the  entire  vehicle.  At  higher 
frequencies,  the  maximum  responses  occur  at 
the  resonances  of  the  various  panels  and  the 
magnitude  of  the  response  depends  on  the 
characteristics  of  the  source,  the  panel,  the 
transmission  path  between  panel  and  receiver, 
and  upon  the  receiver.  At  frequencies  above 
the  panel,  fundamental  resonances,  the  factors 
influencing  response,  become  very  complex 
and  the  possibility  of  resonances  along  the 
path  becomes  sufficiently  high  as  to  suggest 
that  the  path  be  treated  as  a  transmission  line 
with  lumpea  parameters  which,  in  addition  to 
source  and  receiver  characteristics,  deter¬ 
mine  the  vibration  response. 

From  this  brief  discussion,  it  is  clear 
that  a  detailed  stepwise  approach  for  the  pre¬ 
diction  of  vibration  for  any  general  case  would 
be  exceedingly  complex  and  cumbersome. 
Further,  it  is  clear  that  a  practical  analytical 
solution  of  the  vibration  characteristics  of  a 
mechanical  system  must  lie  in  judicious  sim¬ 
plification  of  the  system  to  a  series  of  sub¬ 
systems  whose  solutions  are  known.  It  is  also 
clear  that  an  analytical  approach  is  not  '■‘asl- 
ble  for  general  prediction  at  the  early  de.  Ign 
stages  where  the  structure  is  not  reason.  ,ly 
fixed  in  concept;  however,  many  prelimin.  ry 
decisions  regarding  equipment  location,  iso¬ 
lation  and  specification  and  the  definition  of 
potential  structural  fatigue  problem  areas 
must  be  resolved  in  the  early  design  stage. 
Therefore,  it  Is  desirable  to  examine  available 
vibration  data  to  determine  its  usefulness  as  a 
predictive  tool  for  the  probable  vibration  envi¬ 
ronment  of  new  designs. 

The  purpose  of  this  paper  is  the  presen¬ 
tation  ol  vibration  data,  the  comparison  of  data 


obtained  in  different  classes  of  vehicles  and 
different  flight  phases,  and  an  analysis  of  the 
broad  trends  which  can  be  of  assistance  in  the 
prediction  of  vibration  environments.  Before 
discussing  the  data,  it  is  necessary  to  consider 
some  of  the  circumstances  regarding  the 
measurements  and  .analysis. 


COMP/UtABILITy  OF  VIBRATION  DATA 

The  nature  and  quality  of  reported  vibra¬ 
tion  data  is  profoundly  Influenced  by  the  tech- 
nique.s  employed  in  selecting,  locating  and 
mounting  the  vibration  transducers,  and  by  the 
recording  and  analysis  of  the  data,  in  addition 
to  the  procedures  used  in  designing  and  spec¬ 
ifying  the  test  conditions.  The  many  optimum 
requirements  for  measureniont  procedures 
are  not  always  simultaneously  attainable  and, 
consequently,  much  data  must  be  obtained 
under  less  than  desirable  circumstances. 

The  various  major  difliculties  which  arise 
in  the  comparison  of  vibration  data  taken  by 
several  organizations,  assuming  all  data  to 
have  biicn  corrected  for  the  usual  response 
factors,  stem  directly  from  three  basic  prob¬ 
lem  areas.  These  are: 

1.  Alteration  of  the  frequency  response 
of  the  mounted  transducer  from  Its  laboratory 
calibration  because  of  the  interaction  between 
the  vibratory  characteristics  of  the  transducer, 
mounting  device,  and  local  structure. 

2.  Nonuniformity  of  the  measured  quan¬ 
tity,  e.g.,  acceleration  as  velocity,  as  an  aver¬ 
age,  as  a  root-mean-square,  a  mean  peak,  or 
peak,  etc.,  together  with  the  lack  of  measured 
statistical  distributions  to  determine  the  rela¬ 
tionship  between  these  quantities. 

3.  The  analysis  of  data  with  a  variety  of 
filter  bandwidths,  aiid  often  the  reduction  of 
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Fig.  2  -  Graphic  level  recording  of  variation  of  over-all  noise  level 
inside  forward  co.-npartment  of  a  siriall  missile  during  its  flight 


data,  measured  by  a  filter  wtiosc  bandwidth  is 
wider  than  the  bandwidth  of  a  vibration  reso¬ 
nance,  to  a  fictitious  power  spectral  density. 

Because  of  the  latter  two  factors,  com¬ 
parison  of  murh  of  the  valuable  data  presently 
available  is  only  iwssible  when  the  data  are 
transferred  to  an  arbitrary  standardized  form 
of  presentation.  For  standardization  of  the 
data  in  this  paper,  certain  ground  roles  were 
followed  which  were  felt  to  introduce  the  least 
error  in  determining  and  comp.arlng  the  vari¬ 
ous  empirical  trends.  The  data  which  were 
available  to  the  author  have  been  reduced  by 
filters  of  one  of  the  following  bandwidths:  1/2 
octave,  100  cps,  and  a  series  of  smaller  band- 
widths  ranging  down  to  2  cpa.  The  results 
were  reported  as  displacement  or  acceleration 
In  terms  of  mean  square  per  cycle,  root- 
mean-square  (rms)  for  the  bandwidth,  mean 
peak,  etc.  Statistical  distributions  of  cither 
peak  amplitiide  or  instantaneous  amplitude 
were  also  occasionally  presented. 

To  obtain  standardization  for  comparison, 
all  acceleration  data  were  converted  to  the 
rms  amplitude  for  the  original  bandwidth. 
Where  the  analysis  bandwidth  was  narrower 
than  the  bandwidth  of  the  resonant  phenomena, 
the  energy  under  each  resonance  was  surar.ied 
ana  tne  result  reduced  to  the  rms  amplitude 
whicii  is  associated  with  the  single  resonance. 
Sinusoids,  where  Identifiable,  were  considered 
separately  as  appropriate  to  each  of  the  sum¬ 
mary  iigures.  Where  only  the  maximum  moan 


square  amplitudes  per  cycle  of  resonant  peaks 
were  reported,  the  rms  value  for  the  total 
resonant  vibration  associated  with  each  peak 
was  estimated,  assuming  that  the  q  of  the 
resonance  was  15,  which  seems  typical  for 
many  missile  structures.  Where  mean  peak 
data  were  given  for  the  value  of  resonant 
vibration,  it  was  assumed  that  the  resonant 
peak  amplitudes  would  follow  a  Raleigh  peak 
distribution  and  the  rms  amplitude  was  com¬ 
puted  by  dividing  the  mean  peak  amplitude  by 
1.19.  Furthermore,  although  a  few  of  the 
reported  results  gave  data  above  1000  cps,  the 
lack  of  reported  calibialion  of  the  installed 
transducers  (except  for  one  organization)  made 
these  data  suspect  and  of  indeterniinate  value. 


SUMMARY  OF  AVAILABLE 
MISSILE  VIBRATION  DATA 

The  vibration  environment  in  a  missile 
varies  rapidly  with  time  during  a  typical  flight 
profile.  This  rapid  variation  can  l)e  illustrated 
by  the  continuous  recording  of  the  noise  in  a 
forward  compartment  of  a  small  ground-to- 
ground  missile.  It  might  be  noted  that  a 
recording  of  noise  is  illustrated  rather  than  a 
recording  of  vibration  simply  because  of  the 
availability  of  the  former. 

Figure  2  from  [Ref.  2]  Illustrates  the  sev¬ 
eral  phases  of  noise  or  vibration  environment 
which  are  usually  found  In  mlssilr  flight  dat.i. 
The  rocket  noise  at  launch  proviti<!8  a  high 
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level  of  vehicle  respor.se,  which  detreases 
rapidly  as  the  vehicle  leaves  the  pad  and 
accelerates.  However,  as  vehicle  vclcjcity 
increases,  the  pressure  fluctuations  in  the 
turbulent  boundary  layer  increase  in  magni¬ 
tude  and  the  vehicle  resjwmse  begins  to 
increase.  The  transients  shown  on  the  grai')hic 
level  recording  reprcseni  a  shock  as  the  vchi- 
ele  passed  through  the  tran.sonic  region,  and 
a  second  shock  when  the  sustaincr  engine  was 
ignited.  As  can  be  seen,  the  response  con¬ 
tinued  to  increase  until  the  maximum  dynamic 
pressure  (8)  was  reached,  at  which  time  in  the 
flight  profile  tiie  boundaiy  layer  pressure 
fluctuations  are  maximum.  As  the  vehicle 
continued  to  accelerate  into  less  dense  atmos¬ 
phere,  the  n  decreased,  as  did  the  resixinsc. 
However,  when  the  vehicle  descended  into 
more  dense  atmosphere  in  the  terminal  por¬ 
tion  of  the  flight,  the  vehicle  u  and  response 
both  increased. 

It  is  evident  from  Fig.  2  that  the  two  most 
severe  vibration  environments  are  a  result  of 
rocket  noise  at  launch,  and  aerodynamic  phe¬ 
nomena  at  maximum  q.  The  relative  severity 
of  these  two  forcing  functions  and  their 
responses  in  a  specific  vehicle  depends  on 
many  factors,  including  the  flight  profile  and 
the  launch  configurations,  as  discussed  in 
[Ref  l].  II  should  be  noted  that,  lor  some 
vehicle  types,  other  forcing  functions  may 
also  be  of  comparative  severity. 

The  quest  for  missile  vibration  data  which 
has  general  application  toward  empirical  cor¬ 
relation  studies  is  very  laborious  and  difficult. 
This  difficulty  results  from  the  problems 
encountered  by  vibration  engineers  in  industry 
when  they  are  forced  to  compete  with  other 
important  groups  for  the  assignment  of  telem¬ 
etering  channels.  In  most  cases,  this  compe¬ 
tition  severely  limits  the  number  of  trans¬ 
ducers  which  can  be  used  and  requires 
commutation  of  the  various  transducers.  Fur¬ 
thermore,  these  limitations  require  that  poten¬ 
tial  problem  areas  and  important  equipment 
receive  priority  for  transducer  locations,  so 
that  ideal  surveys,  which  trace  vibration  at 
various  structur'd  locations  througheut  the 
vehicle,  are  seldom  realized. 

Figure  3  presents  data  obtained  at  the 
launch  of  rocket  powered  ballistic  missiles 
from  transducers  located  on  structure  in  the 
middle  and  forward  portions  of  the  vehicles. 

The  data  were  obtained  from  [Refs.  3-18], 
which  include  five  missiles  with  gross  launch 
weights  less  than  15,000  pounds,  and  three 
missiles  which  have  gross  launch  v/eig.hts  in 
the  100,000-  to  300,000-pound  range.  The 


lightweight  vehicles  are  denoted  by  open  eym- 
!)o1b  and  the  heavier  missiles  by  the  solid 
symbols.  It  is  evident  from  the  figure  that  the 
vibration  amplitudes  in  the  heavy  missiles  are 
on  the  order  of  20  to  25  percent  of  the  ampll- 
iudes  measured  in  the  lightweight  vehicles. 

Figure  4  gives  similar  data  for  vibration 
at  the  mjiximum  r,  flight  |}liase  for  six  missiles, 
four  of  which  are  lightweight  and  two  of  which 
are  in  the  heavyweight  class.  Again,  It  Is  clear 
that  the  vibration  of  the  heavy  missiles  Is  sig¬ 
nificantly  lower  than  the  vibration  of  the  light 
missiles.  It  Is  noted  that  the  vibratiMis  given 
Ir  the  figure  are  thought  to  result  only  from 
pressure  fluctuations  in  the  boundary  layer 
along  the  vehicle's  skin.  Thus,  the  figure  docs 
not  include  the  data  from  a  missile  which 
responded  to  the  high  turbulence  created  by 
the  wakes  of  its  dive  brakes  or  another  vehicle 
wliich  was  excited  by  base  pressure  fluctua¬ 
tions.  These  two  known  special  cases  of  aero¬ 
dynamic  excitation  are  discussed  in  [Refs.  16, 
17,  19,  20]. 

Figure  5  presents  available  data  for 
vibration  of  missile  structure  located  near  the 
engine.  There  is  a  rather  large  scatter  in  the 
data,  and  no  consistent  division  is  seen  between 
light  and  heavy  missiles.  Rather,  It  appears 
that  much  of  the  data  represents  iH>wcr  level 
vibration.  This  is  not  at  ali  unexpected 
because  of  tslO  large  variability  of  the  vibra¬ 
tory  energy  output  of  different  typos  of  rocket 
engines. 

Figure  6  summarizes  the  data  obtained 
on  four  pieces  of  equipment,  two  of  which  were 
located  In  each  of  two  types  of  heavy  missile. 
The  range  of  data  represents  many  repeat 
liigms  with  the  transducers  located  at  the 
same  positions.  In  general,  the  vibration 
appeared  to  be  sinusoidal  at  several  harmcm- 
icaliy  related  frequencies  which  were  gener¬ 
ated  by  the  particular  equipment.  Obviously, 
theoc  dala  repre.sent  specific  cases  and  are 
included  here  only  because  of  the  large  amount 
of  data  measured  on  each  of  these  equipments, 
and  to  give  some  feeling  for  the  range  of 
amplitudes  which  might  be  encountered  on  or 
near  equipment  vibratory  sources;  however, 
the  prediction  of  vibration  near  any  equipment 
vibratory  source  should  be  predicated  on 
measurements  of  the  specific  type  of  equip¬ 
ment  when  mounted  on  a  foundation  of  known 
impedance. 

In  each  of  the  figures  in  *he  preceding 
discussion  of  mlsuiie  vibration,  a  median 
curve  v/as  fitted  to  the  data.  These  curves, 
taken  from  Figs.  3,  4,  and  5,  are  summarized 
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J'iS.  7  .  Summary  of  inodiaii  curves  for 
aircraft  and  missile  arrolerations 


in  Fig.  7.  In  nddition,  medians  for  the  rms 
acceleration  amplitudes  measured  in  several 
types  of  aircraft  (21)  are  presented  for  com- 
parison  with  the  missile  data,  tt  can  be  seen 
that  the  median  of  the  data  for  the  13-52 
exceeds  that  for  the  B-47 ,  whereas  the  median 
for  the  jet  fighter  vibration  data  lies  between 
the  medians  of  the  two  bombers.  The  medians 
for  light  missile  launch  and  maximum  n  flight 
are  generally  higher  than  those  for  the  air¬ 
craft,  whereas  the  medians  for  the  heavy  mis¬ 
siles  are  significantly  lower  and  are  of  the 
same  order  as  the  jet  fighter  and  B-47  vibra¬ 
tion.  Note  that  the  vibration  on  structure 
l^ocated  near  the  rocket  engine  is  considerably 
higher.  Thus,  this  figure  clearly  demonstrates 
that  the  severe  portions  of  the  vibration  envi¬ 
ronment  in  the  light  missiles  generally 
exceeded  those  experienced  In  high  perform¬ 
ance  jet  airciaft;  however,  the  vibrations  in 
the  heavy  missiles  of  the  IRBM  and  ICBM 
category  have  been  generally  of  the  same 
order  as  those  of  the  aircraft.  It  should  be 
emphasized  that  Fig.  7  only  shows  trends, 
since  a  very  large  scatter  around  the  median 
exists  for  all  the  data. 


It  .‘hould  bo  noted  .again  that  the  relative 
sevcriiy  nf  launch  and  iiuwimum  n  flight  iihase 
vibration  depends  upon  both  the  flight  profile 
and  the  iaiinch  configuration.  For  example, 
a  1  the  lau.ich  data  resiiK  from  surface  launches 
rather  than  silo  launches.  A  comparison  of 
the  surface  launch  noise  environment  with  the 
silo  lauiioh  environment  based  on  the  informa¬ 
tion  of  I  Ref.  1|  indicates  that  the  magnitude  of 
vibration  might  be  on  the  order  of  3  to  5  times 
gi eater  in  a  silo  than  on  the  surface.  Thus 
the  silo  launch  vibration  equipment  for  hcaw 
missiles  might  be  expected  to  approach  the 
surface  launch  vibralion  environment  in  the 
light  missiles. 


empirical  prediction  OF 

VEHICLE  VIBRATION 


The  objective  of  the  comparison  of  vibra- 
uon  data  in  this  paper  is  to  assist  the  engineer 
in  his  understanding  of  the  phenomena  which 
arc  responsible  for,  or  control,  the  vibration 
in  a  space  vehicle,  and  to  assist  him  in  the 
prediction  of  the  resulting  vibration  environ¬ 
ment.  As  is  the  case  in  many  young  technol¬ 
ogies,  when  the  state  cf  the  art  is  not  suffi¬ 
ciently  complete  to  perform  direct  analytical 
solutions  of  spF'cific  problems,  or  when  the 
analytical  appro.-»eh  involves  excessive  com- 
p  exity.  It  is  desirable  to  attempt  to  derive 
direct  empirical  correlations  which  may  be 
used  as  predictive  tests  and  which  define 
apparent  trends. 


generally  depends  upon  the  degree  to  which 
the  correlaUng  parameters  represent  the 
actual  physical  phenomena  under  study,  and 
their  actual  scaling  laws.  In  addition,  the 
developtnent  of  an  empirical  correlation  which 
will  stand  the  test  of  time  often  depends  upon 
the  relationship  between  the  presently  avail¬ 
able  range  of  each  of  the  parameters  and  the 
range  of  the  parameters  which  will  eventually 
be  encountered.  For  example,  empirical  cor¬ 
relations  of  jet  noise  from  data  which  repre¬ 
sents  only  a  small  range  of  jot  velocities 
would,  in  all  probability,  not  result  in  a  proper 
scaling  law  for  the  velocity  parameter,  and  in 
consequence,  be  a  very  inaccurate  predictive 
tool  for  velocities  which  diffe:;  signifirantlv 
from  thor.o  cuiiwiUeieu.  The  preceding  oau- 
tionary  factors  represent  the  basic  hazards 
of  the  empirical  approach,  and  suggest  that 
empirical  correlations  be  re-examined  con- 
stantiy  to  assure  that  they  remain  consistent 
with  advances  in  the  general  "state  of  the  art." 
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Di  f^ct  Correlation  oi  Noise  and  Adjacent 
'.-tiuctural  Vibration  in  Aircraft 

One  approach  to  tlie  correlation  of  vibra¬ 
tion  -esponse  of  aircraft  with  external  noise 
has  been  sugpsted  previously  by  Convair 
1 22  -  24).  This  correlation  was  obtained  by 
direct  comparison  of  the  external  sound  pres¬ 
sure  level  on  the  U-58,  resulting  from  jet 
engine  noise,  with  the  vibratory  response  of 
adjacent  internal  structure.  Thus,  vibration 
nicusurements  in  the  nose  of  the  aircraft  were 
compared  directly  to  sound  prcs.suro  levels 
measured  on  the  external  skin  of  the  nose 
section,  and  vibration  measurements  in  the 
aft  end  of  the  aircraft  were  compared  to  sound 
pressure  levels  mc,.sured  on  the  external 
skin  of  the  aft  section,  etc.  Since  the  external 
noise  environment  on  the  D-58,  and  other 


jei  aircrau  varies  considerably  from 
the  relatively  low  noise  levels  foi-ward  to  the 
very  Ingh  levels  toward  the  aft  end,  a  compar¬ 
ison  of  this  type  includes  a  range  of  external 

30  dh  approxlmafoly 


A  similar  coinparison  of  external  noise 
Md  internal  vibration  from  Snark  data  [25, 26l 
is  given  for  two  frequency  bands  in  Fig.  8. 

The  lower  sound  pressure  levels  and  their 
associated  vibration  data  are  obtained  at  for¬ 
ward  fuselage  stations,  and  the  higher  sound 
pressure  levels  and  the  associated  vibration 
data  are  obtained  at  afterfuselage  stations 
adjacent  to  the  rocket  booster  exhaust.  It 
sliould  be  noted  that  the  small  rariations  in 
sound  pressure  level  at  one  microphone 
position  result  from  data  of  repeated  firings 
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and  that  the  acceleration  data  include  some 
.rom  transducers  attached  to  airplane  struc¬ 
ture  and  oriented  in  various  directions. 

As  miRlit  be  expected,  tlie  data  exhibit 
considerable  scatter,  so  that  It  is  possible 
only  to  estimate  a  trend  line  through  the 
points;  however,  more  significant  than  the 
scatter,  is  the  slope  of  the  trend  line.  Note 
t  lat  if  the  acceleration  anapliiede  increases  by 
a  lactor  of  10  for  an  increase  of  20  db  spl,  a 
direct  linear  relationship  exists  between  the 
internal  structural  vibration  amplitude  and 
the  adjacent  external  sound  pressure  ampli¬ 
tude.  In  this  event,  the  trend  line  through  the 
data  gives  a  constant  of  proportionality 
between  external  sound  and  internal  vibration. 
However,  if  the  trend  line  has  a  slope  of  less 
than  unity,  as  is  the  case  of  the  low-fre<iuency 
data  of  Fig.  8,  a  direct  linear  relationship 
between  internal  vibration  and  adjacent  exter¬ 
nal  sound  pressure  cannot  be  proved  by  the 
correlation. 

Several  factors  might,  individually  or 
collectively,  be  responsible  for  slopes  less 
than  unity.  These  factors  include: 

1.  Structure  borne  transmission  of  vibra¬ 
tion  from  high  external  noise  level 
areas  to  those  of  lower  e.xternaJ  noise 
level; 

2.  Nonuniform  structure  throughout  he 
fuselage  (which  undoubtedly  contributes 
to  scatter); 

3.  Nonlinear  response  of  the  structure; 

4.  irnfortunate  selection  of  transducer 
location  with  respect  to  model 
response. 

Before  considering  any  of  these  factors 
in  more  detail.  It  is  helpful  to  examine  the 
slopes  ot  the  trend  curves  as  a  function  of  fre¬ 
quency.  Fig-ire  9  summarizes  the  results  of 
this  type  of  direct  correlation  for  four  aircraft 
type  structures,  including  the  B-66  of  [Ref.*  27), 
together  with  Snark,  B-58  and  B-52.  The 
upper  portion  ot  the  figure  gives  the  slopes  of 
the  trend  curves  and  the  lower  portion  gives 
the  average  rms  acceleration  for  each  octave 
band  when  the  adjacent  external  octave  band 
spl  is  150  db.  It  is  clear  from  Fig.  9  that 
some  coj  reluticr.  between  adjacent  external 
noise  may  exist  above  150  cps  for  the  Snark 
and  at  the  higher  frequencies  for  the  other 
aircraft  where  the  slopes  of  tho  trend  curves 
approach  unity.  Since  a  large  number  of  ran¬ 
domly  selected  transducer  locations  are 


included  in  bie  various  surveys,  it  is  doubtful 
that  the  ac>.  .dental  location  of  transducers  with 
fespect  to  the  various  vibration  modus  accounts 
for  the  lower  slopes  at  the  lower  frequencies. 
Similarly,  since  several  experiments  give  the 
same  general  vonclusioii  with  regard  to  the 
trend  curves,  it  is  not  felt  that  structural  non- 
uniformity  is  a  particular  factor  in  the  deter¬ 
mination  of  the  slope  of  the  trend  curve, 
although  it  undoubtedly  is  a  most  significant 
factor  in  the  scatter  of  the  individual-data. 

The  role  of  nonlinear  behavior  in  the 
structure  cannot  be  evaluated  with  respect  to 
the  trend  curves  from  the  available  data;  how¬ 
ever,  it  is  considered  to  be  less  important 
than  the  fact  that  the  response  at  any  general 
position  in  the  structure  is  given  by  the  sum 
of  the  noise  energy  transmitted  directly  to 
adjacent  structure,  plus  the  noise  energy 
received  at  more  remote  locations  and  trans¬ 
mitted  as  vibratory  energy  through  the  struc¬ 
ture  to  the  position.  Thus,  at  higher  frequen¬ 
cies  better  correlation  would  be  expected 
between  adjacent  acoustical  excitation  and 
response  because  the  vibrational  energj* 
transmitted  through  the  structure  from  remote 
locations  has  been  fttenuated  and  makes  only 
a  minor  contribution.  Conversely,  at  low  fre¬ 
quencies  the  vibiatioiial  energy  transmitted 
fiom  the  areas  which  have  the  highest  external 
noise  levels  to  those  with  lov;er  external  noise 
levels  would  be  expected  to  exceed  the  local 
excitation.  This  general  result  might  be  antic¬ 
ipated  since  the  attenuation  of  vibratory 
energy  transmitted  by  bending  waves  along  the 
fuselage  is  essentially  constant  per  wave¬ 
length.  Thus,  the  high-frequency  energy  suf¬ 
fers  considerably  more  attenuation  than  does 
low-frequency  energy  when  both  are  trans¬ 
mitted  for  the  same  distance  through  the 
fuselage. 


Correlation  of  Ballistic  Missile 
Launch  Noise  and  Response 

The  vibration  data  given  in  Figs.  3  and  4 
for  structure  forward  of  the  engine  area  of 
ballistic  missiles  during  both  launch  and  max¬ 
imum  dyr  imic  pressure  flight,  consistently 
showed  that  the  vibration  environment  of  the 
large  and  heavy  missiles  was  significantly 
less  than  the  vlbraf.on  of  the  smaller  and 
lighter  missiles.  This  suggests  that  the  next 
generation  of  space  vehicle  launch  platforms, 
which  are  anticipated  to  be  considerably 
larger  than  the  present  ICBMs,  m'ght  have 
even  less  severe  vibration.  On  the  other  hand, 
changes  in  launch  configuration,  engine  param¬ 
eters,  or  maximum  q  could  result  in  increases. 
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Fig.  9  -  Summary  of  aircraft  empirical  correlation  of 
external  nolce  with  acceleration  of  adjacep*  elructurc 


If  is,  therefore,  desirable  to  determine  an 
empirical  relationship  between  the  respoiise 
and  the  forcing  function,  appropriately  modi¬ 
fied  by  the  vehicle's  structural  parameters. 

It  is  believed  that  an  empirical  correla¬ 
tion  can  be  found  by  equating  the  available 
energy  of  the  forcing  function  with  the  mechan¬ 
ical  energy  of  the  resulting  vibration.  It  is 
fundamental  that  these  two  quantities  are 
related  since  ail  of  the  incident  acoustical 
energy  which  is  absorbed  by  the  vehicle  must 
result  in  vibration  and  be  dissipated  through 
damping.  Unfortunately,  the  results  of  this 
approach  have  been  inconclusive,  probably 
Indicating  insufficient  sophistication  in  the 
definition  of  one  or  more  of  the  pertinent 
parameters. 

However,  an  alternative  approach  to  the 
correlation  of  the  .a'lnch  acoustical  lorc'jig 
with  vehicle  response  appears  to  give  encour¬ 
aging  results,  and  will  discussed  In  detail. 

It  is  well  known  that  complicated  (and  even 
simple)  .structure  has  many  resonances,  dis¬ 
tributed  throughout  the  frequency  range,  which 
occur  at  frequencies  above  the  fundamental 


resonant  frequency.  Conseq  -.ently,  the 
response  of  a  structure  to  a  random  forcing 
function,  which  has  energj’  approximately 
equally  distributed  over  a  broad  frequency 
range,  exhibits  many  resonant  peaks.  Simi¬ 
larly,  the  majority  of  the  missile  launch  data 
in  Fig.  3  are  representative  of  the  vibration 
amplitudes  associated  with  one  or  more  of  the 
many  resonances  which  occur  In  the  missile. 

It  is  well  known  that  the  natural  vibration 
characteristics  of  many  complex  structures 
can  be  approximated  by  individual  considera¬ 
tion  of  each  resonance  or  mode  of  vibration, 
assuming  it  to  be  essentially  unaffected  by, 
or  decoupled  from,  any  other  mode.  The 
response  of  the  vehicle  in  any  one  of  these 
modes  can  be  obtained  from  expressions  sim¬ 
ilar  to  those  developed  for  the  single  degree 
of  freedom  if  an  appropriate  definition  can  be 
obtained  for  tlie  amount  of  the  total  mass 
which  is  involved  in  actual  vibratory  motion, 
and  tor  the  effective  or  "generalized  force"  on 
the  vehicle.  Viewed  in  this  perspective,  the 
total  response  of  the  vehicle  at  any  location  is 
simply  the  sum  of  the  contributions  from  all 
of  the  vehicle's  vibratory  modes. 
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of  1  displacomenl  response 

01  a  s,n(.ie  defiree  of  freedom  system  to  a 
t-ontmuous  random  forcing  function  is  given  by; 


0  F(f)2 


(1) 


where 


is  the  mean  s..iuare  displacement, 

0  is  one  divided  by  twice  the  dampimr 
ratio,  * 

„  IS  the  natural  frequency  in  radians/ 
second,  ' 

Ff  f)^  is  the  mean  square  force  per  cycle/ 
second  ' 


and 


h  is  the  stiffness  of  tiia  system. 
The  mean  square  acceleration  ratio 


- - ^  - -  acccicraiion  ratio 

•'‘f  '"dll  this  response  can  be 

readily  obtained  from  Eq.  (1)  to  give; 


(jj 


/„  0  F(fy 

4”’* 


(2) 


where 


w  is  the  weiglit  of  the  mass. 

th«  concept  of 

the  single  degree  of  freedom  system  to  the 

vZili  multimode  missile 

vibration.  It  is  necessary  to  consider  the 
relationship  between  the  generalized  force 
and  pneralized  mass  of  the  vehicle  with  the 
single  forcing  function  and  single  mass  in  the 
s  nglc  degree  of  freedom  solution.  For  exam¬ 
ple,  the  generalized  force  on  a  panel  in  a 
space  vehicle  resulting  from  acoustic  excita- 
tion  depends,  in  addition  to  the  actual  magni¬ 
tude  of  the  sound  pressure,  primarily  upon  the 
t^pacial  correlation  of  the  sound  pressure  or 
U  e  distances  over  which  the  presaure  is  m 

’  !"  to  the  distance  between 

modes  in  the  panel's  bonding  response  it  is 
also  known  that  when  acoustic  phenomena  are 

cZ'n‘‘'^’  ‘heir  spa- 

nn  l  Similar  when  compared 

on  a  wave  number  basis.  Here,  the  wave 

t  di'J  'adians 

ehL““i  J  times  a  distance 

characteristic  of  the  size  of  the  object  or 
missile.  For  the  purpose  of  this  correlation 
r  IS  defined  as  the  radius  of  the  vehicle,  and  ' 


It  13  assi'mcd  that  the  siiacial  correlation  is 
espnti„  ly  similar  at  launch  for  geometrically 
.  imilar  vehicles  :ind  similar  launch  configura¬ 
tions  when  compared  at  equal  values  of  kr  . 

Now,  the  natural  frequency  of  any  mode 
of  I  wo  geometrica.Uy  similar  panels  varies 
inversely  with  the  ratio  of  the  panel  dimen¬ 
sions  (or  the  scale  factor).  Conscquentlv 
since  the  distance  between  nodes  on  the  panel 
varies  directly  with  the  scale  factor,  the  rela- 
lonship  between  the  scaled  spacial  coiTelation 
if  the  sound  pressure  and  the  scaled  shipe  of 
tlic  bending  panel  remains  unaltered  wh..>n 
compared  on  a  constinl  kr  basis.  It  can  al.'  i 
be  pown  that  the  generalized  mass  of  (ho 
scaled  i^anel  would  be  the  same  pronortion  of 
the  total  mass  tor  the  .same  mode  of  vibration. 
Icnce,  it  would  be  expet  ied  that  any  empirical 
correlation  for  geometrically  similar  struc¬ 
tures  would  be  a  function,  of  kr  and  that  for 
this  purpose  Eq.  (2)  sliould  be  written 


(tr 


(3) 


where 


.d*  represents  the  conslant  of  proportion¬ 
ality  for  all  factors  in  Eq.  (2)  and  is  a 
function  of  kr . 

It  is  clear  that  both  the  damping  in  the  struc- 
structure  will  affect  any 
correlation  of  response  with  forcing  function 
as  both  additional  damping  nr  additional  sliffl 
ness  in  a  specific  vehicle  will  reduce  the 
response  for  a  fixed  forcing  function.  There¬ 
fore,  in  absence  of  sufficient  data  describing 
^ese  two  factors  for  the  various  missiles  of 
rig.  3,  a  constant  a  of  15  was  assumed  for  all 
missiles  and  all  natural  frequencies  The 
missile  weight  (W)  was  taken  as  the  gross 
launch  weight,  but  the  stiffness  variable 
miknown  *"  ‘correlation  as  an  additional 

o..  r  forcing  functions  were  calculated  for 
urface  launch  of  each  of  the  eight  missiles 
represented  in  Fig.  3,  using  Figs.  7  and  10 
from  [Ref.  1],  together  with  the  appropriate 
enpne  parameters,  to  define  the  external 
noise  environment.  The  estimated  value  of 
mpan  square  force  per  cps  was  obtained  by 
integrating  the  predicted  mean  square  preL 
sure  per  cps  on  the  vehicle  and  multiplying 
this  result  by  the  square  of  the  vehicle's  sL- 
face  area.  It  is  obvious  that  this  quantity 

Boneralized  force 
on  the  vehicle,  but  it  should  he  proportional 
o  the  generalized  force  for  constant  values 
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of  kr.  Equation  (3)  was  then  solved  for  p  for 
each  of  file  fa's)  data  points  in  Fig.  3. 

The  results  are  given  as  a  function  of  kr 
in  Fig.  10.  p  appears  to  be  almost  constant, 
slowly  decreasing  with  increasing  wave  num¬ 
ber.  The  standard  deviation  of  20  log  p  is 
approximate./  3  db,  which  indicates  that  68 
percent  of  t<  e  values  of  p  are  between  0.5  and 
2.0,  as  seen  in  tlie  histogram  of  Fig.  11. 
Although  it  would  he  desirable  to  effect  a 
reduction  in  the  scattc of  the  values  for  p,  it 
is  actually  somewhat  surprising  that  the  scat¬ 
ter  is  so  small  when  all  the  assumptions  are 
considered.  Several  comments  are  pertinent, 
including: 

First,  it  is  improbable  that  all  of  these 
missiles  are  dynamically  similar,  since  a 
wide  variety  of  structural  design  concepts  are 
represented. 

Second,  the  forcing  functions  have  been 
estimated  through  necessity,  as  insufficient 
measured  launch  noise  data  has  been  made 
available.  While  it  might  be  thought  that  tlie 
use  of  an  estimator  rather  than  measured  data 
would  help  to  insure  consistency,  the  estlma- 
tioTi  did  not  consider  minor  and  largely 
unlmo’wn  variations  in  rocket  deflectors  and 
other  configuration  details. 

Third,  the  assumption  of  constant  Q  for 
all  missiles  and  all  frequencies. 

Fourlli,  it  is  well  known  that  the  launch 
noise  environment  has  a  relatively  short 


duration  and  that  the  response  cannot  be  con¬ 
sidered  stationary  from  the  statistical  view¬ 
point.  Consequently,  variation  In  response 
can  be  expected  at  the  same  location  for  dif¬ 
ferent  launches  or  short  duration  engine 
runups. 

Fiitri,  the  scatter  at  various  transducer 
locations  ind  various  flights  of  one  missile  is 
seen  to  be  almost  as  great  as  the  total  scatter 
in  the  figure. 

When  these  and  other  factors  are  consid¬ 
ered,  the  results  of  this  correlation  are 
encouraging.  Perhaps  the  most  startling 
result  is  the  fact  that  the  mean  value  of  p  is 
approximately  one,  as  in  the  single  degree  of 
freedom  case.  This  indicates  that  the  ratio  of 
generalized  force  to  geuei  alized  mass  remains 
constant  with  wave  number  and  that  the  method 
of  obtaining  the  forcing  function  used  for  the 
correlation  fortuiliously  gives  the  ratio  exactly 
equivalent  to  the  single  degree  of  freedom 
case. 

It  would  be  hlglily  clesirable  to  test  this 
empirical  correlation  with  additional  data  and, 
wherever  possible,  to  use  measured  launch 
noise  data  in  the  comparison.  It  would  be 
desirable  also  to  test  an  extension  of  these 
concepts  to  the  maximum  dynamic  pressure 
portion  of  flight;  however,  the  necessary  flight 
parameters  were  not  available  for  such  an 
extemsion.  In  lieu  of  this  test,  it  ai)pears  that 
the  value  of  S  in  Fig.  11  could  be  used  at  a 
dtrsired  confidence  level,  together  with  the 


347 


rig.  U  -  Histogram  of  ^  from  Fig.  10 


boundary  layer  pressure  fluctuation  forcing 
function  in  section  3  of  [Ref.  l]  to  estimate 
this  response. 

As  a  final  note  on  the  broad  trend  exhib¬ 
ited  between  vibration  amplitude  and  weigiit  of 
missile,  the  data  obtained  in  the  calculations 
indicated  that  the  mean  sqiia-e  acceleration  at 
a  constant  value  of  kr  varies  roughly  inversely 
with  the  square  of  the  radius  of  the  missile 
or  Inversely  with  the  two-tlilrds  power  of  the 
gross  weight.  This  relationship,  Illustrated 
in  Fig.  12,  is  subject  to  Innumerable  restric¬ 
tions  and  should  be  interpreted  cmly  in  tiiis 
vein.  For  example,  a  change  in  launch  config¬ 
uration  to  a  silo  might  bring  a  fivefold 
increase  in  the  vibration,  or  less,  depending 
upon  the  acoustical  treatment  in  the  silo. 

Also,  a  change  in  the  thrust-weight  ratio, 
mass-stiffness  ratio,  damping,  type  of  rocket 
stream,  etc.,  can  each  affect  this  generaliza¬ 
tion,  and  should  be  interpreted  analytically 
with  Fig.  10  as  a  possible  guide  or  reference. 


CONCLUSIONS 

The  data  and  discussions  suggest  the  fol¬ 
lowing  conclusions; 

1.  In  general,  the  maximum  vibration  in 
space  vc'iicies  occurs  cither  at  launch,  as  a 


result  of  rocket  noise,  or  during  the  maximum, 
dynamic  pressure  flight  phase,  as  a  result  of 
boundary-layer  pressure  fluctuations; 

2.  The  rms  accelerations  on  missile 
structure  associated  with  the  resonant  ampli¬ 
fication  of  either  of  the  above  random  noise 
inputs  appears  on  the  order  of  ?  g  for  light 
missiles  weighing  less  than  15,000  pounds 
and  on  the  order  of  0.5  g  for  heavy  missiles 
weighing  over  100,000  pounds.  Note  that  these 
amplitudes  result  from  surface  launch  and 
presen!,  maximum  q  values  and  that  variation 
in  launch  configuration  or  increase  in  maxi- 
mum  q  will  change  these  values; 

3.  The  rms  accelerations  of  various  vehi¬ 
cle  resonances  increase  in  level  with  increas¬ 
ing  frequency,  at  a  rate  approximately  propor¬ 
tional  to  the  square  root  of  frequency; 


4.  Rms  acceleration  amplitudes  on  mis- 
sile  rti-uctures  near  oper  .ting  rocket  engines 
in  both  heavy  and  light  missiles  are  on  the 
order  of  3  to  10  g ,  independent  of  flight  phase. 


..  — uciwceu  exiemai  noise  and 
vibration  of  adjacent  structure  showed  promise 
for  aircraft  at  the  higher  frequencies;  iiowever, 
the  results  were  negative  at  low  frequencies, 
indicating  that  the  vibration  of  structure  In 
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tig.  3  2  -  Approximate  trend  for 
tion  as  ^  function  of  gross  launcli 
vehicles  and  engines 


Buriacc  launch  accelcra- 
weight  based  on  present 


regions  remote  from  the  location  of  the  max- 
inu  m  noise  levels  is  u  summation  of  dirTcT 

tiro*  ^  vibratiem  transmitted 

throuRh  the  structure  from  the  areas  of  max- 

results  arc  consistent  with 
c  com  apt  of  a  cons'-int  value  ol  attenuation 
i-u  r  wavelength  of  thv.  t-ansmitted  vibration 
bending  wave,  as  demonstrated  from  a  Snarfc 
expci  iment.  The  data  also  exhibited  differ¬ 
ences  between  types  of  aircraft  which  may 
rtuu  V  from  dilferiiig  structures. 

empirical  correlation  of  missile- launch 
vibration  uata  showed  that  prediction  of  reso¬ 
nant  vibration  could  be  made  by  considering 


^  to  the 

veh  c  e  regartUess  of  spaclal  correlation,  the 
vehicle  s  weight,  and  frequency.  The  rf<^ta 
Micato  that  the  ratio  of  generalized  force  on 

in  the  generalized  mass  taking  part 

in  the  motion  is  constant  lor  constant  values  of 
the  wave  number  associated  with  the  noise 
input. 

It  is  hoped  that  the  discussions  of  this 
p^er  will  stimulate  the  release  of  additional 
?.!!!  ^  missile  vibration  and  the  test- 

ng  of  these  data  against  the  two  methods  of 
empirical  comparison  discussed  herein  as 
well  as  stimulate  further  efforts  toward  effect¬ 
ing  usable  empirical  correlations. 
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\  AN  ESTIMATE  Of  MISSILE  ENVIRONMENTAL 
ACOUSTIC  PRESSURES  RESULTING  FROM  A 
SUBSURFACE  LAUNCH,  BASED  ON  MODEL  TESTS* 

^dwin  C,  KaiiipH 
Convair 

San  Uiifgo,  California 


m»d,l  ,h,„„  X"'  o' 

“S. -.iK,....  j 


introduction 

prompWd  My  to  dotomi™  uie'feSSr 

nf  f  prelude  the  pos¬ 

sibility  of  a  missile  failure  due  to  equipment 
malfunction  resulting  from  the  expected 

environmental  acoustic  i^ressures 
^  e  ubsurface  installation,  a  number  of 

1®.®  !  reasonable  esti- 

nii  .  of  the  expected  sound  pressure  levels. 

Atla  ^  1/30-scale  model  of  the 

mil  LT/  ®"*P^oy«l  to  establish  the 

full  stale  acoustic  environment  for  several 
proposed  conditions.  This  model  was  selected 
because  it  was  considered  that  it  would  pro-^ 
vii^e  accurate  data  for  a  minimum  expenditure 
of  time  and  materials.  «*iure 

Fiee-fleld  measurements  [l],  made  pre- 
vi^sly  by  Bolt  Beranek  and  Newman,  of  Ml 
ac^e  surface  static  firings  had  established 
far-field  sound  pressure  levels. 

fmfd  similar  free- 

f  eld  conditions  was  required  so  that  correla¬ 
tion  between  the  acoustical  outputs  of  the  two 
sources  could  be  effectec.  That  is,  a  com¬ 
parison  between  sound  pressures  at  particular 
corresponding  locations  was  required  so  that 
amplitude  and  frequency  scale  factors  wuW 


an  fh  .  ^  laioors  were  required 

so  that  ^ey  might  be  applied  to  data  derived 
from  subsurface  model  firings  to  enable  a 
reasonable  estiirale  of  full  scale  piessores. 

MODEL  RELATIONSHIPS 

The  physical  dimensions  of  the  model 
employed  were  ^30  those  of  the  full-scale 
xxwao  nuboile.  me  operating  parameters 

time  this  study  was  made,  although  consider- 

performance  has  been 
obtained  since  that  time.  The  approximate 
oi^rati^ng  exit  temperature  was™deSee 
fahrenheit  aixl  the  exit  velocity  was  aDo^y^i 

were  d  rect  functions  of  the  scale  and  were 
apprOTlmately  1/900  full  scale  or  180  pounds 
booster  and  1  pound  per  second  pe^ 
booster,  respectively. 

leveUnVol^l^®*?*”®"*^  ^  pressure 

level  in  a  particular  volume  is  dependent  unon 

th®  acoustic  power  of  the  source  H?dentS^ 
di^rectivity  indices  are  assumed,  a  ratio  of 
T®*’®  between  two  sources  can  be 
comparing  a  sound  pressurr 
level  resulting  from  one  source  with  that 
■^sii  ting  from  a  second  source,  provided  tlie 
point  of  measurement  remains  f^r  Since 


*ThiB  paper  was  not  prcsen'ied  at  tko  Symposium. 
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the  acoustic  powers  between 

<  -  ^lissile  and  the  niociel  was  QOi^  i 

belwee^  J  ‘=«'"Paris<>n  was  made 

andes  h,n  levels  at  identical 

b  ‘  s  but  at  more  convenient  ralial  distances, 

Powe’^fS'*  establish^!  that  the  acoustic 
«  Tf  ‘  generated  by  a  source  of  this  ty,« 
IS  a  function  of  the  exit  cross  sectional  area 

onho  ‘he  den- 

of  st)und  (a).'^ '  '  atmospheric  speed 


r'HL 


AV  p 
.5 


=‘'«‘  ‘he  Atlas  had 

identical  V,  p  and  a,  the  ratio  of  acoustic 
powers  was  merely  a  function  of  the  area 
ratio  which  was  900:1. 

hV.mi  pressure  level  (spl)  at  a  par  - 

l»r  u", >»»■>■■ 


SIT  — 

ar’ 

onn-/^  ratio  of  the  acoustic  powers  were 
900.1,  the  sound  pressure  level  resuUing  from 
toe  operation  of  the  Atlas,  measured  at  a  par- 
ticular  radius  (r)  and  angle,  would  be  equal  to 
that  resulting  from  operation  of  the  model 
when  measured  at  a  distance  of  r/30  at  the 
same  angle  Verification  of  this  relationship 
would  establish  equivalence  of  the  sound  pres¬ 
sure  levels  resulting  from  operation  of  the 

f^mnr  nf  Provided  that  a 

factor  of  30  was  applied  to  all  linear  distances. 

The  initial  assumption  of  equivalent  direc¬ 
tivity  indices  was  necessary  due  to  limited 
WAnr  N®''®rtoelcss,  i  xamination  of 

fourteen  types  of  rockets  [2] 
indicated  that  this  assumption  was  valid  Fur¬ 
ther  veiifi.:ation  was  provided  by  the  agree¬ 
ment  of  the  model  test  and  full-scale  data  at 
two  points  (Figs.  1  anti  2). 

Frequency  distribution  differences 
between  the  model  and  full-scale  sources 
were  resolved  by  utilization  of  Ihe  Strouhal 
Number 


to 

V  ’ 

where 

f  =  frequency 
V  =  jet  velocity 

O  -  exit  diameter  of  toe  sour.-c. 


free-fieid  model  tests 


*  - -  l;u  UY 

mejms  ol  two  Altec  lansing  ivl-14  microphone 
sptems  employing  two  21  BR  180  micro¬ 
phones.  FM  recording  techniques  were 
employed  :ind  the  signals  were  recorded  on 
M  Ampex  800  series  magnetic-tape  recorder. 
The  frequency  response  of  the  entire  system 
was  40  to  15,000  cps. 


The  model  was  operated  in  an  upright 
position  with  toe  jet  exhaust  deflected  at  an 
ai^le  of  90  degrees  (parallel  to  the  ground) 
There  were  no  reflecting  surfaces  in  the 
vicinity  of  the  test  area. 


»  t  i - I'uoiiiuiiB  were  selected 

to  tac  litate  comparison  with  full-scale  data 
as  well  as  to  provide  free-field  data  at  the  ’ 
particular  points.  One  microphone  was  located 
3  7  feet  from  the  deflector  face  at  an  angle  of 
34  depees  from  the  thrust  axis.  The  face  of 
the  microphone  polntc-d  up  to  minimize  ground 
effects  and  was  located  in  the  horizontal  plane 
of  the  jet  exhaust.  The  second  microphone 
was  posa^oned  4  inches  from  the  body  of  the 
missile  with  the  face  located  9  Inches  above 
the  booster  exit. 


firings  of  an  Atlas  missile  [l]  indicate  that 
the  surtalner  rocket  U-jes  not  signlficantlv 
contribute  to  the  acoustic  levels  which  result 
operation.  Therefore,  to 
simplify  operation  of  toe  model,  all  me::-ure- 
^nts  reflect  the  result  of  booster  operation 

‘‘ata  resulting  from  several  model 
firings  are  compared  with  full  scale  Atlas 
data  in  Figs,  l,  2,  and  3.  Figures  1  and  2  are 
p  ots  of  octave  level  sound  pressures  versus 
Strouhal  Numbers  for  toe  two  measurement 

r  ig  2  to  show  the  actual  octave  levels  occur¬ 
ring  in  the  area  of  the  missile  Instrument  pod 
the'm^tl  scaled  pressures  created  by 

*''*amination  of  the  figures  indicates  that 
readable  agreement  was  obtained  by  apply- 

i'^tU’a  earlier  3  the 

Hn  f  noted  were  probably 

not  due  to  error  in  scaling  theory  but  rather 
to  measurement  errors. 

FLY-OUT  TUBE  MODEL  TESTS 

Establishment  of  correlation  betwepn  ftiii 


gave  reasonable  assurance  that  scaling  could 
be  successfully  applied  to  the  model  u^er 
ronfined  conditions  and  that  full-scale  pres- 
sures  could  be  accurately  described  from 
i/.j0-8cale  mouel  pressures.  Therefore  a 
1,  JO- scale  model  of  the  proposed  "fly-oui 
1 /in  employed  in  conjuni*tior.  with  the 
y  30-8cale  missile  model  to  simulate  the 
desired  mode  of  operation. 

ir  .  "fly-out  tube"  model  consisted  of  a 
U-tube  configuration.  The  logs  were  circular 
stainless  steel  tubes  approximately  38  inches 
long  with  wall  thicknesses  of  0.050  and  0  125 
inch  and  inside  diameters  of  8.8  and  7  2 
inches  respectively,  for  the  Intake  and  exhaus 
tubes  (Fig.  4).  A  flame  deflector,  consisting 
of  a  hollow  graphiic  block,  joined  the  two  b-bes 
ara  directed  the  rocket  exhatisL  at  an  angle  i  ' 
180  degrees.  The  entire  assembly  was  buried 
m  sand  so  that  acoustic  radiation  from  the 
walls  of  the  tubes  would  not  Influence  the 
desired  data. 


Four  Altec-Lansing  21BR200-1  micro¬ 
phones  were  employed  to  measure  the  acous¬ 
tic  pressures  in  and  about  the  fly-out  tube 

t  microphones  were  flush  mounted 
in  the  intake  tube;  one  was 

above  the  plane  of  the  booster  nozzle  outlet  (a 
iwint  corresponding  to  the  center  of  the  equip¬ 
ment  pod  on  the  full-scale  missile)  and  the 
other  was  mounted  32  inches  above  the  same 
reference  level.  The  microphones  were  rcsil- 
ieuciy  mounted  to  minimize  spurious  signals 
which  could  result  from  excessive  microphone 


vy ration.  Acoustic  pressures  at  the  mouth  of 
the  -ntake  tube  were  measured  by  a  microphone 
mounted  4  inches  above  ground.  In  an  upright 
^sltion,  and  4  inches  from  the  intake  tube 
Another  microphone  similarly  mounted  In  ’ 
relation  to  the  exhaust  tube,  was  used  to 
measure  pressures  at  this  point,  /m  acceler¬ 
ometer  was  mounted  on  the  rocket  model 
directly  opposite  the  microphone  located  9 
incy  s  ^ove  the  plane  of  the  booster  nozzle 
outlet.  The  purpose  of  obtaining  the  acceler- 
onieler  data  was  to  assure  that  vibration  of 
the  r  .sslle  model  did  not  distort  the  desired 
acoustic  data.  Thermocouples  wore  also 
employed  at  several  locations  in  the  tube  to 
preclude  possible  errors  due  to  microphones 
exposed  to  excessive  temperatures  during  the 
tests.  All  data  were  recorded  on  magnetic 
^)e  using  the  same  equipment  as  In  the  free- 
iieid  tests. 

Sound  pressure  levels  were  recorded 

oMhI  ‘=o'«“tions,  as  a  function 

of  the  position  of  the  missile  In  the  tube.  The 

Tf  ®  ““  *8 inches 

above  the  initial  launch  positions,  which  cor¬ 
responds  to  0,  15,  20.6  and  45  feet  for  the 
full-scale  tube. 


The  acoustic  pressure  data  resulting 
from  these  tests  were  analyzed  in  octave  and 
*ixeo  frequency  banes  of  5  and  200  cps. 

Comparison  of  the  daU  obtained  at  the 
raricus  operating  conditions  indicates  that  the 
posiiion  of  the  missile  in  the  tube  affects  only 
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fig.  4  .  IHO. degree  U-tube  eubiurface  launcher 


the  acoustic  pressures  at  the  frequencies 
relate  J  to  the  harmonic  modes  of  an  open-open 
pipe  v'hoso  effective  length  is  equal  to  the  total 
length  of  the  "fly-out"  tube.  For  the  model 
configuration  tested,  the  fundamental  frequency 
was  approximately  75  cps,  which  is  equivalent 
to  2.5  cps  full  scale.  Extrapolating  the  meas¬ 
ured  pressure  levels  at  this  frequency  with 
the  pressure  fttstributior.  fvjictlon  in  the  tube 
indicates  that  a  maximum  rms  pressure  level 
of  171  db  (re  0.0002  microbar)  will  occur  at 
the  center  of  the  equipment  pod  as  the  missile 
leaves  the  tube.  This  corresponds  to  an  rms 
pressure  of  1.0  psl. 

Octaves  not  containing  this  frequency 
component  did  not  appear  to  vary  as  a  function 
of  either  missile  or  microphone  position. 
Therefore,  other  acoustic  pressures  were 
averaged  for  the  four  missile  positions  and 
the  two  microphone  positions.  Ther.o  data  are 
shown  in  Fig.  5  as  Octave  Sound  Pressure 
Levels  versus  Struuhal  Number,  A  compari¬ 
son  of  Uie  octave  pressures  of  the  confined 
model  with  tliose  of  the  free-field  condition 
shows  that  the  increase  due  to  confinement 


ranges  from  7  to  20  db  per  octave.  The 
narrow-band  data  analyses  indicated  that  no 
outstanding  discrete  fi-equency  peaks  were 
present.  It  appeared  that  reverberation  was 
the  primary  factor  influencing  the  increase  in 
acoustic  pressure  over  the  free-field  condition. 

An  6\dditional  requirement  of  this  investi¬ 
gation  was  to  determine  the  effect,  if  any,  of 
variation  of  the  exhaust  deflection  angle  on  the 
internal  sound  pressure  levels.  Theietore, 
another  test  model  U-tube  was  constructed' 
similar  to  tiie  180-degree  U-tube  just 
described  with  tJie  exception  that  the  rocket 
exhaust  was  directed  at  an  angle  of  UO  degrees 
rather  than  180  degrees.  Instrumentation  and 
test  procedures  ivere  the  same  as  for  the  180- 
degree  U-tube  test. 

Analysis  of  the  data  resulting  from  tliese 
tests  Indicated  that  no  significant  differences 
ex' sted  between  he  resultant  acoustic  pres¬ 
sures  generated  In  the  1.  RO-degree  or  the  150- 
degree  U-tube.  The  fundamental  mode  of  the 
open-open  pipe  was  again  strongly  stimulated 
and  the  general  level  at  other  frequencies  did 
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Fig.  6  -  Octave  sound  pressure  levels  versus  frequency 
in  cps  full-scale  Allas  missile  ^ 


not  vary  significantly  from  the  180-degree 
^vels.  Comparative  data  arc  presenUjd  in 
Fig.  6  as  octave  sound  pressure  levels  versus 
frequency  for  both  the  150-degree  and  180- 
degree  U-tubfc&. 


CONCLUSIONS) 

The  conclusions  based  or  the  rcso'ts  of 
this  study  were: 


1.  A  reasonable  estimate  of  the  expected 
acoustic  levels  accompanying  a  propose  sub¬ 
surface  launch  of  an  AUas  missile  had  been 
proviued. 


2.  M  equipment  fragility  study  would 
have  to  be  made  to  preclude  possible  equip- 

but  in  the  event  of  Ppos- 
Sible  ni-ohiem  it  appeared  a  reasonable  ^ 

60  ulion  could  be  effected  by  Improving  the 
noise  reduction  of  the  equipment  canisters 
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or  by  increasing  the  absorption  of  the  •'flv- 
out"  tube. 

3.  The  possibility  of  structural  fatigue 
damage  was  considered  slight  excluding  a 
possible  coincidence  of  the  basic  missile 
mode  and  the  open-open  tube  resonance.  If 
this  occurred,  determining  one  or  the  other 
could  easily  resolve  this  difficulty. 

1  he  refer  e,  it  appeared  that  no  unusual 
accusiical  problems  would  emerge  as  a  result 
of  a  full  scale  effort. 


Doubts  had  been  expressed  concerning 
the  reliability  of  test  results  olitained  by 
employment  of  a  model  of  such  reduced  scale. 
However,  considering  tlie  excellent  correla¬ 
tion  achieved  between  the  full-scale  and  1/30- 
scale  model  data,  this  method  has  been  shown 
to  produce  relialjle  design  information  at 
minimum  cost. 
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Those  concerned  with  determining  the  probability  that  a  given  equip 
rnent  fail  in  service  are  faced  with  the  problem  of  trLslating  Lvi- 
-onniental  data  into  realistic  laboratory  tests.  Simulation  is  tho  art  of 
laboratory  testing  to  create  a  conditio,,  that  is  repre <  r- „ We  o  the 
aeiuai  environmental  condition  to  which  eouipment  will  he  ub.ee  ed  In 
this  context,  a  .simulated  environment  is  not  nece ssarily  simUar  to  th 
actual  environment  hi.t  rather  has  the  same  damaging  pme.iUa  Vari 

potem'wr  Th  ovaLafeCs  da  .iagtnr’ 

po  en  la  ,  These,  togeiner  with  analytical  and  empirical  technique s  for 
establishing  aboratory  test  levels  were  considered  by  the  Swts  and 
form  ho  subjects  of  the  prepared  presentations.  In  presenting  the  een 
Mu‘npu.d' h"r  t— cript  his  befn 

nra’Th^Idi'TgT  consolidated  under 


OPENING  STATEMENT  OF  i 

THE  MODERATOR  !  answers  to  many  questions  that 

Ccv*.  be  askea. 


Dr.  Crede 

This  panel  has  been  assembled  (1)  to  pre¬ 
sent  a  cross  section  of  Ihe  latest  thinking  on 
the  problem  of  establishing  test  levels  from 
field  data  and  (,1)  to  give  members  of  the  au¬ 
dience  an  opportunity  to  obtain  comments  on 
tlieir  problems  from  the  experts  on  the  panel. 

I  have  deliber.ately  avoided  saying  that  the  ex¬ 
perts  will  an.::wer  your  qaesti-  ns  because  there 


. -"-‘jrv.ic  ciigagea  in  tne  ae- 

sign  or  manufacture  of  equipment  for  military 
use  has  a  problem  in  determining  test  condi- 
tions  The  very  stringent  requirements  for 
relialjtiity  of  such  equipment  dictates  that  the 
equipment  should  be  subjected  to  shock  and 
vibration  tests  in  the  laboratory.  T'hi;  obiec- 
Hve  of  such  tests  is  relatively  easy  to  state: 
The  laboratory  tests  shoula  cause  all  failures 
and  malfunctions  that  would  later  occur  in 
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field  service  saould  not  be  so  st'  inftenl 
•IS  o  lequire  oxc  ssive  overdosiijr  of  equip- 
menl  rids  objective  sounds  innocent  enough, 
uut  :*  onipts  3 .  its  implemontai  on  have  intro¬ 
duced  problr.ns  of  enoriiicus  complexity. 

It  wi  ,  common  praci  .  before  World 
a:  If  '  ,  subject  at  leasi  bidiic  types  of  equip¬ 
ment  •  laboratory  shoe',  and  vibration  tosis; 

gained  during  World 

.  V'.'  n  broiit^'it  about  some  ctr.istically  differ- 

e  vie'vpoin  s  on  lalmratory  tests.  In  the  first 
■  ■4P.o._.tlie  verity  of  shock  encountered  dur- 
•m-  j^farfare  was  found  to  be  much 

greatr  ,  ,  .  --.i^rly  assumed,  notably  in 
Cod  .ection  with  nav „  In  the  .second 

-Xl  .  Some  of  the  prob'-  *^;~,W(hich  arose 
'rought  about  a  greatly  incr.  '^^^1  interest  in 
the  measurement  of  field  condn '  *s  and  in 
treatment  of  equipment  design  by  •.  ‘^oretical 
•ethods.  The  measurement  of  she  v\md 
•nation  during  those  early  days  wa.  i.  ^ndi- 
cajjped  by  the  unavailability  of  good  ins  • 
ments  and  by  the  lack  of  good  techniques 
vhc  u.se  of  c’jch  instruments  as  did  exist.  V 
■’  -*at  advances  in  in.strumcntation  have  oc- 
red  m  recent  years,  and  lack  of  field  data  * 
of  g  '  1  quality  no  longer  is  an  important  ob- 
staci,.  ,1  the  orderly  formulation  of  laboratory 
testing  '1  ocedurea.  An  insufficient  quantity 
of  d.'da  r..  .  tic  a  limitation  in  some  instances; 
however,  .ajor  problem  at  the  moment  is  in 
the  area  of dying  measured  field  data  to  the 
specificatioi  ■  ialioratory  tests.  Perhaps 
some  of  the  ■  -  •.  ision  during  this  evening 
may  point  the  o  a  bettor  understanding  of 
this  problem. 


Laboratory  teists,  ia‘d  down  in  specifi¬ 
cations  for  equipment,  a.  in  many  cases  a 
mixed  blessing.  On  the  w>.  'e,  they  represent 
a  better  estimate  of  the  requ  -ements  to  be 
placed  upon  equipment  than  ce.'d  be  expected 
from  every  user  of  the  specific ,  'on,  many  of 
whom  are  unacquainted  with  tiw  .i.i  ual  field 
conditions.  To  this  extent  speclfica.  i-jns  are 
desirable.  From  a  contractual  ypoint, 
specifications  are  necessar.  lo  define  ihe 
conditions  which  the  contractor  is  requiv  H  lo 
meet.  Unfortunately,  specifications  wMc;,  H 
forth  required  tests  create  tlie  impression 
that  ultimate  field  conditions  are  well  Icnown 
and  will  be  effectively  simulated  by  the  labo¬ 
ratory  test  specified.  It  has  been  my  exper¬ 
ience  that  users  of  specifications  have  much 
rmro  coiu'icionce  in  the  requirements  set  forth 
therein  than  have  the  persons  who  formulated 
these  iCquiiements  initially. 

Before  we  had  many  valid  measurements 
of  field  conditions,  we  h.ad  specifications  that 


required  shock  and  vibration  tests.  Often  the 
testing  requir  .ments  were  based  upon  concepts 
'est  known  only  to  those  responsible  for  for- 
n,  dating  the  requirements.  At  the  present 
tiUi-!,  even  with  a  much  greater  quantity  of 
me.’ b  'red  data,  laboratorj^  tests  must  be  spec¬ 
ified  ?  -en  though  the  measured  data  cannot  be 
appliou  directly  to  the  specification  of  tests. 
Our  p.ane'.';'  Mr.  Granick  has  had  extensive 
expericnc>  •  laboratory  testing  and  is  famil¬ 
iar  wj:..  i  concepts  used  to  formulate 
teisting  proceciu  us.  I  will  ask  him  to  outline 
the  consideiatic’  )  that  are  important  when 
•specifying  laborat  vy  tests  when  field  meas- 
uremenls  are  ci.-tva  .  .■'ble  for  this  puipose. 

EMPIRICALLY  FORMU*  tTED 
SHOCK  AND  YIBRATIO.'  TESTS 

Neal  Granick 

I  remember  a  session  from  a’other  Shock 
and  Vibration  Symposium,  not  long  .  to,  in 
which  a  young  man  ro.se  to  ask  a  ver\  earch- 
r  ing  question.  As  I  recall,  the  topic  of  i  at 
session  also  was  the  interpretation  of  f’e.i' 

'C  data.  The  discussion  that  preceded  his  i;ik  s~ 
Mon  had  centered  largely  on  data  redcction 
•  V'.d  analysis  with  the  usual  quarrelsome  de- 
^5  that  bear  so  importantly  on  the  value  of 
**  '  been  presented.  Now,  what 

he  if  nled  to  know  was  simply  this:  After  the 
cui-  e  controversies  were  settled,  and 
agret  \^if  somehow  is  reached  on  the  cor- 
rectne.,  iriformation  .  .  .  what  will  be 

dene  wiU;  ;•  >«jdle  assorted  that  he  too  had 
collected  da'r.i  i  Nom  field  measurements,  but 
still  was  at  a  loi'’..  ‘'■40  see  how  this  could  be 
fitted  yalidly  into  a  r^*«^ificatlon.  Could  any¬ 
one  there  in  the  audience  ’’••Jvelp  him  answer  this 


question?  After  a  few  mo.'A3fcr'^'>ii4;^stunned 
silence,  some  of  the  more  couragee^vppuls 
in  the  audience  tried.  It  seemed  to  me 
opinion  of  each  successive  speaker  only  con¬ 
fused  him  all  the  more,  for  eacli  idea  was 
■'  ’.forent. 


It  is  almost  axiomatic  that  the  more  one 
knows  about  tfiC  possibilities  for  error  In  try¬ 
ing  to  interpret  and  employ  field  measure¬ 
ments  for  developing  specifications,  the  less 
confident  he  will  become  in  using  this  ap- 
uroacli,  alone.  For  the  core  of  the  problem 
d'-es  not  just  reside  in  whether  the  environ¬ 
’d  is  random,  quasi-sinus  ddal,  or  some 
Ci. «  'iex  combination.  Nor  is  it  simply  a 
qc  •  ■  ”1  of  the  extent  of  errors  introduced  by 
instr:*.  entation  and  telemetry  limitations. 
Th.>re  so  many  other  critical  factors  that 
bear  cn  t  ’c  value  of  a  closely  derived 
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■^pu  if.ication  that  have  nothing  whatever  to  do 
with  the  measurements  that  uiKierly  it.  Let  me 
cite  a  few  of  these. 

1  J?  l’‘5gin  with,  how  many  measurements 
should  be  taken  to  state  the  environment  ex- 
pectet)  at  every  different  component  location 
in  a  flight  vehicle  of  today's  complexity? 

Would  you  say  ten  Ihotisand,  a  hundred  thou¬ 
sand,  or  a  million?  I'm  sure  I  don't  know  the 
answer,  but  the  number  must  be  astronomical 
In  the  second  place,  if  we  had  all  these  meas¬ 
urements,  how  well  do  you  suppose  we  could 
duplicate  them  in  the  lajboratory?  Isn't  it  al¬ 
most  universal  practice  to  test  with  fiA- 
tures  and  colinear  vibration;  conditions  that 
are  practically  non-existent  in  the  field? 
Thirdly,  when  vibration  In  a  laboratory  test 
becomes  uncontrollably  noncolincar,  what  re¬ 
lation  does  this  bear  to  a  iield  measurement 
that  we  were  trying  so  vainly  to  reproduce? 

If  we  take  ti.ne  enough  to  reflect  on  these 
matters,  then  sooner  or  later  we  arrive  at  a 
single  conclu.sion.  There  is  a  restricted  use 
to  which  measurements  can  bo  put,  so  we  must 
augment  our  data  with  certain  experience  and 
judgment  factors. 

In  my  opinion,  field  measurements  can  ho 
applied  directly  only  for  specialized  problems. 
For  example,  measureineuts  can  be  used  to 
describe  the  conditions  that  exist  at  the  inter¬ 
face  of  a  payload  with  a  boost  vehicle.  This  is 
particularly  true  If  we  have  some  knowledge  of 
the  structural  Impedance  conditions  that  exist 
at  this  interface;  however,  even  here  one  must 
be  cautious  not  to  extend  these  measureiucnts 
to  include  other  payloads  indiscriminately. 

For  the  problem  of  testing  a  multipliciiy 
of  separate  components  whlcii  may  be  used  in 
the  same  payload,  I  am  .squally  convinced  that 
we  must  rely  heavily  upon  other  sources  of 
ii^ormation  to  write  our  vibration  test  levels. 

1  he  specification  which  defines  component 
tests  always  must  be  written  well  in  advance 
of  the  flight  vehicle's  operational  readiness 
date.  Hence,  usually  there  are  few  measure¬ 
ments  from  the  vehicle  itself  that,  would  be 
pertinent  to  this  task.  Nevertheless,  there  are 
other  sources  of  information  from  which  we 
can  draw.  For  example,  extrapolated  data 
taken  from  other  vehicles  can  be  used  if  the 
measurements  arc  numerous  enough  and  hate 
been  interpreted  with  a  liberal  factor  of  safety. 
Secondly,  we  can  perform  transmissibllity 
studies  on  likenesses  of  the  vehicle  or  payload 
which  can  yield  rewarding  details  about  the 
component  vibration.  Lastly,  past  testing  his¬ 
tory  can  be  employed  for  classifying  compo¬ 
nent  vulnerability.  This  information  can  be 


used  for  deciding  which  components  will  need 
to  be  protected  without  even  running  a  test, 

I  am  sure  there  are  people  in  the  audience 
who  have  used  these  empirical  techniques  with 
reasonably  good  success  to  develop  a  compo¬ 
nent  evaluation  program  without  benefit  of  ac- 
cura*e  pertinent  field  data.  The  point  is,  that 
to  b..  successful  one  must  embrace  a  rather 
conservative  attitude  about  what  one  will  ac¬ 
cept  when  the  tests  reveal  the  component  to  be 
marginally  iicceptable.  Since  the  test  that  was 
specified  is  not  truly  related  to  a  known  field 
environment,  but  was  employed  for  the  very 
purpose  if  screening  possible  weaknesses,  to 
accept  marginal  performance  fi'om  a  compo¬ 
nent  Is  to  invite  disaster.  These  are  the 
building  blocks  of  the  systems.  Reliability 
cannot  be  built  on  a  weak  foundation. 

To  summarize,  I  would  advise  that  we 
employ  field  measurements  directly  for  spec¬ 
ifying  tests  only  to  the  extent  that  they  are 
modified  to  take  into  account  limitations  in 
their  number,  dependability,  and  in  our  own 
ability  to  reproduce  these  field  conditions  in  a 
laboratory.  Any  -lee.sion  to  modify  previous 
specifications  alter  inalysis  of  flight  data 
should  be  carefully  weighed  against  the  confi¬ 
dence  level  that  these  few  measurements  truly 
reflect  all  the  conditions  imolied  by  their 
usage. 


Dr.  Crede 

When  a  person  attempts  to  define  shock 
and  vibration  independently,  he  encounters 
some  difficulty  because  he  often  finds  that  in 
some  respects  one  is  a  special  case  of  the 
other,  or  vice  versa.  Nevertheless,  in  a  non¬ 
technical  sense,  shock  and  vibration  are  con¬ 
sidered  separately.  They  are  discussed  in 
different  paragraphs  of  equipment  specifica¬ 
tions,  and  the  shock  and  vibration  tests  are 
usually  conducted  upon  different  types  of  test¬ 
ing  machines.  The  distinction  is  further  justi¬ 
fied  Iwcause,  even  though  the  two  phenomena 
are  generically  related,  different  concepts  of 
data  analysis  are  found  convenient  at  least  ior 
purposes  of  specifying  laboratory  tests. 

I’he  fundamental  components  of  a  meas¬ 
urement  system  arc  a  transducer  which  cre¬ 
ates  a  signal  proportional  to  the  instantaneous 
value  of  some  parameter  of  the  vibr  ation,  for 
example,  acceleration,  and  a  recorder  vvhich 
transcribes  a  time-history  of  Uie  signal  from 
the  transducer.  This  signal  may  be  tran¬ 
scribed  on  paper,  film  or  magnetic  tape,  as  a 
function  of  elap.sed  time.  This  time-history 
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is  the  funda^icnlal  form  of  the  measured  data, 
although  v/ilh  some  types  of  instrumentation 
systems  it  may  be  transformed  to  another 
form  before  ttic  analyst  has  an  opportunity  to 
work  it  over.  Although  the  time-history  is  the 
lundainenlal  form  of  the  data,  usually  it  is  not 
useful  exropt  in  its  most  elementary  form  as 
a  basis  for  the  specification  of  laboratory 
tests.  Some  data  reduction  o  ’  data  analysis 
alu.Vi  mat  i.,.  done,  olten  apply  i.';  ere  concept 
of  data  icduciieii  ii  the  ultimate  objective  is  a 
vibration  test  and  smother  if  the  objective  is  a 
shock  test.  Dr.  Curtis  has  had  e.'dcnsive  ex¬ 
perience  in  data  reduction,  and  I  will  a.,k  him 
to  outline  oomc  important  conslderafons  in 
tile  reductifin  of  data  the  purpose  of  speci¬ 
fying  laboratory  vibranos'  ‘ost.s 


REnUCTlON  OF  VfiiiiATlON 

DATA  FOR  CCE  IN  SPECIFYING 
LABORATORY  TESTS 

Allen  Curtis 

To  restrict  these  comments  to  the  reduc¬ 
tion  of  measured  data  rather  than  the  evalua¬ 
tion  of  data,  wc  should  perhaps  start  on  the 
basis  of  ''oliowing  assumptions: 

The  measured  data  to  be  reduced 
must  have  adequate  accuracy  smd 
fidelity. 

The  data  must  have  beeii  obtained  at 
a  sufficient  number  of  known  opera¬ 
tional  conditions  to  define,  with  some 
confidence  level,  the  complete  envi¬ 
ronment. 

The  locations  at  which  mcasiurements 
were  made  were  c.hosen  to  yield  data 
which  can  be  interpreted  by  designers 
or  those  responsible  for  deriving  test 
levels. 

Before  analysis  can  commence,  it  is  nec¬ 
essary  to  know  a  few  rather  obvious  facts  such 
as  the  frequency  range  over  which  the  data  is 
valid,  the  sensitivity  of  the  particular  instru¬ 
mentation  channel,  etc.  Let  us  assume  that  all 
these  "details"  have  been  taken  care  of  and 
mat  we  have  a  record  of  the  time-history  over 
some  time-period,  during  which  the  physical 
processes  which  generate  the  vibration  are  not 
necessarily  constant.  Now  v/hat  are  the  quan¬ 
tities  needed  by  the  person  who  has  to  evaluate 
tiie  data  ?  Tf  we  leave  f.-,r  the  moment,  the 
techniques  of  correlation  in  the  time  domain, 
and  confine  ourselves  to  the  more  common 
(though  not  necessarily  superior)  techniques 


of  spectral  analysis  in  the  frequency  domain, 
there  are  piobably  four  major  quantities  of 
interest: 

The  variation,  at  a  particular  time  (or 
over  a  restricted  time  interval)  of  the 
vil)ration  magnitude  as  a  function  of 
frequency,  i.e.,  spectral  analysis. 

The  variation,  at  a  particular  fre¬ 
quency  (or  in  a  particular  frequency 
band)  of  the  vibration  magnitude  with 
time.  The  variation  with  time  can 
then  be  correlated  to  physical  proc¬ 
esses.  This  I  like  to  call  magnitude 
time-history  analysis. 

The  characteristics  of  tho  vibration 
magnitude,  e.g.,  is  the  vibration  sinus¬ 
oidal,  quasi-sinusoidal  or  a  random 
process. 

The  accuracy  of,  or  the  confidence 
band  which  must  be  placed  about,  the 
observed  values  due  to  unccrtainr.es 
caused  by  the  measurement  techniques 
and/or  the  method  of  data  analysis 
employed. 

Of  these  four  items,  I  think  the  first, 
spectral  analysis,  lias  been  much  discussed, 
and  I  ’voiild  like  to  pass  to  the  second  one, 
..uiCh  perhaps  has  received  less  attention. 

We  can  probably  all  agree  that  a  significant 
proportion  of  vibration  failures  are  caused  by 
fatigue.  Thus,  if  our  Imowledge  of  cuinul:.iive 
damage  in  fatigue  is  to  be  exploited,  the  time 
periods  for  which  the  ’.dhration  magnitude 
equals  or  exceeds  various  levels  must  be 
provided  in  describing  the  field  environment. 
Ideally  the  variation  in  each  frequency  band 
should  be  given  although  experience  shows 
that  the  variation  of  the  overall  magnitude 
often  suffices  since  the  shape  of  the  spectrum 
is  usually  maintained. 

A  paper  presented  at  this  Symposium  by 
Mr.  Kelly* describes  such  a  time  variation 
analysis  carried  out  to  ascertain  the  variation 
of  vibration  during  the  burn!  g  ol  a  :oi.ket 
motor,  and  illustrates  the  fallacy  of  averaging 
the  vibiatiun  over  the  total  burning  time. 

The  last  two  items,  which  are  som.ewhat 
interrelated,  have  perhaps  received  the  least 
attention.  Consider  the  question  of  the 


■iR.  D.  Kelly,  Hughes  Aircraft  Company,  "A 
Method  for  the  Analysis  of  Short-Duration 
Nonstationary  Random  Vibration,"  p. 


chi^acteristics  ol  the  vibration  magnitude.  It 
:s  just  as  incorrect  to  assume  that  all  vibra¬ 
tion  is  random  and  should  be  described  in 
as  it  is  to  assume 

that  all  is  sinusoidal.  If  meaningful  tests  are 
the  data  reduction  process 
appropriate  quantities  by 
which  to  describe  the  vibration  magnitude.  In 
a  statisticid  analysis 

of  the  vibration  in  each  frequency  band  must 
be  carried  out.  Only  in  this  way  can  we  know 
tor  example,  whether  a  peak  which  shows  up 
in  a  spectral  analysis  is  really  a  sinusoid,  or 
at  least  a  coherent  signal,  superimposed  on  a 
general  random  process.  We  have  had  a  very 
real  example  of  this  in  the  vibration  due  to 
resonant  burning  at  the  recent  finding  of  a 
vintage  solid-propellant  rocket  motor.  Also 
in  this  way,  we  may  justifiably  specify  a  rani 
dorn,  sinusoidal  or  combination  test  proce¬ 
dure. 


the  .asl  item  regarding  the  confidence 
bands  whicn  must  be  placed  about  the  meas¬ 
ured  data  is  probably  rather  new,  and  I  think  I 
see  some  members  of  the  audience  who  I  hope 
will  contribute  more  than  I  on  this  subject 
Essentially  the  problem  can  be  reduced  to 
pving  up  our  gay  practice  of  saying,  "The  vi¬ 
bration  level  Is  so  mucli,"  and  adopting  a  more 
real  Stic  attitude  by  saying,  "The  vibration 
level  observed  is  so  much,"  and,  based  on  the 
sample  size  and  data  reduction  method  used, 
lies  witliin  these  two  levels  with  a  certain 
probability.  Of  course,  this  can  only  be  done 
If  we  have  made  a  statistical  analysis  of  the 
signal  JK>  that  wo  know  how  to  go  about  estal'- 
lishing  these  confidence  bands. 


A  final  comment  which  seems  appropriate 
concerns  the  format  in  which  this  reduced  data 
is  presented.  Assuming  that  the  analvsls  has 
y.clded  some  sort  of  plot  of  vibration'levei 
versus  frequency,  it  would  appear  desirable 
to  add  to  the  curve  some  ancillary  Information 
to  aid  in  the  evaluation  of  the  data,  either  by 
the  immediate  user,  or  at  some  later  time. 

For  example:  the  bandwidth  of  any  filters 
used;  the  filter  sweep  rale  employed,  if  any 
the  integration  or  averiiglng  time  employed;’ 
the  time  duration  of  the  data  sample;  and  per¬ 
haps  something  regarding  instrumentaUon  em¬ 
ployed.  Of  course,  the  employment  of  confi- 
cence  levels  takes  most  of  these  factors  Into 
account  and  serves  the  same  purpose.  I  nien- 
f«on  this  because  many  of  us  have  managed  to 
obtain  data  from  one  source  or  anotlier  bat 
hesitate  to  use  it  for  lack  of  this  typo  of  infor¬ 
mation.  Thus,  inclusion  of  this  type  of  Infor¬ 
mation  with  the  reduced  dat.a  woi.itn  broaden 
Its  usefulness  considerably. 


Dr.  Credo 

Now,  if  the  objective  is  to  specify  shock 
tests  rather  than  vibration  tests,  it  is  common 
piactice  to  take  a  somewhat  different  view- 
poiaL  of  data  i eduction  method.^.  I  will  ask  Mr. 
Gertel  to  outline  some  important  considera¬ 
tions  in  data  analysis  for  the  puipose  of  spec¬ 
ifying  laboratory  shock  tests. 


REDUCTION  OF  MEASURED  SHOCK 
DATA  FOR  USE  IN  SPECIFTOIG 
laboratory  TESTS 


Maurice  Gertel 


My  purpose  on  this  panel  is  to  present  a 
technique  for  analyzing  and  reducing  transient 
environmental  shock  and  vibration  data  into  a 
form  which  will  permit  a  rational  development 
of  future  laboratory  shock  test  procedures. 

The  methods  of  shock  data  reduction  that  T 
will  present  art!  known  to  many  of  you  as 
Shock  Spectra  techniques.  I  will  review  the 
concept  briefly  for  the  benefit  of  those  who 
may  be  new  to  the  problem.  Shock  Spectra 
(sometimes  called  system  response  speclra) 
are  in  effect  an  analytical  extension  of  a  phi¬ 
losophy  which  has  been  successfully  used  in 
the  development  of  some  of  the  empirical  shock 
tests  which  are  currently  in  vogue.  In  partic¬ 
ular,  I  wish  to  cite  the  example  of  the  Navy's 
Hi-Impact  shock  machine.  This  test  machine 
was  developed  on  the  basis  of  producing  dam¬ 
age  In  equipment  similar  to  U:e  damage  which 
was  experienced  under  actual  combat  condi¬ 
tions.  Equipment  response  deflections  are 
associated  with  da.nage  if  high  stresses  result, 
ncnce  the  asstjciation  of  shock  spectra  with 
damage.  The  shock  time-history  of  the  Navy 
est  machine  bears  little,  if  any,  resemblance 
to  the  actual  shipboard  shock  environment,  yet 
A  has  successfully  demonstrated  its  ability  to 
screen  out  equipment  which  in  all  probability 
would  not  withstand  the  rigors  of  Naval  coni- 


.u  *  important  point  in  my  presentation  is 
that  shock  procedure.^  should  be  developed  on 
^e  basis  of  producing  a  desired  degree  of 
damage  in  equipment.  The  method  of  data  re¬ 
duction  should  therefore  be  ca  lable  of  discern¬ 
ing  the  damaging  potential  in  the  environment 
as  opposed  to  defining  the  environment  itself 
This  approacl.  doesn’t  rule  out  shock  tests 
which  are  an  exact  reproduction  or  duplication 
of  an  actual  shock  environment.  In  .some  in¬ 
stances  where  the  waveform  is  simple  this 
might  be  desirable.  The  concept  of  damage 
simulation,  however,  does  open  the  possibility 
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of  Shock  tests  whose  time  histories  have  no 

a7in  the  environments, 

Just  t  >  niachine. 

Just  to  make  the  ease  a  bit  stronger,  the 

Cablt  for  the  damage  simulation  concept  is 

coZ^^"  simple  and 

complex  shock  conditions;  whereas  other  tech- 

mn.  f f  primarily  with  defining  the 

Sp.  Fourier  analysis)  are  extremely 

difficult  to  apply  to  complex  shock  patterns. 

The  data  reduction  parameters  involved  in 
the  damage  simulation  or  shock  spectra  concept 
may  be  readily  de.ermined  by  examining  the 
idealized  equipment  ishown  in  Fig.  l.  Here 
each  idealized  mass  spring  combination  may 
be  considered  as  a  separate,  simple  compo¬ 
nent  in  a  large  equipment,  or  as  the  effective 
mass  md  compliance  of  each  normal  mode  of 
v.orattoii  in  a  complex  structure,  fn  either 
case.  It  can  be  seen  from  the  equation  of  -nn. 
lon  in  Fig.  i  that  the  response  acceleratlon- 
or  component-is  proportional  to  the 
relative  del  lection  across  the  elastic  clement 
of  the  system.  (Damping  in  most  structures 
IS  small  and  can  be  ignored  here.)  Inasmuch 
as  stress  in  any  element  Is  proportional  to  its 
delleclion  (or  strain),  the  stress  in  each  ele¬ 
ment  of  the  system  is  proportional  to  the  rc 
sponse  acceleration  of  the  mass.  In  general, 
the  response  of  a  structure  to  shock  is  vibra¬ 
tory  motion  and  continues  for  an  appreciable 
number  of  oscillations.  The  damage  which 
can  occur  in  each  structural  element  (or  mode) 
in  fig.  1  is  a  function  of  whether  the  vibratory 
response  accelerations  proauce  deflections 
and  stresses  which  exceed  ultimate  stress  or 
safe  fatigue  allowables.  Unles.s  the  shock  is 
extraordinarily  severe-e.g.,  resulting  from  a 
crash  or  explosion— failure  rarely  occurs 
during  a  single  application  of  .shock.  Hather 
uaiiiagu  tends  to  accumulate  progressively 


during  several  repetitio.is  of  the  shock  and 
repeated  reversals  of  vibratory  response 
until  frt  lure  ultimately  iccurs. 

With  this  brief  background,  it  ic  perhaps 
evident  to  many  of  you  that  the  concept  ot  data 
reduction  for  shock  damage  simulation  has 
much  in  common  with  defining  fatigue  inpuiu 
for  structural  materi;ds.  By  analoigy  with 
structural  fatigue  problems,  the  parameters 
for  shock  data  reduction  are  (1)  response  ac¬ 
celeration  (or  stress)  and  (2)  the  number  of 
cycles  or  repetitions  of  response  peaks.  Nat¬ 
ural  frequency  is  of  course  an  important  pa¬ 
rameter  here  so  that  the  damaging  potential 
of  the  shock  can  be  examined  in  relation  to 
different  components. 

Figure  2  shows,  step  by  step,  the  process 
of  reducing  shock  data  into  a  form  which  is 
useful  for  developing  shock  tests  with  damage 
simulation  as  the  objective.  First,  the  time- 
history  of  the  shock  input  is  applied  to  a 
single-degree-of-frecdom  analog  of  a  simple 
equipment  and  response  time  histories  are 
obtained  for  different  system  natural  frequen¬ 
cies.  An  operational  analog  computer  repre¬ 
sentation  of  the  simple  system  is  used  here 
for  illustrative  purposes.  Actually,  mechani¬ 
cal  analogs  or  numerical  computat.ion  tech¬ 
niques  can  bo  used  to  determine  the  response; 
however,  operational  analog  computers  are 
generally  conceded  to  be  most  versatile  and 
convenient  for  the  type  of  fine-tuning  control 
of  the  system  natural  frequency  and  damping 
which  is  required  here.  I  might  add  Ih-it  there 
is  no  standard  on  the  value  of  damping  to  use 
in  this  analysis,  although  q's  of  50  to  100  are 
usu^ly  convenient  and  represent  typical  values 
lor  structures. 

The  second  step  in  the  shock  data  reduc- 
uon  process  is  to  summarize  in  digital  form 


Fig.  I  -  Idealixed  equipment 


the  important  characteristics  emboiJied  in  the 
system  response  time  histories.  A  convenient 
way  of  accomplishinK  this  is  to  obtain  histo¬ 
grams  or  bar  charts  denoting  the  number  of 
cycles  of  response  peaks  embodied  in  the  re- 
s,»nse  time  history.  There  are  perhaps  many 
ways  of  accomplishing  this  and  one  method  is 
illustrated  in  Fig.  2.  Horizontal  graph  lines 
of  MV  convenient  increment  are  suiJeriniposed 
on  the  response.  The  procedure  is  to  count 
the  number  of  times  the  response  crosses 
each  incremental  level.  Dividing  the  total 
number  of  crossings  at  each  increment  by  4 
pves  the  cycle  count.  (It  is  usually  conven- 
lent  to  lump  positive  and  negative  amplitudes 
together  for  the  cycle  count.)  In  Fig.  2  the 
ongth  of  eacli  bar  in  the  chart  indicates  the 
number  of  peak  responses  which  exceed  the 
response  amplituds  represented  by  thebir, 

For  example,  5  peaks  exceed  increment  1  but 
only  3  peaks  exceed  increment  2.  I  would  like 
to  Inject  a  word  of  caution  here  that  there  is 
no  standard  technique  for  making  cycle  counts 
of  peak  responses.  If  the  data  are  intended 
for  developing  a  shock  test,  the  counting  tech¬ 
nique  IS  not  too  critical  oecause  only  relative 
comparisons  of  data  severity  are  involved.  If 
the  data  are  intended  for  design  purposes,  then 
It  would  be  desirable  to  cull  the  fatigue  litera¬ 
ture  for  more  sophisticated  counting  methods, 
n  any  event  it  can  be  seen  that  converting  a 
response  time  history  to  digital  form  results 
in  a  loss  of  detail,  e.g.,  the  order  of  occur¬ 
rence  of  high  and  low  peaks  is  not  evident. 
Therefore,  it  is  desirable  to  include  a  copy  of 
the  original  time  history  with  the  reduced  data. 


The  next  step  is  to  assemble  the  data  into 
a  form  which  will  show  at  once  the  effect  of  the 
shock  transient  on  systems  with  any  natural 
frequency.  A  three  dimensional  presentation 


which  accomplishes  tliis  is  shown  in  Fig.  3. 
Tile  reduced  data  are  presented  as  a  surface 
whose  coordinate  axes  are  peal'  response, 
natural  Irequency  of  the  responding  system 
and  the  number  of  response  cycles  which  ex¬ 
ceed  any  given  value.  The  surface  is  faired 
through  the  ends  of  the  bars  in  each  histogram 
since  in  the  limit  the  width  of  these  bars  can 
be  made  to  approach  zero  and  define  a  smooth 
surface. 


The  surface  1  have  described  is  known  as 
a  Three-Dimensional  Shock  Spectrum.  A  sim¬ 
plified  and  much  older  version  of  this  is  the 
Two-Dimensional  Shock  Spectrum.  The  two- 
dimensional  ^ectrum  is  actually  the  intercept 
of  the  threc-riimonsional  spcctruni  at  N  =  1  in 
Fig.  3.  The  two-dimensional  spectrum  is  of 
particular  viUue  wlien  defining  a  vc.'-y  severe 
shock  which  is  expected  to  cause  failure  in  a 
single  application  of  the  shock.  Obviously,  in 
this  case  there  is  kw  need  to  consider  the  fa¬ 
tigue  effect  introduced  by  lower  levels  of  re¬ 
sponse. 


in  summary,  .  have  described  an  analyti¬ 
cal  technique  for  reducing  shock  transients  in 
a  manner  which  discloses  their  relative  dam¬ 
aging  potential.  If  two  shock  surfaces  are 
compared  the  higher  surface  is  considered  the 
more  damaging.  If  they  intersect,  then  it  is 
reasoned  that  each  shock  is  more  critical  than 
the  other  only  in  the  region  where  each  is 
iiigher.  The  principal  limitation  of  the  data 
reduction  method  described  lies  in  the  analogy 
which  is  implied  between  equipment  failure 
Md  structural  failo;-.*,  insofar  as  equipments 
broadly  cons  rued,  are  fabricated  of  structural 
elements,  the  failure  analogy  is  reaRooable 
and  vibration  endurance  data  on  electronic 
and  other  components  tends  to  confirm  this. 
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F'ig.  3  .  Three-dimensional  shock  spectrum 


I  must  point  out,  however,  that  there  is  a  class 
ol  equipment  failure,  described  as  "temporai7 
malfunction,"  e.g.,  electrical  noise,  loosening 
of  fasteners,  etc.,  for  which  the  presented  data 
reduction  technique  doesn't  fully  apply.  This 
isn't  a  major  handicap,  however,  and  until  we 
find  a  way  to  design  tests  for  malfunctions  the 
present  method  based  on  simulating  structural 
damage  will  ensure  the  structural  Integrity  of 
the  equipment  we  place  in  future  vehicles. 


Dr.  Crede 

Now,  if  we  have  followed  the  advice  of  Dr. 
Curtis  and  Mr.  Gertcl,  we  will  have  separated 
out  from  the  complexities  of  a  time-history 
certain  numerical  parameters  which  indicate 
the  nature  and  severity  of  the  field  conditions. 
From  our  knowledge  of  these  field  conditions, 
wo  can  determine  the  over-all  time  during 
which  the  equipment  will  be  subjected  to  these 
conditions.  For  example,  equipment  installed 
in  a  maimed  aircraft  may  be  required  to  en¬ 
dure  hundreds  or  thousands  of  hours  of  vibra¬ 
tion  whcieas  that  installed  in  a  ballistic  mis¬ 
sile  must  withstand  only  a  very  few  minutes 
of  vibration.  Finally,  we  may  know  something 
of  the  nature  of  the  equlpmcmt  to  be  tested 
which  can  be  applied  in  selecting  appropriate 


tests.  Dr.  Ilona,  if  you  were  supplied  with 
reduced  data  as  outlined  by  Dr.  Curtis  and 
Mr.  Gertel,  together  with  the  other  Informa¬ 
tion  that  I  mentioned,  what  concepts  would  you 
apply  in  devising  a  laboratory  test  to  best 
simulate  the  field  conditions? 


TEST  .PROGRAM  BASED  ON 
MEASURED  ENVIRONMENT 

Thomas  P.  Rona 

The  question,  as  phrased,  may  imply  that 
the  only  thing  I  can  use  is  the  data  supplied  by 
my  copanelists.  Actually,  what  I  shall  tiy  to 
do  is  to  limit  the  proportion  of  the  test  de¬ 
signer's  judgment  which  enters  into  the  defini¬ 
tion  of  the  tesl,  and  attempt  to  increase  the 
rational  elements.  We  should  not  delude  our¬ 
selves  by  thinking  that  by  rational  we  mean 
absolutely  incontrovertible.  It  is  simply  a 
matter  of  where  the  elements  of  Judgment  do 
come  In  the  picture. 

Specifying  a  rational  shock  and  vibration 
test  program  is,  In  general.  Impossible  on  the 
basis  of  measured  environment  only.  While 
"environment,"  translated  as  meaning  hero 
input  ai»d  output  phenomena  connected  with 
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i  FAII.URE 
CRITERIA 


IN  ^AltUK  WCXAIIUTV  AS  A 
f UNCTION  Of  >i«ASU«Altl  CHAKACTM- 
-Jil-  ^  OUTfUT  fUNCTIONS 

I^CirttO  AND  UNIQUtlV  OfTlCTAtll 
INWOtMANCC  MTMIOfATION 


■  or”"/.  workmanship,  and  life  (endurance) 

01  vat.onal"  and  "duplicaHve"  test  programs 


Vibration  and  shock,  is  one  of  the  essential 
ingredients  of  such  rational  test  programs, 
other  information  types  are  just  as  indispen. 

If  '  I  ^  the  components 

of  what  may  be  thought  of  as  beliig  an  ideal 
situation.  Two  "rational"  test  program  deter¬ 
mination  proce.sses  are  compared  with  a  "du- 
piirat  ive"  process  in  order  to  illustrate  the 
specific  requirements  of  both  types. 

"Before  examining  the  detailed  nature  of 
sue.,  requirements,  the  following  preliminary 
statements  sliould  be  clearly  gelled  out: 

Practical  considerations  of  operational 
nature  eften  do  impose  constraints  that  dom¬ 
inate  the  technical  considerations  discussed 
here.  It  cimnot  be  our  purpose  to  conceive 
methods  that  would  modify  the  respective 
weights  given  to  operational  and  technical 
constraints. 

Certain  items  of  information  about  the 
type  of  equipment  to  be  tested  (among  others, 
the  safety  factors,  mission  success  probability 
:uKl  performance  penalty  paid  for  overdesign) 
will  often  supply  valuable  indications  in  order 
•  0  dcci,.c  between  "rational"  or  'empirical" 
test  programs. 

...  pursued  here  Is  fo  clarify 

the  differences  In  input  requirements  and  in 


qi^lly  of  test  results  expected  rather  than  to 
take  a  definite  stand  In  favor  of  one  or  the 
other  of  the  approaches  discussed. 

Figure  4  shows  proof  of  design,  proof  of 
workmanship,  and  life  (endurance)  test  pro¬ 
grams  in  two  categories.  "Rational"  test  pro- 
grams  are  the  ones  which,  presumably,  would 
start  from  all  the  available  necessary  ii\for* 
mation  in  order  to  obtain  results  with  a  mini¬ 
mum  of  equipment  and  effort.  For  want  of 
better  description,  we  call  "duplicative"  the 
type  of  test  performed  when  only  the  shock 
and  vibration  input  characteristics  to  a  given 
piece  of  equipment  are  known  together  with 
some  arbitrary  failure  criteria.  Our  efforts 
are  exerted  toward  duplicating  inputs  as  ac¬ 
curately  as  possible  in  order  to  produce 
hopefully,  lileutical  faii'ires.  ’ 

The  horizontal  lines  represent  types  ol 
Th6«  r^es  a^r"*^  programs. 

M  Quantities,  In  cur  terminology,  are 

time-history  and/or  statistical  properties  of 
excitation  or  forcing  phenomena.  Wliea  vibra- 
ti^on  and  shock  inputs  are  not  transmitted 

mounting  points,  the  spatial 
dirtribution  of  input  phenomena  is  also  re¬ 
quired. 
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‘''''  '"formation 

delS,i  V  ‘  complete, 

dt-laikcl  dynamic  history  ol  the  whole  sf  nir- 

t'lre  (>nclu.lmg  its  smallest  component)  under 

■my  arbitrary  vibration  input.  It  is  clear  that 

s-uc  i  complete  information  would  never  lie 

mr  stiffness  and  damp¬ 

ing  diblnbutum,  possibly  the  vibration  modes 
T  "'^^)'.associated  natural  frequencies 
jind  damp  ng  raiios,  as  well  as  the  relationship 
'Cl  ween  these  viliration  modes  and  excitation  * 
input  terminals  and  ineasurinK  probe  locations 

lim.mt.on,  the  degree  of  resolution  that  is 
necessary  for  the  knowledge  of  the  structure 
IS  determined  largely  by  the  shortoci  •■wu.,e. 
length"  that  is  conceivably  present  (n  the 
structure. 


Under  the  heading  ''probes.”  we  mean  ac¬ 
celerometers,  displacement  meters,  velocity 
meters,  strain  gages,  strain  Indicators,  and 
in  general,  any  device  which  will  give  infor¬ 
mation  w  th  respect  to  the  alisolute  or  rehative 
motion  of  one  iiortion  of  the  structure.  As 
stated  above,  the  infoi  niation  reouired  includes 
relation  of  the  output  probe  mdicauens  and  the 
Structural  motions,  Li  addition  to  this,  it  is 
necessary  to  be  in  position  to  relate  s-obe  in¬ 
dication  with  resjjoct  to  su.spocted  or  r  Arected 
failures 


distribut'.in  probability  can  be  made  on  an 
uiialyti'-  .1  basis. 

Damage  accumulation  is  the  process  serv¬ 
ing  at  tlie  base  of  our  prediction  that  the  fail¬ 
ure  probability  of  a  given  structure  or  sub- 
assembly  will  increase  monotonically  with  the 
duration  ol  shuck  and  vibration  historj’.  The 
small  number  of  damage  accumulation  con¬ 
cepts  now  available  should  not  proven*,  us  from 
recognizing  that  they  are  central  ,o  the  whole 
idea  of  rationij  test  program  planning. 

Finally,  failure  criteria  are  neces.=ary  in 
order  to  establish  a  clear-cut  end  point  for 
failure  test  programs.  Such  criteria  are  quite 
evident  when  physical  rupture  of  structural 
components  are  involved;  they  are,  however, 
not  so  -,'hen  failure  is  a  function  of 

performance  de.eriorallon  ot  electronic  equip¬ 
ment,  or  < '  a  cf  a.sge  i.n  temperature,  chemical 
structure,  e*!;. 

Figure  4  also  illustrates  the  role  of  these 
various  input  data  categories  with  respect  to 
test  program  planning.  It  is  readily  apparent 
that  if  by  "environment"  we  mean  shock  and 
vibraticn  Input  phenomcria  these  are  only  re¬ 
quired  for  duplicative  programs.  They  are 
not  essential  (and  possibly  not  even  useful)  to 
the  so-called  "rational"  processes. 


The  output  function,  in  certain  cases,  mus 
satisfy  a  certain  number  cf  analytical  condi¬ 
tions  in  order  to  evaluate  damage  accumulatio 
or  incipiem  failure  threat.  A  typical  example 
would  be  (hut  a  random  vibration  environment 
IS  required  to  be  Gaussian  and  reasonably 
narrow  band  before  a  meaningful  prediction  of 
amplitude  distribution  probability  or  peak 


If  the  measured  output  is  of  sufficiently 
simple  form  to  allow  analytical  application  of 
(he  available  and  accepted  damaee  accumula¬ 
tion  formula,  and  if,  further,  the  measured 
output  is  uniquely  related  to  t’.e  expected  fall- 
ure(s)  the  test  program  is  duck  d  wi*hout 
difficulty  in  principle.  The  practical  applica¬ 
tion  of  such  a  process,  however,  is  a  matter 
of  some  complexity  (Fig.  5). 


t  if!.  5  -  Rational  test 


program  design 


The  experimental  approach  to  the  "ra¬ 
tional''  test  program  clesiCT  has  been  described 
previously.  Essentially  it  uses  automatic 
machine  ,  omputation  lor  Step  11  and  conse¬ 
quently  does  not  require  the  analytical  sim¬ 
plicity  of  tlie  output  functions.  Itequirements 
on  structure  information  are  often  less  strin¬ 
gent  than  in  the  analytical  approach. 

To  conclude,  the  "r.atiomi!"  and  empirical 
approach  for  test  program  design  are  comple¬ 
mentary  rather  ♦ium  competing.  When  suffi- 
cicn.  data  is  on  iiaiid;  when  talent,  maniiower 
and  time  are  not  restricted;  when  design  is 

respect  to  pertorniance  and  reli- 
aoiiity,  the  rational  approaches  are  advocated 
men  manpower  and  time  are  the  predominant 
constraints,  the  empirical  test  program  has 
consider;ible  merit  and  may  even  be  tlm  only 
possible  approach.  ’’ 


Dr.  Credo 


that  it  is  reasonalile  to  devise  a  test  in  which 
the  same  damage  processes  are  developed  in 
the  tost  as  in  field  service. 

("Environmental  loads"  =  whatever 
phenomenon  causes  damage. 


'  Damage  process"  =  the  process  lead¬ 
ing  to  eventual  malfunction  or  failure. 

"Same"  3  identical  in  nature,  rate,  and 
extent.) 

2.  Either  the  loads  or  the  damage  proc¬ 
esses  (or  both)  are  not  known,  so  that  any  test 
is  at  best  only  a  sorting  process  of  doubtful 
correlation  with  field  service. 

3.  A  middle-ground  between  Cases  1  ar.d 
2,  in  which  the  loads  are  partly  known  and  the 
damage  processes  partly  understood. 


Some  ot  us  have  had  occasion  to  explore 
in  detail  the  problem  of  sjiecifyJng  laboratory 
tests  on  the  basis  of  a  detailed  imalysis  of  the 
field  data.  Personally,  T  can  recommend  th.at 
as  a  most  stimulating  type  of  mer.ta.'  exerci.so- 
however,  I  have  some  reservations  that  the  ’ 
concepts  outlined  by  Dr.  Roua  lead  to  more 
generally  useful  results  th;m  tho.se  cuilinod  by 
Mr.  Granick.  The  fifth  member  of  our  panel 
Dr.  Mams,  has  over  the  years  run  head-on 
into  the  problem  of  making  a  choice  between 
these  alternatives,  or  possibly  compromising 
between  the  alternatives  and  thereby  devising 
an  optimum  test.  I  will  ask  him  to  compare 
tlie  relative  merits  of  the  two  approaches  and 
to  indicate  how  he  would  use  the  data  from 
various  sources  in  arriving  at  the  best  test. 


RELATIVE  MERITS  OF  EMPIRICALLY 
FORMULATED  TESTS  VS  TESTS 
FORMULATED  FROM  MEASURED 
DATA 

Robert  M.  Mains 

In  devising  a  test,  it  is  necessary  at  the 
'  iitset  to  consider  the  problem  carefully  and 
uiitermlne  which  of  the  following  condition!;  is 
applicable: 

1.  The  "environmental  loads"  are  known 
and  the  "damage  processes"  are  known,  so 


fThomas  B.  Ror.i.  "Equivalvnt  Vibration  Pro- 

No^T7*sr"’i,^'’v  k Viewpoint."  Bullelin 
No.  27.  Shock,  Vibration  and  Associated  Envi¬ 
ronments,  Part  II,  p.  129.  UNCLASSLf ieO. 


In  ^dition  to  the  load-damage  pfocess 
categories,  let  us  consider  the  various  types 
of  tests  and  their  purposes: 

The  rrototyixi  accc-ptmice  test,  In  which 
the  effort  is  to  prove  the  adequacy  of  a  design 
under  as  near  to  service  conditions  as  can  be 
managed. 


The  design  dev  lop  c  d  te  t,  in  which  the 
effort  is  to  gam  infc  .-ma  an  us.ful  In  estab¬ 
lishing  the  characteristics  of  a  design,  in  de¬ 
veloping  data  for  design  impiovement,  or  in 
choo.sing  between  various  design  alternatives. 

The  quality  control  tost,  in  which  the  ef¬ 
fort  is  to  sort  the  "good"  ones  from  the  "bad" 
ones,  and  to  hold  the  bad  ones  within  some 
acceptable  reject  rate. 


we  &peuj{  of  degree  of  realism  or 
simulation  in  a  test,  the  key  to  the  degree  of 
realism  is  the  similarity  of  the  damage  proc¬ 
esses  involved.  Since  this  is  the  case,  It  is 
entirely  possible  to  have  an  empirically  de- 
veloped  test  which  is  nearly  100-percent  real- 
istic  because  it  causes  the  same  damairc  oroc- 
esses  as  ihe  field  service.  On  the  other  hand, 
it  is  equally  possible  to  have  a  test  formulated 
from  measured  data  which  Is  only  10-percent 
realistic  because  the  essential  damage  proc¬ 
esses  are  not  developed.  To  achieve  these 
two  extremes,  one  might  say  that  it  would 
require  a  very  lucky  empiricist  in  the  first 
case,  and  a  very  uninformed  or  unobservant 
applier  of  data  in  the  second  case. 


We  could  define  "relative  merit  of  a 
test"  as  the  odds  in  favor  of  the  test  being 
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lOO-pcrccnt  realistic,  or  alternatively  the 
iiuiximum  percent  ol  realism  which  could  be 
expected  from  Ihc  test  under  normal  circum- 
btances.  This  would  be  a  good  neasufe  of 
relative  merit  for  a  prototype  acceptance  test, 
but  a  poor  measure  for  a  quality  control  test. 


If  we  define  relative  merit  of  a  test  as 

achievement  of  the  test  purpose, 
then  this  applies  equally  well  to  the  prototvoe 
acceptance,  design  development,  and  quality 
control  tests.  From  this  point  of  view,  the" 
prototype  acceptance  test  is  the  only  one  which 
needs  to  be  realistic,  ss  to  nature,  rate,  and 
extent  of  the  damage  piOucooes.  It  sliould  be 
derived  directly  from  measured  data,  and  the 
loads  should  be  monitored  to  produce  100- 
pcrcent  realism,  once  it  has  been  shown  that 
the  resulting  damage  processes  are  correct. 
(Ue  wary  of  attempting  to  accelerate  the  rate 
of  damage  by  arbitrarily  Increasing  the  load. 
This  often  leads  to  nonlinearltlcs:  twice  the 
load  rarely  produces  twice  the  damage.) 


The  design  development  test  needs  to  in¬ 
volve  the  same  damage  process  as  the  field 
Sui  -ice  '.1  nature  only.  Tlie  rate  or  extent  of 
damage  may  be  juggled  to  suit  the  particular 
design  aspect  being  tested.  This  test  need  not 
be  based  on  measured  data  except  Indirectly 
since  the  cause  and  effect  relationship  between 
the  test  load  and  the  dc.^^lied  damage  process 
roust  come  Ironi  somewhere. 


The  quality  control  test  j.  eds  no  meas- 
uicu  Jer  simulation  purposes.  What  It 
needs  are  measurements  to  establish  that  it 
is  controlling  quality:  field  failure  rate  ver¬ 
sus  factory  reject  rate  and  the  like. 

To  summarize  the  situation,  consider  Ihe 
illustration  (Fig.  6).  In  Circle  No.  1,  we  see 
the  available  data  in  terms  of  what  we  know 


about  the  loads,  the  responses  to  the  loads, 
and  the  resulting  damage  processes.  In  Circle 
No.  3,  we  see  the  purpose  of  the  test,  prototype 
acceptance,  design  development,  or  quality 
control.  Circle  No.  2,  then,  is  the  simulation 
or  test  which  translates  the  data  into  the  ac¬ 
complished  purpose.  For  a  high  degree  of  re¬ 
alism,  tests  based  on  measured  data  are  to  be 
preferred.  When  realism  is  not  so  important, 
then  empirically  developed  tests  are  adequate. 
Much  of  our  work  at  present  seems  to  fall 
somewhere  between  these  two  cases  because 
the  loads  are  not  adequately  known,  or  the 
structural  action  Is  too  complex,  or  the  dam¬ 
age  process  is  not  understood.  It  does  little 
good  to  argue  the  relative  merits  of  one  test 
versus  another  unless  this  can  be  done  on  the 
basis  of  answers  to  the  questions;  what  is  the 
field  service  damage  process,  and  hnw  well 
does  the  test  in  question  simulate  this  damage 
process  in  nature,  rate,  and  extent  ? 


Dr.  Crede 

Now  that  our  panel  of  distinguished  ex¬ 
perts  have  stated  their  views  on  the  several 
topics  put  to  them,  there  may  be  persons  in 
the  audience  with  different  opinions  on  these 
subjects,  or  with  questions  on  points  touched 
by  the  panelists  but  not  answered  explicitly. 
The  subject  of  laboratory  testing  and  failure 
of  equipment  is  a  very  broad  one,  much 
brorrfler  than  could  be  discussed  this  evening 
or  In  any  other  reasonable  period  of  time,  f’o 
gain  maximum  benefit  from  the  discussion  this 
evening,  we  should  limit  ourselves  to  those 
explicit  topics  discussed  by  the  panelists.  You 
may  address  your  comments  to  anyone  of  the 
panelists  directly  or  to  the  panel  in  general;  bi 
the  latter  case,  if  no  member  of  the  panel  then 
voluideers  to  comment,  I  will  direct  the  ques¬ 
tion  to  a  member  of  the  panel  whom  1  select. 
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DISCUSS'ON 


iN'ECUSSlTY  FOR  EMPIRICAL  TESTS  PI 

the  early  stages  of  a  project 

Dr.  Stallard  (The  Martin  Cf'mpany,  Don- 
ver)  commented  that  Dr.  Mains  In  his  illuslra- 

(hn  h Jrf'  f  before 

the  horse  or  most  programs,  because  he  had 

^tarted  out  with  environmental  data.  C, 
Stallard  cited  the  case  of  the  Titan  II  program. 
It  was  a  new  prnCTrnm  -jj,  i>i dig  launch  and 

'Ir  T""  “lythiiig  like  it  before  on  the 

scale  ol  the  Titan  II  thrust.  Confidential  draw¬ 
ings  were  out  already  and  as  far  as  the  envi¬ 
ronment  went,  it  was  a  question  of  making  as 
good  a  guess  as  possible.  By  the  time  real 
environmental  data  became  available,  tests  to 
qnahfy  components  would  be  underway  on  the 
basis  of  the  guesses.  In  favor  of  this  method 
he  could  point  to  the  Titan  I  program  where, 
with  the  same  ajiproach,  there  had  been,  so 
far  something  like  18  successful  flights  out 
of  J5.  It  would  bo  very  nice  to  have  all  the 
environmental  data  on  hand  so  as  to  specify  a 
r eristic  test  but  there  was  not  the  time.  A  lot 
Of  Judicious  guessing  was  necessary  to  get  a 
program  on  the  road 

Dr.  Mains  agreed  entirely  with  Dr.  Stal- 
Urd  and  was  liurt  that  any  other  views  should 
be  imputed  to  him.  He  .said,  "If  you’ve  got  to 
start  and  you  don't  have  any  data,  then  you  go 
ahead  and  start.  You  do  so  on  the  basis  of 
your  reasoned,  best  judgment  at  the  time  and 
d  you  ve  oversliot,  you  back  up.  You  Jiggle 
m  .  .  .  on  the  proper  test  as  you  gain  exper- 


increasing  vibration  test  levels 

TO  ACCOUNT  FOR  DAMAGING  EFFECTS 
OF  OTHER  ENVIRONMENTS 

(t.  *  Martin  Company)  noted 

that  in  real  environments,  vibration  stresses 
would  be  superimposed  on  other  stresses  for 
instance,  those  due  to  ^“mperature  of  humid¬ 
ity.  Ho  asked,  "Shoulu  we  not,  in  designing 
our  laboratory  tests,  raise  the  vibration  test 
levels  to  try  to  account  for  the  damage  due  to 
these  other  stresses?" 

to  -f  ^  admirable 

damage  processes  and  (he  way  in  which  dam¬ 
age  accumulated  from  the  various  stresses 
vj.en  perhaps  we  should  be  able  to  increase  ' 
the  vibration  level  to  account  for  these  other 
environments.  He  did  not  believe  we  had  this 
knowledge  yet. 


Mr.  Fine  agreed,  but  nnintc-d  to  cases 
where  items  had  passed  vibration  tests  and, 
although  temperature  cou  d  ha.’,  e  been  added 
as  well,  this  was  not  done  because  the  people 

of  security 

since  these  items  has  passed  the  vibration 
test  with  a  good  margin.  He  asked  if  some 
.actor  of  safety  should  not  be  added,  although 
ne  realized  it  would  not  be  easy  to  obtain. 

Dr.  Mains  said  that  he  knew  of  at  least 
one  case,  quite  recently,  where  only  the  addi¬ 
tion  of  the  temperature  as  well  would  have 
found  the  trouble.  In  that  ease  no  amount  of 
increase  in  the  vibration  level  would  have 
done  the  Job. 


CONFIDENCE  LEVELS  FOR  DATA 

Mr.  Barkham  (Lockheed)  addressed  Dr. 
Curtis  with  regard  to  analysis  of  data.  "You 
mentioned  that  specification  writers  should 
give  greater  consideration  to  confidence  bimds 
with  regard  to  analyzed  data.  What  do  you 
mean  Md  where  dof^s  this  lack  of  confidence 
in  the  data  come  from  ?  I  presume  you  are 
spewing  of  power  spectral  density  plots  a-id 
random-t^e  presentations.  Could  you  elabo- 
rate  a  little  more  on  this.  Dr.  Curtis?" 

Dr.  Curtis  responded,  "Assumii.g  we  have 

fhf  ^-al  distribution, 

the  probable  error  is  based  on  the  fact  that 
when  we  take  a  certain  length  of  time  over 
which  we  obtain  the  mean  squared  value,  we 

The  bigger 

the  sample  size,  the  better  is  our  estimate  of 
the  mcM-^uared  value.  Similarly,  the  wider' 
the  bandwidth,  the  more  frequencies  we're 
aver^inf:  over.  True,  resolution  Is  lost  in 
the  ^ape  of  the  spectrum,  but  confidence  is 
gained  because,  to  put  it  in  the  statisticians' 
terrns,  we  wind  up  with  more  degrees-of- 
freedom.  They’re  not  vibration  degrccs-of- 
f)  eedom;  they  re  some  other  kind  that  i  don't 

-^yhow,  the  wider  the  ' 
bandwidth  the  more  are  the  degrees  of  free- 

confidence  that  the 

observed  value  Is  truly  the  mean  squared 
value  of  the  random  Process." 

Mr.  Barkham,  referring  to  a  figure  of 
20  percent  that  Dr.  Curtis  had  previously 

t?e"sSh®^“*’  when  we  attempt 

value,  we  lake  a 
^  foiie.  Are  these  val¬ 

es  that  you  express  representative  of  a  par¬ 
ticular  length  of  sampling  time?" 
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was  !ms;  ’  Wo,  the  figure  I  uf  ed 

•  J  St  one  1  hajjpened  to  have  around  I  took 
a  loop  01  tape  4-1/2-scconds  long  and  used  T 
at  lO-porcent  bandwidth  filter.  The  aumber  of 

urnob  Uie  integration  time  of  the  eileclive 
bandwidth.  Since  we  have  a  Gaussian  process 
the  mean-squared  value  which  I  compute  from’ 
a  particular  observed  sample  should  have  a 

ehi  squared  distribution.  With  the  many 

bnd  the  80-  or  90-percent  confidence  limits. 
Without  being  too  rigorous  statistically,  this 
means  that,  for  the  80-percent  confidence  in- 

inn'' a  value  of  1  g  Vcps  at 
100  cycles  the  upper  limit  was  1.2;  the  lower 
nut  was  0.8.  Thus,  if  f  have  a  stationary 
lirocess  and  sample  over  and  over  again  80 
percent  of  these  samples  will  be  between  0  8 
and  1 .2.  The  one  sample  I  made  came  out  at 
1.  so  I  m  only  80  percent  confident  that  it  ac¬ 
tually  is  between  0.8  and  1.2." 

Mr.  Kuoppamaki  of  Lockheed,  Sunnyvale 
remarked  that  this  confidence  interval  was 
concerned  witii  details  of  tlie  analyzer  and  had 

mentioned 

that  more  are  confidence  intervals  which  are 
directly  connected  with  test  levels.  These 
consider  the  damage  process.  There  are  the 
i'h  no-go  tests  and  we  speak  of  test  levels 
wdh  respect  to  *he  expected  environments. 

That  phase  of  the  problem  should  be  gone  into 
Mr.  Kuoppamaki  referred  to  a  p.aper  bv  Dr 
Mams  m  the  28th  Bulletin*  in  which  he  dis¬ 
cussed  simulation,  described  damage  proc- 
“sses  and  explained  that  we  are  concerned 
with  statistical  distributions.  He  asked  "Dr 
Mams,  would  you  amplify  a  little  on  the  same 
saeject  iroiii  the  standpoint  of  test  levels? 
Should  we  place  our  lest  levels  somewhere  in 
the  mean  of  our  expected  environments,  or 
should  we  probably  be  a  little  above  the  mean 
and  how  much  above  the  mean?" 

Dr.  Mains  replied,  "The  answer  to  your 
question  would  take  much  longer  than  we  have, 
but  I  will  comment  briefly.  First  of  all,  the 
margin  that  you  want  to  put  Into  a  test  should 
be  predicated  upon  the  degree  of  disaster  that 
results  from  the  failure.  If  it  doesn't  make  a 
great  deal  of  difference  whether  the  failure 
occurs  or  not,  I'd  be  willing  to  hit  for  the 
middle  of  the  statistical  range  for  my  test 
level.  But  u  the  result  of  the  failure  is  cata- 
strophic,  I  would  wiinl  lo  duulilti  or  iimybe 


triple  that  tesl  level,  depending  on  the  situa¬ 
tion.  I  like  to  temper  my  mathematics  with 
judgment  raiher  heavily. 


ON  SHOCK  TESTING 

Dr.  Morrow  (Aerospace  Corporation) 
considered  tiiat  none  of  the  panelists  had 
really  come  to  grips  with  the  problem  of  es¬ 
tablishing  test  levels  from  field  data.  He 
thought  Mr.  Granick  had  come  closer  than  the 
others  and  he  had  been  talking  about  establish¬ 
ing  test  levels  without  field  data.  There  were 
many  things  that  must  be  considered,  some  of 
winch  had  already  been  mentioned,  but  there 
was  one  important  subject  about  which  little 
had  been  said.  This  subject  was  feasible  tests 
and  their  limitations.  He  asked  Mr.  Gertel  if 
he  would  like  to  say  something  on  feasible 
methods  of  shock  testing;  about  how  he  would 
use  some  of  the  data  he  had  discussed  in  ar¬ 
riving  at  test  levels  for  shock  test  equipment' 
and  in  particular  how  he  would  make  use  of  ' 
the  three-dimensional  (3-0)  shock  spectrum 
(Fig.  3),  in  view  of  the  fact  that  in  practice  we 
deal  with  systems  having  multiple  degrees  of 
freedom. 


out  that  the  3-D  spectrum  was  an  extension  of 
the  well  known  two-dimensional  (2-D)  shock 
spectrum.  As  to  devising  a  machine  to  do  the 
shock  tests,  he  believed  that  it  was  a  question 
of  the  severity  of  the  test.  U  a  test  was  very 
severe,  then  the  2-D  spectrum  was  all  that 
was  needed.  The  test  item  would  be  proved 
in  one  or  two  blows.  On  the  other  hand,  if  the 
shock  in  question  was  one  that  had  to  be  re¬ 
peated  say  100  times,  then  it  would  bo  desir- 
Mle  to  incorporate  in  the  shock  machine 
features  which  would  impose  the  damaging 
factors  over  a  number  of  applications.  The 
third  axis  in  the  3-D  spectrum  then  came  into 
the  picture;  however,  whether  you  had  a  2-D 
cr  a  d-D  spectrum  the  process  of  arriving  at 
a  test  machine  could  be  rather  empirical. 

*oa  would  create  some  sort  of  a  shock  device 
and  obtai^n  a  shock  spectrum  ol  either  variety 
as  need  dictated,  and  compare  this  spectrum^’ 
with  r^uired  service  condition.  He  knew  of 
no  technique  other  than  the  empirical  for  mak¬ 
ing  the  machine  approach  the  required  spec- 
trum  He  w^ted  to  emphasize  again  that  the 
principal  value  of  the  spectrum  is  for  compar¬ 
ison  of  one  environment  with  another. 


R.  M.  ..tarns.  "Introduction  to  Shock  and  Vi- 
ainiulation,"  Bulletin  No.  28,  Shock 
Vibration  and  Associated  Environments,  Part 
IV,  p.  225,  UNCLASSIFIED, 


^oui  using  the  shock  spectrum  when  in  prac¬ 
tice  we  are  dealing  with  multidegree  of  free¬ 
dom  systems.  He  considered  the  answer  lay 
In  a  comparison  of  the  shock  spectrum  as  a 
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design  tool  and  as  a  means  for  specifying  a 
shock  test .  From  a  design  stanclfwint,  the 
shock  spectrum  left  many  questions  unan¬ 
swered.  Based  as  it  was  on  a  linear,  single- 
degrei-oi-ireodom  system,  evidently  it  would 
not  apply  to  systems  with  many  degrco.s  of 
freedom  nor  to  systems  which  have  nonl  inear - 
dies  or  that  tiave  feedback  loops,  nor  to  many 
other  types  of  systems.  But  as  a  simple  yard¬ 
stick  for  comp;iring  a  field  condition  with  a 
lajoratory  test,  the  shock  spectrum  had  con¬ 
siderable  utility. 

Mr.  Davis  (General  Flectric  Company) 
wondered  if  some  of  the  shock  test  specifica¬ 
tions  were  really  satisfactory  In  particular 
ho  had  in  mind  a  component  .shock  test  which 
called  for  3  shocks  in  0  directions  for  a  total 
of  18  shocks,  each  at  the  sa.mc  g  level  and  for 
the  same  duration.  "If  we  are  going  to  do  3 
sliocks  111  a  given  direction,  it  seems  to  me  it 
might  be  more  logical  to  specify  that  the  dura¬ 
tion  be  changed  from  shock  to  shock,  so  that 
w’c  would  tend  to  ejicite  different  resonances 
m  the  particular  component.” 

Mr.  Gertel  replied  that  if  the  shock  spec¬ 
tra  of  the  machine  which  was  called  upon  to  do 
the  fc.st  embodied  frequency  components  rep- 
rosentalive  of  the  real  environment,  as  it 
should,  then  there  would  be  no  need  to  modify 
the  «nock  durations.  He  continued,  "Actually 
you  1,  find  'n  a  particular  shock  test  that  there 
are  two  aspects  which  create  the  damaging 
condition.  One  is  the  velocity  change  embodied 
in  the  shock  test.  Certain  low*frequency  sys- 
terns  will  respond  primarily  to  the  velocity 
change  rather  than  to  the  acceleration  time 
history.  Ihe  stiff  components  will  respond 
primarily  to  the  peak  acceleration  of  Uie  shock 
pulse  and  to  the  high-frequency  components 
that  may  bo  embodied  in  the  pulse." 

Dr.  erode  mentioned  some  of  his  experi¬ 
ence  concerning  the  Navy  lightweight  shock¬ 
testing  machine  that,  he  thought,  bore  on  the 
question.  The  shock  is  produced  in  this  ma¬ 
chine  by  a  hammer  striking  an  anvil  to  which 
the  equipment  is  mounted  by  a  suitable  ie.st 
fixture.  The  horizontal  velocity  which  is  pro- 
ouetd  oy  the  blow  is  arrested  by  the  bottoming 
of  springs.  In  writing  the  test  s{)ccitications 
it  was  recognized  that  one  rather  severe  fre¬ 
quency  condition  was  introduced  to  the  exclu¬ 
sion  01  others,  thus  the  specification  was 
written  to  call  for  hammer  drops  of  1  3  and 
5  feet  successively.  This  would  give  the’  table 
three  different  velocities.  The  distance  to  the 
clop  was  deliberately  kept  constant  in  order 
to  produce  three  different  periods  from  the 
initiation  of  the  motion  until  the  termination 


of  the  motion.  Dr.  Crede  asked  Mr.  Forkois 
of  NRL  to  comment  on  this  rea.soning. 

Mr.  Forkois  verified  that  the  1,  3,  and 
5-foot  hammer  drops  were  still  specified  for 
the  lightweight  machine  test. 


Dr.  Vigness  of  NRL  felt  that  Dr.  Crede 
might  have  been  referring  to  the  medium- 
weight  shock  machine.  An  attempt  was  made 
to  make  the  shock  test  lairer  to  different 
equipments  by  reducing  the  travel  distance  of 
the  anvil  from  3  to  1-1/2  inches.  (Blake  at 
NRL  at  one  time  reduced  it  to  3/4  inch.)  The 
travel  time  is  frequency  sensitive  because  if 
tlie  equipment  being  tested  has  a  natural  fre¬ 
quency  corresponding  to  the  period  of  travel 
of  tlie  anvil,  the  equipment  would  be  at  the 
wrong  position  when  the  anvil  is  brought 
abruptly  ic  a  stop.  The  test  would  be  unfair 
to  equijiment  that  might  be  tuned  to  cause 
daniage,  and  easier  on  other  equipment.  In 
addition  to  natural  frequencies  of  the  anvil, 
the  four-way  mounting  plates  and  other  things 
would  discriminate  against  equipments  having 
the  same  natural  frequency.  These  frequen-' 
CIOS  may  not  exist  on  shipboard,  yet  the  fre¬ 
quencies  present  on  the  ship  may  be  in  the 
same  area.  The  machine  is  not  perfect  and 
NFtL  would  like  to  change  a  lot  of  things. 


„ - LU  uoni'' 

ment  on  the  following  point.  "Although  we 
know  all  shipboard  conditions  are  different 
wo  have  attempted  to  duplicate  shipboard  con- 
d.tions  fairly  exactly.  This  is  imixissible,  but 
we  attempt  to  do  it  by  generating  the  same 
frequency  components  as  on  the  ship.  Of 

include  on  our  shock  machine 
ail  the  frequency  components  involved.  The 
present  trend  in  the  design  of  shock  machines 
IS  not  to  try  to  simulate  exact  field  conditions 
but  to  use  a  simple  pulse  for  a  shock  output: 
the  latest  is  the  sawtooth  pulse.  I  rather  think 
toe  simple  pu  se  is  a  good  thing  since  a  simple 
pulse  does  not  discriminate  against  apartic- 
ular  frequency  which  only  by  accident  would 
exist  in  the  field." 


commentod  artr 
lows.  We  are  trying  to  attain  two  things  by 
controlling  the  frequencies  of  a  shock  pulse  so 
that  it  will  be  a  good  shock  test.  First  all 

thus  the  pulse  must  have  a  certain  duration 
compared  to  the  lowest  resonant  frequency 
Secondly,  tlie  pulse  should  have  a  rate  of 
ch^ge,  rise  time  or  decay  time,  fast  enough 
to  excite  the  higher  resonant  frequencies 
Assuming  that  the  pulse  is  long  enough  and 
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Shari)  enough  we  find  that,  unless  the  wave 
shape  IS  sloppy,  the  positive  spectrum  seldom 
has  valleys;  it  may  have  some  peaks.  Mr 
Davis  i.s  doing  his  test  three  times  in  each  di¬ 
rection  Wlien  iic  changes  direction  the  posi¬ 
tive  becomes  the  nogati/c,  thus,  altogether,  he 
will  nave  tested  all  frequencies  in  each  dircc- 
tion  This  tics  in  with  Dr.  Vigness’  comment 
in  ttiat  wo  now  try  to  use  pul.se  shapes  for 
which  wc  can  predict  the  spectra  ahead  of 
time,  and  know  what  kind  of  spectra  we're 
gomg  to  get  out  of  the  machine,  rather  than 
building  the  machine  and  measuring  what  we 
get.  This  is  not  a  criticism,  but  perhaps  re¬ 
flects  how  some  machines  come  about. 


Dr.  Mains,  commenting  on  Dr.  Vigness' 
remarks,  said,  "This  is  almost  a  put-up  deal 
since  I’m  reasonably  sure  Irwin  knew  I  wanted 
to  say  something  on  this  subject.  I'd  like  to 
see  our  shock  specifications  in  some  other 
form  than  a  machine,  sucli  as  in  the  901  test, 
or  a  shock  response  spectrum;  I  can't  do  any¬ 
thing  with  these  things.  What  I  need  is  ciiiier 
a  time  pulse  or  its  Fourier  Transform.  It 
doesn't  matter  which,  since  they're  both  the 
same.  W^e  can  then  do  something  towarci  being 
more  ratiomd.  As  long  as  we're  stuck  with  a 
test  that's  required  to  be  done  on  a  given  ma¬ 
chine  in  a  given  way,  or  as  long  as  the  shock 
tfcsc  IS  described  only  in  terms  of  a  single- 
dearee-of-freedom  response  spectrum,  we 
can’t  go  anywhere." 


Mr.  Gertel  commented  that  tfie  simiplc 
shock  pulse  is  desii-afile  in  that  it  is  getting 
away  from  attempting  to  recreate  the  exact 
time-history  of  the  field  environment.  On  the 
other  hand,  the  triangular-  or  sawtooth-type 
pulse  does  subject  all  components  to  equal 
responses.  If  the  actual  environment  has 
holes  in  its  spectra,  the  use  of  a  sawtooth 
pulse  would  prevent  our  taking  advantage  of 
these  holes  and  may  result  in  overdesign. 


Mr.  Bob  Hawkins  (Sperry  Gyroscope) 
made  the  following  comments;  "The  panel  has 
chosen  to  make  a  dividing  line  between  empir¬ 
ical  test  methods  and  ratioail  test  methods. 
When  the  subject  of  shock  testing  and  the  pos¬ 
sibility  of  going  toward  an  Idealized  pulse 
came  up,  I  noticed  that  the  question  of  whether 
we  are  testing  in  an  attempt  to  simulate,  arose. 
Empirical  testing  is  still  an  attempt  to  simu¬ 
late,  The  examples  that  Mr.  Granick  gave  are 
really  simulation,  not  by  measurement  but  by 
observ-ition.  When  we  talk  about  a  triangular 
pulse  or  white  noise,  however  we're  really  no 
longer  trying  to  simulate  the  environment  but 
are  attempting  to  make  it  easy  to  perform  the 
test.  We'rn  also  trying  to  make  it  easy  to 


undcrslind  and  control  the  test.  Thi  may  be 
a  more  likely  objective  when  one  considers 
the  diftienhies  of  simulating  the  environment. 

The  question  came  up  regarding  the  value 
of  shock  spectra  and  Dr.  Mains  mentioned  the 
desirability  of  Fourier  Transform  information, 
Wc  have  discovered  in  our  laboratory  that  if 
you  take  a  shock  spectrum  and  divide  it,  as 
many  people  have,  between  the  maximum  re- 
siionsc  during-the-pulse  shock  spectrum  and 
the  after-pulse  shock  spectrum,  the  ringing 
responce  tliat  occurs  after  the  end  of  the  pulse, 
the  after-pulse  shock  spectrum  divided  by 
omega  (t-j)  is  equivalent  to  the  Fourier  Inte¬ 
gral  Transform.  We  have  used  this  very  con¬ 
veniently  because  wo  have  the  same  computer 
program  for  both  sets  of  information.  The 
Fourier  Transform  is  useful  to  do  a  mathe- 
m.atical  operation  on  a  multidegree-of-freedom- 
system  and  to  ceme  up  with  response  informa¬ 
tion.  The  shock  spectrum  is  convenient  if  you 
want  to  talk  about  the  severity  of  a  shock,  the 
equivalence  ot  shock  data,  or  design  informa¬ 
tion  from  a  magnitude  point  of  view.  Both  have 
merit.  One  is  for  a  hh.hly  analytical  purpose 
and  the  other  for  comparative  evaluation  pur¬ 
poses.  Both  can  be  obtained  by  a  similar  type 
of  calculation.  There  is  some  equivalence 
there.  Wo  observed  it  by  coincidence  and  then 
developed  a  mathematical  proof."* 

Dr.  Mains  said  that  he  was  glad  to  know 
about  this  residual  spectrum  being  the  same 
as  the  Fourier  Transform  and  asked,  "Bid 
your  residual  spectrum  have  an  amplitude  and 
phase?" 


Mr.  Ralph  Blake  (Lockheed,  Sunnyvale) 
answered  as  follows:  "The  computer  people 
at  the  Naval  Research  Ijaboratory  got  the 
jump  on  us  in  this  same  way.  We  asked  them 
for  shock  spectra  whiii.  uiiicio  wexc  asking 
for  Fourier  spectra  of  miscellaneous  signals. 
They  used  the  same  program  for  both  of  us. 
They  gave  the  Fourier  spectra  pocqile  the 
after- shock  or  ringing,  and  they  gave  us  the 
peak  value.  There  is  an  amplitude  and  phase. 
You  can  ex])ress  the  ringing  as  a  sine  and  co¬ 
sine  term." 


HOW  MUCH  SHALL  WE  OYERTEST  ? 

Mr.  Ray  Yaeger  (Chrysler  Corporation) 
commented  as  follows;  "Legislative  technol¬ 
ogy  is  a  great  favorite  of  mine  and  I  greatly 
favor  the  simple  pulse.  The  major  reason  is 


■i'See  Information  Exchange,  this  Bulletin. 
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'  (Kit  I  know  of  no  one  who  can  tell  me  that  my 
simple  pulse  is  not  duplicalcil  >n  the  field 
sometime.  Neither  can  I  guarantee  that  « 
complex  pulse  is  going  t-  replace  the  meas¬ 
ured  field  pulse  at  any  given  time. 

You've  been  running  around  the  question 
of  (ime,  which  is  one  that  I  get  frequently. 

You  discussed  orders  of  magnitude  and  how 
far  off  we  are.  In  the  missile  busimiss  when 
we're  talking  aljout  shori-term  flight  problems, 
I  feel  that  we're  always  off  by  at  least  a  factor 
of  3  because  of  this  3-directional  business. 

Wc  go  to  great  lengths  to  set  up  a  test  in  terms 
of  time,  magnitude,  etc.,  then  turn  around  and 
run  it  three  times  as  we  should  because  ’.vc'vc 
got  to  run  along  three  different  axes.  I  fre- 
quantly  get  into  differences  of  opinion,  partic¬ 
ularly  with  designers.  They  accuse  me,  or 
people  in  the  lalioratorics,  of  overtesting  meir 
equipment  by  factors  of  3,  since  their  equip¬ 
ment  may  not  have  failed  until  it  was  tested  in 
the  third  direction.  I  would  appreciate  com¬ 
ments  on  this." 

Mr.  Gertel  was  inclined  to  agree  with  the 
designers,  particularly  if  the  test  excited  a 
coupled  type  of  response  that  doesn't  occur  in 
the  direction  of  the  input.  When  a  vibration  is 
applied  to  a  system  which  is  nonisoelastic,  it 
will  have  a  strong  tendency  to  vibrate  in  some 
cross  axis  other  than  the  direction  of  the  input. 
A  very  strong  likelihood  of  overtestmg  exists 
if  the  cross-sensitivity  persists  when  the  test 
is  repeated  in  the  other  input  direction.  Mr. 
Gertel  felt  that,  if  a  resonance  of  that  nature 
did  occur  and  the  test  called  out  a  prescribed 
duration  of  testing  at  resonance,  a  duration 
test  should  not  be  repeated  at  a  cross- sensitive 
resonant  frequency  when  the  same  input  fre¬ 
quency  had  been  tested  on  some  other  axis. 

Mr,  Granick  felt  that  we  must  go  back  and 
look  at  the  objective  of  the  test.  He  said,  "If 
we're  attempting  to  qualify  components  and  our 
objective  Is  to  attain  a  margin  of  safety  in  these 
components,  I  would  be  concerned  about  ac¬ 
cepting  a  component  which  passes  2  or  3 
shocks  but  won't  take  the  fourth.  Yoi,  can  feel 
more  confident  about  a  component  that  takes 
all  6  or  18  shocks  and  still  survives.  fSiijtK  a 
component  is  a  building  block  of  a  system,  a 
weak  component  will  get  you  in  trouble  on  the 
complete  system.  A  system  test  is  another 
matter.  Here  we  want  to  be  closer  to  the  real 
environment." 

Dr.  Mains  asked  Mr.  Yaeger,  "Are  you 
talking  about  a  prototype  acceptance  test  or  a 
quality  control  test  in  this  case?  Is  this  some- 
Ibing  you  do  as  a  production  checkout?" 


Mr.  Yaeger  answered,  "AH  vibration  test¬ 
ing  is  involved,  but  particularly  qualification 
lusting  wnere  one  Is  in  a  very  formal  part  of 
the  program  and  is  demonstrating  to  the  cus¬ 
tomer  that  the  equipment  will  work  in  the  spec¬ 
ified  environment.  Someone  mentioned  fatigue 
failures,  but  these  are  not  always  fatigue  con¬ 
siderations  So  that  we  can  carefully  pin  them 
down  :is  to  their  directional  nature.  Some¬ 
times  we're  talking  about  noise  in  a  circuit." 

Dr.  Mains  continued,  "Yes,  sometimes 
you're  talking  about  gyro  prece.ssion;  some¬ 
times  you’re  talking  about  just  general  deteri¬ 
oration  of  performance;  however,  most  of 
these  things  have  to  do  with  something  that 
has  a  damage  versus  time  or  damage  versus 
number-of- cycles  relationship  like  a  fatigue 
relationship.  I  find  it  difficult  to  believe  that 
these  other  processes,  about  which  we  know 
very  little  at  the  moment,  are  any  less  vari¬ 
able  in  their  distribution  than  the  fatigue  of  a 
piece  of  steel.  You  do  very  well  if  the  spread 
in  life  for  a  piece  of  steel  in  a  fatigue  test  is 
no  more  than  a  factor  of  5.  I  would  be  sur¬ 
prised  if  the  deterioration  of  a  vacuum  tube 
had  any  smaller  deviation  than  a  factor  of  5. 

So  if  your  people  are  complaining  about  fail¬ 
ures  in  the  test,  I  haven't  much  sympathy  for 
them  unless  the  test  is  already  a  factor  of  5 
longer  than  the  service  life.  Do  you  see  my 
point?" 

Mr.  Yaeger  said,  "The  only  thing  is  that 
I've  sat  in  on  too  many  meetings  where  people 
have  spent  hours  debating  whellier  to  run  a 
test  ai  5  or  10 g,  or  sometimes  even  5  or  6  g. 
These  debates  between  customer  and  contrac¬ 
tor  have  been  very  bitter  and  sometimes 
there’s  a  great  deal  of  money  involved.  This 
is  why  I  mentioned  this  order  of  magnitude  in 
the  answer.  We're  off  3-1  or  10-1  In  some  of 
these,  yet  I  know  of  cases  In  which  people  have 
seriously  debated  the  requirements  within  one 
digit." 

Dr.  Mains  commented,  "I'll  probably  be 
looking  for  a  new  job  when  I  get  back  to  Sche¬ 
nectady  if  1  say  this,  but  as  far  as  I’m  con¬ 
cerned,  the  customer  is  not  always  right.  I 
pprsonaJiy  have  no  objection  to  telling  him  >  " 

Dr.  rtona  commented  that,  in  the  light  of 
these  enormous  spreads  in  the  results  and  in 
the  use  to  which  we  put  the  results,  the  confi¬ 
dence  limits  defined  by  Dr.  Curtis  were  not 
as  frightening  as  they  looked  at  first  sight.  A 
power  spectrum  out  by  only  20  percent  is 
pretty  gixxl. 

Dr.  Curtis  said,  "I  would  agree  with  you, 
but  unfortunately  I  picked  the  wrong  curve. 


375 


Perhaps  t  should  have  taken  the  more  usual 
case  of  the  t- second  integration  time  and  the 
2-cps  bandwidth  wliich  is  do  popular.  1  think 
you  would  have  found  tliey  were  a  little  wider. 
But  this  is  only  one  of  many  in-series  inac¬ 
curacies  in  the  process,  all  I  would  like  to  do 
is  reform  and  not  kid  our.selves  that  it  isn't 
there." 


ESTAIJUSHMENT  OF  TEST 
LEVELS  FROM  FIEID  DATA 

Mr.  Julius  Dcndat  (Ramo- Wooldridge) 
commented  as  follows:  "The  subject  is  the 
establishment  ol  test  levels  from  field  data. 
---By  its  very  nature,  it  seems  to  me  that 
the  underlying  aspect  of  the  whole  problem  is 
statistical.  This  has  been  stressed  to  .some 
extent  by  Dr.  Curtis  and  by  a  couple  of  the 
questions,  but  has  been  largely  ignored  by  the 
others.  Field  data  is,  by  its  very  nature,  ran- 
do.m.  You  are  going  to  take  samples  out  of  a 
population  which  is  unknown  to  you  and  are 
going  to  try  to  use  these  samples  as  a  basis 
for  simulating  the  environment  in  question.  It 
seems  to  me  that  one  makes  ccilain  assump¬ 
tions,  usually  about  the  underlying  environ¬ 
ment,  and,  if  we're  going  to  make  a  science 
out  of  this  work,  we  have  to  test  these  assump¬ 
tions.  Tests  need  to  be  established  for  ran¬ 
domness,  for  periodicity,  and  for  statlonarity 
or  nonstatlonarity  of  the  data,  particularly  as 
a  missile  undergoes  various  changes.  Tests 
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need  to  be  established  for  normality,  if  nor¬ 
mality  be  omes  a  strong  assumption  for  later 
conclusions.  Tests  need  to  be  established  tor 
the  nalure  of  the  probability  distribution  of 
peak  values,  etc.  Dr.  Mains,  I  think  your  dia¬ 
gram  emphasized  the  need  tor  repeated  exper¬ 
iments  and  for  statistical  analysis  of  repeated 
experiments.  I  wonder  if  you  would  comment 
on  that  point." 

Dr.  Mains  said,  "It  people  were  to  go  away 
from  this  meeting  thinking  that  they  would  have 
to  get  busy  and  try  to  devise  tests  to  test  tests 
to  test  tests  to  determine  whether  a  time  func¬ 
tion  is  truly  statistical,  I  would  feel  that  we 
had  failed  miserably.  I  couldn't  care  less 
whether  we  have  a  stationary  time  function.  I 
couldn't  care  less  whether  we  have  white  noise. 
Wha+  1  want  to  know  is,  when  I  design  a  family 
of  missiles  of  which  several  hundred  are  going 
to  be  made,  what  is  ihe  environment  for  which 
I  must  design  that  missile?  We  did  not  start 
this  tiusiness  about  random  vibration  for  the 
purpose  of  making  an  argumentative  device  for 
the  mathematicians.  We  were  concerned  with 
trying  to  find  a  means  of  generalizing  the  de¬ 
sign  environment  so  we  could  draw  intelligent 
conclusions  for  design  choice.  Once  you  re¬ 
alize  that  you  have  a  random-like  function, 
this  then  allows  you  to  make  an  intelligent  de¬ 
sign  choice.  It  doesn't  matter  whether  it's  a 
stationary  time  function  or  not.  And  so  on  for 
some  of  the  other  things." 
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Section  6 
EVENING  SESSION 

ZERO  SHIFT  IN  PIEZOELECTRIC  TRANSDUCERS 


P«-“blem  was  held  at  the  U.S.  Naval  Supply 
conjunction  with  the  29th  Symposium  on  Shock, 
Vibration  and  Associated  Environments. 


Mr.  Smart  (Sandia  Corporation,  Albuquer¬ 
que)  opened  the  session  by  presenting  and  dis- 
cussln'^  some  records  of  zero  shift  phenomena 
o'otJiineu  during  field  tests  by  Sandia  Corpora¬ 
tion. 

Mr.  Smart;  Figure  1  is  a  playback  of  a 
tape  that  we  obtained  from  the  300-foot  drop 
tower  at  .Sandia,  Albuquerque.  You  can  see  in 
the  upper  trace  from  an  EiidevcQ  2216  tliat  this 
one  does  have  zero  shift,  the  re.siilt  of  a  cross- 
a.xis  g  load.  The  2216  is  a  compression-type 
accelerometer.  It  h.as  a  wafer  element  with  a 
mass  and  a  spring  load  (preload,  it  is  generally 
called);  and  ordinarily  in  an  accelerometer  of 
I  his  type,  we  don’t  experience  any  appreciable 
zero  shift  in  the  sensitive  axis,  especially  at 
these  levels  (approximately  1000  g).  The  cross 
lines  (Fig.  1)  are  roughly  a  hundredth  of  a  sec¬ 
ond.  In  a  compress -type  accelerometer,  sub¬ 
jected  to  a  ballistic  drop,  you  get  a  considerable 
cross-axis  component  which,  acting  on  the  rel¬ 
atively  heavy  mass  causes  it  to  slide  across 
the  crystal  element.  Even  if  it  does  not  get  a 
displacement  because  of  surr'ace  roughness,  it 
can  give  you  either  a  positive  or  a  negative 
shift.  In  this  case,  it  went  positive.  We  have 
examples,  however,  that  go  in  either  direction 
and  in  some  types  of  accelci  ometers  we  gel  a 
much  more  pronounced  shift  than  this.  In 
some  cases,  it  will  be  way  off  scale,  but  this 
one  is  pronounced  enough  so  that  you  can  tell 
the  signal  has  been  completely  masked. 

A  voice:  How  much  lateral  movement  do 
you  think  you  get? 

Mr.  Smart:  It  doesn’t  depend  on  how  much 
lateral  movement  you  get;  say  you  have  two 
rough  surfaces  and  you  shift  them  slightly  with 


respect  to  each  other,  you  can  liien  affect  tiie 
preload  of  the  spring.  Three  microinches  of 
compression  or  release  of  compression  in  one 
of  these  accelerometers  will  give  you  about 
100  V. 

Figure  Z  is  a  record  of  a  drop  on  which  I 
liad  a  number  of  accelerometers  that  we  were 
trying  out.  We  had  not  been  able  to  make  any 
of  them  shift  in  the  laboratory  on  our  drop 
tables,  but  this  was  on  an  actual  tower  drop  in 
an  actual  weapon.  Notice  the  one  at  the  top, 
in  particular,  has  a  tremendous  shift,  roughly 
equivalent  to  600  or  700  g.  This  particular 
one  was  an  Endevco  2224  and  the  load  was  in 
the  sensitive  axi.s.  Now,  I  might  mention  that 
the  2224  is  not  a  compression  ts'pe,  it  is  an 
annular-shaped  element  that  is  captive  on  a 
post  in  the  center,  and  the  mass  is  on  the  out¬ 
side  so  that  there  is  no  preload;  and  also  there 
can  be  no  shift  of  the  mass  and  element  with 
respect  to  each  other.  Now,  this  gets  into 
another  type  of  a  zero  shift  not  caused  by 
movement  but  bv  something  else  which  I  won’t 
go  into  at  this  time.  The  time  base  in  Fig.  2 
is  1  ms  between  small  pips  and  10  ms  between 
the  larger  pips.  That  shock  signature  would 
be  roughly  2  or  3  ms.  Notice  the  second  rec¬ 
ord  from  the  top  is  a  Clevite  2C1  which  gave 
us  satisfactory  results.  There  was  no  observ¬ 
able  shift.  The  Lliini  record  is  a  2216  shocked 
cro.ss-axis,  but  It  did  not  shift.  The  bottom 
one  is  a  Clevite  2C1.  On  these  two  (the  second 
from  top  and  Uie  bottom),  we  had  asked  that 
the  weight  be  reduced  to  a  minimum  to  get 
away  from  what  we  thought  might  be  an  over¬ 
stressing  of  the  piezoelectric  element  which 
would  result  in  a  shift;  and  of  the  two  samples 
of  the  test,  neither  one  shifted,  which  in  some 
measure  bears  out  our  contention,  but  it  will 


Figure  1 


need  more  th£in  jusl  the  one  drop  of  two  nccel* 
crometers  to  give  us  anything  definite.  Now  I 
might  me.ntion,  we  had  two  Endevco  2224’s  on 
that  test.  One  shifted,  one  did  not. 

Figure  3  is  from  the  same  test  as  Fig.  2. 
The  top  record  is  from  the  Clevite  5C1  which 
shifts  negatively  Just  slightly.  That  again  was 
in  the  sensitive  axis.  Out  where  you  see  the 
second  signal  is  a  bounce.  This  was  a  ballis¬ 
tic  drop;  the  te.st  item  landed  on  the  nose  and 
then  bounced  on  the  cable.  The  second  one 
down  is  another  Endevco  2216  which  shifted 
slightly.  The  Endevco  2216,  we  have  found, 
shifts  less  often  than  any  of  tiie  other  compres¬ 
sion  types  that  we've  tried.  The  next  one  down 
i.s  a  Glennite  A316  mounted  cross -axis  and  you 
can  see  we've  got  some  shift  there  also.  So 
we  seem  to  get  it  in  tht  bender  design  too. 

Figure  4  is  the  final  record  of  this  par¬ 
ticular  test.  The  top  trace  is  from  another 
Endevco  2216  which  had  a  sliglit  ixjsitive  shift. 


The  second  one  down  is  an  Endevco  2224  which 
gave  a  good  signal.  The  third  one  down  is 
another  Endevco  2216  with  a  slight  shift,  and 
the  bottom  was  another  Glennite  which  kind  of 
rattled  after  it  was  all  over.  You  can  see  it 
liad  somewhat  of  a  shift  and  then  it  really  went. 
Cross-axis,  the  bender  construction  doesn't 
seem  to  be  very  strong.  Again,  those  time 
marks  are  1  ms  apart. 


i  jBuic  o  IB  ii  uin  anoiner  arop.  The  angle 
there,  the  attitude,  was  45°.  This  one  I  put  in 
to  show  you  one  shift  in  particular;  see  the 
arrows  (Fig.  5).  That  one  started  out  where  it 
says  Clevite  5C1,  on  left  side.  The  shock  was 
about  200  g.  Now  that  is  a  real  one.  We  don't 
always  get  them  that  large,  but  often  enough  to 
really  mess  thing.s  up.  Notice  ale.)  the  Endevco 
2216  there;  we  get  a  slight  negative  shift.  No¬ 
tice  the  long  time  constant  on  these,  even  on 

in  base  line  of  maybe 

10,000-g  equivalent,  according  to  the  calibra¬ 
tions  (that  one  w’us  calibrated  for  2000  g). 
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Figure  C  sliows  Iraces  Iror.i  another  one 
in  the  Griiiic  oorieu  of  tests,  but  tiiest:  werx’  not 
rr'cordcd  on  tape.  They  are  direct  recordings 
on  the  Consolidated  unit  before  \vt;  had  our  tape 
unit  working,  .so  we  didn't  have  as  much  con¬ 
trol  (.iver  how  "pretty"  they  come  out  as  we  do 
v.’licn  we  use  tlie  tape.  1  wanted  to  show  you 
the  fiftii  from  the  top  (circled),  a  characteris¬ 
tic  type  of  zero  shift.  The  .signal  is  completely 
obliterated,  you  can't  gel  anything  out  of  it. 

'I'lie  lourth  from  the  top  here  is  another  one, 
these  are  about  3000-g  shocks.  Those  two  were 
botli  cross-axis.  The  first  and  second  from 
the  top  are  1200-g  shocks;  so  you  see  that  out 
of  five  crystals,  wo  didn't  get  a  good  trace. 
Tlieso  were  compression-type  accelerometers 
shocked  in  a  cross-.nxis  sense,  and  these  I 
think,  characteristically,  will  give  you  more 
movement  than  any  of  the  others  becaus..  of  the 
mechanical  .shift. 

Now  on  the  155-miTi  lecoiUoss  gun  (Fig.  7). 
using  the  Endevco  2224  type  and  employing  a 


doughnut-shaped  (annular)  element,  tlie  thira 
trace  froni  the  top  is  a  kind  of  a  •.lonreturn-to- 
zero  type  of  thing.  Breach  pressure  is  the  top 
curve.  The  second  from  the  lop  is  the  breach 
strain  curve  so  that  we  know  by  these  curves 
when  the  acceleration  should  be  back  to  zero. 
Again,  the  intervals  are  one  millisecond.  The 
fourth  from  tlie  lop  is  about  a  3000-g  shock 
pulse  with  a  rise  time  of  about  2  ms,  so  it  is 
not  a  piirticularly  sharp  pulse.  Both  of  these 
liad  the  sliilt. 

Also  from  the  155-mm  recoilless  rifle. 
Fig.  8  shows  tliat  the  acceleration  curve  didn't 
come  back  to  zero  at  the  same  time  that  the 
pressure  curve  did.  This  is  seen  again  in 
Fig.  0,  the  second  trace.  The  shock  was  about 
3500  g  and  almost  3-ms  rise  time.  Notice  the 
tail  off  there,  and  notice  that  the  third  trace 
actually  goes  negative.  The  cable  on  these  are 
cut  out  there  somewhere  and  when  you  get  into 
the  area  marked  on  Fig.  9,  you're  getting  a 
cable  deformation  tliat  can  affect  the  signal. 


l5fiMMCUN 


I  htlfl  PRESSURE 


WCTm  gaWBSaii  BM 

^  -'  .jfct _ ~^.-taaug<  ^ jpi^ 


BEACH  SriiAIN 


FAIREO  5  2000 

Rise  time  oooio  w: 


ACCELERATKiM 


iTSSJ!!? 


peak  0  3000 
f  AIRED  0  27V5 

RISE  time  0002  sec. 


rinwmim 


FAIRCQ  a  2c:o 
RISE  TIME  00025  MC 


*  ‘r  *  1, 

0  3550 

FAiREO  C  3600 

RiSE  riUC  000285  MC. 


ACCbXERATION 


ACCCLErtATION 


Fi.;ure  10  is  a  5-1/2-inch,  air-gun  test 
wliic!)  again  doesn't  give  you  a  real  sharp  input 
spike.  The  gun  is  built  to  give  a  ‘i.riangular  wave 
so  it  is  not  a  sharp  rise  time  device.  Looking 
at  the  second  trace,  the  point  where  the  cable 
is  cut  is  circled,  so  disregard  that;  it  is  not  a 
zero  shift.  These  are  Endevco  2224's. 

In  Fig.  11,  the  second  is  about  a  1000-g 
pulse  peak.  Tliis  one  shows  one  of  the  effects 
we  get.  The  trace  hasn't  come  clearback  at  the 
time  that  it  is  cut.  It  actually  looks  as  if  it  may 
have  started  up  a  little  right  at  the  circled 
point.  The  rise  time  was  about  7  nis  on  that  one. 

In  Fig.  1 2,  the  second  trace  has  very  defi¬ 
nitely  started  back  up.  Rise  time  is  about  7  ms 


on  tfiat  one,  so  these  are  not  sharp  rise  times. 
/\nc]  agaiii,  tiii..^  was  an  aiVunlcr  element  Fig¬ 
ure  13  shows  the  same  thing,  a  negative  base¬ 
line  shift  of  some  kind.  Now  I  can't  convince 
myself  that  this  is  the  same  phenomenon  that 
we're  getting  on  the  drop  tower.  Maybe  some 
of  you  can  help  me  figure  out  wrhat  the  differ¬ 
ence  is,  but  this  does  not  look  like  the  same 
type  of  shift.  If  you  remember,  the  other? 
came  to  a  specific  place,  broke  sharply,  and 
from  tlicn  on  had  a  normal  RC  recovery.  But 
you  see  what  I've  been  calling  a  zoro  shift  is 
something  that  takes  off  and  you  can't  even 
tell  what  the  peak  is,  whereas  on  the  others 
we  get  a  pretty  good  signal,  except  that  it  tails 
off.  Those  are  actual  records  from  field  test 
data. 


Figure  10 
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Dr.  Douche  (Enclevco  Cur[:<ji‘alion,  Pasa- 
ilerti)  then  discussed  the  results  of  a  survey" 
v.l'.icli  had  been  made  at  F.iidevco. 

Dr.  Douche:  I'll  tell  you  about  a  survey 
wo  made,  as  the  result  of  a  number  of  people 
menlioiiing  that  this  "something"  was  Iiappe.r.i- 
ing.  I  gathered  together  some  14  or  15  pick¬ 
ups,  and  wo  applied  a  series  of  drop  tests  to 
them  and  tried  to  discover  just  what  the  gen¬ 
eral  characteristics  of  this  zero  sluft  were. 

I'd  tike  to  classify  the  zero  shift  a  little  bit 
more  definitely,  so  that  we  can  focus  our  at¬ 
tention  and  distinguish  it  from  so-called  nega¬ 
tive  undershoot,  resulting  from  insufficie  it 
lie  time  coiistints  of  the  pickup  and  input  re¬ 
sistance  to  the  amplifier,  and  insufficient  fre¬ 
quency  response  in  tiie  following  amplifier. 

To  distinguish  it  from  these,  I'd  like  to  cal!  it 
an  effect  such  that  an  accelerometer  continues 
to  have  a  measurable  t'cltago  output  tliat  per¬ 
sists  for  a  finite  period  of  time  after  the  shock 
motion  is  completed.  And,  I  think,  because  the 
voltage  output  docs  not  immediately  retimn  to 
zero,  we've  bedn  calling  it  "zero  shift." 

To  perform  this  type  of  survey  test,  we 
used  a  little  drop-ball  shock  machine  we  de¬ 
veloped  at  Endevco.  It  consists  of  nothing 
more  than  an  anvil  about  1  or  2  inches  in  di¬ 
ameter  and  1  or  2  inches  long.  We  attached 
the  accelerometer  to  the  bottom  of  the  anvil 
E:nd  impart  tlie  shock  motion  by  dropping  a  ball 
cn  the  anvil.  One  can  perform  an  absolute 
calibration  of  the  anvil,  or  Uie  accelerometer 
atiaciicd  to  the  anvil,  by  measuring  the  velocity 
of  the  anvil  after  impact.  With  this,  we're 
able  to  apply  sliock  motions  up  to  as  high  as 
16,000-g,  half-sine  pulse,  with  a  dviralion  of 
50  ms.  If  we  want  lower  acceleration,  we  put 
rubber  pads  on  the  anvil  and  get  correspond¬ 
ingly  lower  accelerations.  With  1-1/2-ms 
duration,  the  acceleration  applied  is  about 
325  g.  In  the  test  v.'c  connected  the  pickup,  in 
most  cases,  directly  to  an  oscilloscope  and 
put  some  capacity  in  parallel  across  the  pickup 
to  reduce  the  pickup  output  and  also  to  obtain 
sufficient  time  constant.  In  some  cases,  we 
did  put  a  cathode  follower  or  preamplifier  be¬ 
tween  the  accelerometer  and  the  oscilloscope, 
but  no  filtering  circuits  were  used. 


In  this  series  of  tests  we  applied  first,  a 
series  of  increasing  accelerations,  1600  g. 


*R.  R.  Bouche  "Survey  Report  on  Quasi- 
Constant  Voltage  Outputs  from  Piezoelectric 
Acceleration  Pickups  Subjected  to  High  Shock 
ktotion  A.cceler.?.tions Endevco  Technical 
Data,  Nov.  1 1 ,  1960. 


2400  g,  4500  g,  8500  g,  and  16,000  g,  all  along 
the  sensitive  axis  of  the  pickup.  Then  we  ap¬ 
plied  1800  g  in  a  direction  inclined  45  degrees 
from  the  sensitive  axis  of  the  pickup.  This 
motion  was  preceded  and  feUowed  by  .shock 
motioas  of  8500  g  or  higher.  After  that  we  ap¬ 
plied  2300  g  alont;  the  sensitive  axis  of  the 
pickup  in  one  direction,  and  followed  i.t  by  a 
shock  in  the  other  direction,  of  tlie  same  mag¬ 
nitude,  generally  speaking.  We  applied  aliout 
live  series  in  both  directions  for  a  total  of  10 
shots;  that  is,  wo  applied  the  acceleration  into 
tlie  base  of  the  pickup,  out  of  the  base,  and  so 
forth.  You  notice  that  in  Fig.  14,  for  example, 
there  is  ,a  negative  shift  which  is  about  5  or  'f 
percent  of  the  toUil  accelcraS.ioti.  In  Fig.  15 
there  is  a  positive  shift  which  is  on  the  order 
of  15  percent  of  the  peak  acceleration,  and  in 
Fig.  16  it  is  about  20  percent  of  the  peak  ac¬ 
celeration.  The  fri?quency  with  which  we  ob¬ 
tain  these  shifts  is  indicated  in  Table  1.  In  the 
second  column  of  Table  1,  the  variouj?  accel¬ 
erometers  are  designated  by  letters;  the  basic 
design  of  those  of  letter  A  is  the  same,  and 
those  of  letter  B  is  the  same,  etc.  One  thing 
that 've  could  tell  from  the  results  tliat  we  ob¬ 
tained  is  that,  generally,  the  shifts  occurred 
more  frequently,  the  liigher  the  accelerations 
that  were  applied  in  the  8500-  to  16,000-g  re¬ 
gion,  with  the  exception  of  one  of  the  pickups. 
Dickup  No.  5,  exhibited  shifts  almost  every- 
time  we  dropped  it  at  accelerations  as  low  as 
a  few  hundred  g;  however,  in  that  particular 
case,  we  were  subjecta'^j  the  pickup  to  accel¬ 
erations  far  in  excess  of  raied  acceleration, 
by  a  factor  of  20  or  so.  One  tiling  that  I 
thought  WAG  a  little  interesting'  about  this,  is 
that  the  shifts  seemed  to  be  somewhat  of  a  un¬ 
predictable  thing  that  was  not  tied  down  to  the 
compression-type  accelerometer,  as  Mr. 
Smart  has  already  pointed  out.  There  were 
shifts  in  annular-type  accelerometers  a.r.d 
.shifts  in  other  types  of  accelerometers,  so  we 
co'oldn't  predict  it  on  tliat  basis.  And,  for  the 
results  of  the  tests  tliat  we  conducted,  I 
couldn't  draw  any  conclusions  tlia.t  would  in¬ 
dicate  tlie  zero  shifts  exhibited  a  definite 
trend  because  of  the  accelerometer's  previous 
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Fig.  14  -  Output  of 
acceleration  pickup 
of  Design  £2  sub¬ 
jected  to  a  16,000-g, 
-SO-mo  shock  pulse. 
(The  negative  shift 
is  6  percent  of  the 
peak  output  of  the 
pickup.) 
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\S  -  Onlput  of  ai. - 
celc  pickup  ct 

O'^sigr.  D  auh)r.cf»-d 
«  d3yC-g, 200  ins  shuck 
pulse  (TVie  posiliVii.* 
zero  shift  is  20  percent 
of  the  peak  output  of 
the  pickup.) 


Fie.  16  Output  ac- 
celeralic;'.  pickup 
i»i  J.'esigii  ./vtl  oUU- 

jeeted  to  a  24()0-g, 
2 50 -ms  shock  pulse. 
(The  positive  shift 
is  20  percent  of  the 
peak  output  of  the 
pickup.) 


TAEiLE  1 

Summary  of  Quasi-conytant  Voltage  Ontpuit  Shifts  from  Piezoelectric  Acceleration 
Pickup.s  Subiocted  to  the  Same  Applied  Accelerations  up  to  16,000G,  Except  Where 
Otlierwiae  Lidicated 


Pickup 

No. 

- 1 

Pickup  Basic  Design 

_ 

Pickup  Model  Number 

Number  Shock 
Motions 
Applied 

Number  Voltage 
Shifts 
Occurred 

1" 

A1 

Endevco  2211 

13 

1 

2 

Al 

Eiidevco  2213 

22 

3 

3 

Al 

Endevco  2215 

20 

0 

4 

Al 

Endevco  2242 

25 

0 

5^ 

A2 

Endevco  2219 

11 

9 

6* 

B1 

Endevco  2225 

14 

3 

7 

B1 

Endevco  2225 

20 

0 

8 

B1 

Endevco  2225 

21 

0 

9 

B1 

Endevco  2225 

22 

0 

10 

B2 

Endevco  2224 

18 

1 

11 

B2 

Endevco  2224 

1  rr 

1  $ 

2 

1.2^ 

B2 

Endevco  2224 

11 

2 

C 

Manufacturer  X 

8 

2 

i4§ 

D 

Manufacturer  Y 

8 

6 

"Only  increasing  accelerations  between  1600  g  and  16,000  g  a.s  well  as  1800  g  inclined  accel¬ 
erations  applied. 

^Only  increasing  accelerations  between  325  g  and  8500  g  were  applied. 

+  Only  increasing  accelerations  between  1600  g  and  16,000  g  as  well  as  2300  g  alternating 
direction  accelerations  applied. 

’Only  increasing  accelerations  between  1600  g  and  16,000  g  were  applied. 

"Only  increasing  accelerations  between  8500  g  and  16,000  g  were  applied. 
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history,  or  that  it  was  a  fanclica  of  the  tians- 
vc.'be  ccmiwncat  of  the  applied  arceleration.  I 
thi  nk  some  of  the  other  people  who  have  made 
these  tests  have  indicated  that  they  have  ob¬ 
serv’d  some  trend  in  one  or  other  of  these 
directions,  b>it  in  our  particular  tests,  limited 
in  that  we  were  using  relatively  short  duration 
pukes,  I  could  nut  draw  such  conclusions. 

There  seems  to  be  a  trend,  though,  that  the 
shifts  v/ere  a  function  of  the  stress  applied  to 
the  crystal  in  the  accelerometers;  tliat  is  the 
stress  in  the  crystal  for  the  same  applied  ac¬ 
celeration.  For  example,  in  T.ablc  1,  the  stress 
in  Accelerometer  A2  was  10  times  the  stress 
in  Accelerometer  A1  for  the  same  applied  ac¬ 
celeration.  Lilcewise,  the  stress  in  Acceler¬ 
ometer  B2  is  10  times  the  stress  in  Acceler¬ 
ometer  B1  for  the  same  applied  acceleration. 
You  will  notice  in  the  case  of  Accelerometer 
A2,  that  the  frequency  of  occurrence  of  the 
shifts  was  much  greater  than  in  Al.  The  fre¬ 
quency  in  B2  was  greater  than  the  frequency  in 
Bl.  In  fact,  I  did  try  to  use  some  sort  of  a 
philosophy  in  making  the  test.  Once  it  was  de¬ 
termined  that  a  particular  design  of  acceler¬ 
ometer  shifted,  I  lest  a  little  interest  in  that 
accelerometer,  liecause  if  I  found  one  that  did 
not  shift,  I  wanted  to  do  everything  to  that  one 
to  malce  it  shift.  I  wanted  to  build  up  some 
evidence?  for  tlie  tendency  for  it  not  to  shift  and 
this  is  why  you'll  notice  that  the  Endevco  2225 
accelerometer  was  tested  so  many  times.  I 
tested  four  of  them  and  subjected  them  to  quite 
a  number  of  shock  motions;  and  of  the  four, 
only  one  shifted  and  that  one  shifted  only  three 
times  out  of  14  shots.  Figure  17  is  a  picture 
from  tlie  same  pickup  as  in  Fig.  16  but  using  a 
less-sensitive  time  scale  to  have  a  look  at 
what  happens  to  the  output  after  the  shock— 
what  happens  to  the  zero  shift  as  it  progresses 
as  a  function  of  time.  It  seems  that  the  decay 
of  tlie  final  portion  of  the  zero  shift  is  con¬ 
sistent  with  the  time  constant  of  tlie  measuring 
circuit,  which  in  this  case  was  5  ms.  That  is, 
the  zero  shift  had  returned  to  zero  within  5  ms 
after  the  pulse  was  completed.  But  on  the 
other  liand,  there  seems  to  be  slightly  flat  por¬ 
tion  for  a  period  of  about  4  ms.  This  mighl 
suggest  that  some  crystal  deformation  is 
occurring  in  the  crystal  of  the  accelerometer 


Kig.  17  -  Acceleration 
pickup  of  E'esign  A2. 
fThe  acceleration  pulse 
and  zero  shift  is  sim¬ 
ilar  to  that  shown  in 
Fig.  16.  The  input 
time  constant  of  the 
pickup  c.nd  electric 
circuit  was  5  ms.) 


Fig.  18  -  Output  of  ac- 
Cilerdtion  pickup  of 
Design  Al  subjected  to 
an  8500-g,  80-ms  shock 
pulse 


Fig.  19  -  Output  of 
acceleration  of  De¬ 
sign  BI  subject  loan 
857)0-g,  80-ms  shock 
jjulse 


after  the  shock  motion  is  completed;  and  this 
deformation  in  the  accelerometer,  if  it  were 
to  continue  to  give  an  output,  would  be  a  de¬ 
formation  that  would  be  changing  over  this 
short  period  of  time  of  4  ms. 

I  think  the  general  type  of  thing  that  we 
can  toll  from  the.se  tests  is  that  the  zero  shift 
is  present,  that  it  seems  to  be  a  result  of 
something  happening  in  the  accelerometer, 
and  that  it  appears  to  happf.n  at  the  higher  ac¬ 
celerations,  and  that  the  frequency  of  occur¬ 
rence  of  this  shift  does  seem,  to  vary  from 
one  design  of  accelerometer  to  another.  In 
something  like  the  Endevco  2225  accelerom¬ 
eter,  in  v/hich  the  stresses  in  the  crystal  are 
very  low  compared  to  other  accelerometers, 
zero  shifts  did  not  occur  nearly  as  frequently 
as  in  other  cases,  so  this  is  maybe  a  direction 
we  can  .start  in  in  designing  accelerometers  to 
correct  for  this.  Thu  indications  are  so  far 
that  the  Endevco  2225  has  been  used  quite  suc¬ 
cessfully  in  field  tests,  although  I  think  that 
Mr.  Jensen  will  probably  mention  that  he  did 
get  a  shift  from  one  out  of  Uje  four  that  I 
tested, 

After  7vij'.'.  Jensen's  account  of  his  investi¬ 
gations,  Mr.  Kapiloff  (Westinghousc,  Sunny¬ 
vale)  inquired  about  the  pos.sibility  of  using  an 
elecU'ometer  on  the  accelerometer  and  cathode 
follower  to  try  for  any  latent  change  on  the 
cable  on  the  disconnect.  Mr.  Smart  (Sandia 
Corporation,  Albuquerque)  replied  that  they 
had  used  electrometers,  tliey  had  shorted  ^e 
grid  just  before  the  pulse,  and  when  they  had 
got  a  sMft  the  only  difference  had  been  that  it 
lasted  much  longer.  There  v/as  still  an  RC 
return,  but  it  was  very  long  because  now  there 
was  no  grid-leak  resistor,  llr.  Smart  was 
then  asked  why  should  a  change  continue  to  be 
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gciicratod  loiiK  alter  the  snui'ce  or  physical 
1  cuMon  for  the  charpe  had  disappeared.  Ho 
replied  that,  wlicn  polarized,  ilierc  was  a  con- 
sUiiit  charpe  on  the  crystal.  Now,  if  the  lattice 
wore  ovoi  strained,  the  conlipuration  might  ac¬ 
tually  be  changed  slightly  as  it  would  if  a  volt¬ 
age  o.r  force  wore  applied.  Then  would  it  not 
be  possible  to  have  a  permanent  or  semiper¬ 
manent  cl;aiige  ill  the  total  chai-ge  ?  Such  a 
change  would  be  analogous  to  the  change  of 
magnetism  when  a  magnet  was  shocked.  You 
could  polarize  a  ferroelectric  by  snock. 

Mr.  Bradley  (Bndeveo)  agreed  but  said 
that  would  not  mean  that  you  would  continue  to 
have  a  latent  cliarge.  You  could  change  crystal 
configuration  to  such  a  degree  that  you  would 
get  a  different  charge  pattern  or  characteris¬ 
tics.  Mr.  Smart  suggested  that  leak-off  would 
then  follow  the  circuit  parameters.  He  pointed 
out  that  in  his  particular  circuit,  the  time  con¬ 
stant  was  about  2  seconds  and  all  the  zero  shifts 
they  liad  observed,  except  tliose  from  the  guns, 
had  lealted  off  at  the  circuit  rate  (Figs.  1-6). 
What  he  was  suggesting  as  a  hypothesis  to  think 
about  was  a  change  in  t!ie  remanent  polariza¬ 
tion  caused  by  the  shock  nverstressing  the  ele¬ 
ment,  analogous  perhaps  to  exceeding  the  elas¬ 
tic  limit  in  a  metal,  or  something  of  the  sort. 

In  reply  to  a  query  from  Mr.  Bradley,  Mr. 
Smart  said  he  would  expect  it  to  return  to  zero 
eventually. 

Mr.  Fov'ler  (U.  S.  Sonics)  pointed  out  tliat 
to  make  any  appreciable  changes  in  the  char¬ 
acteristics  ot  the  crystal  you  would  have  to  put 
on  enough  force  to  get  about  1500  v  across  the 
normal  thickness  of  the  crystal  used  in  accel¬ 
erometers.  The  force  would  be  between  10,000 
and  15,000  psi  to  make  any  appreciable  differ¬ 
ence.  He  went  on  to  say,  'T  believe  theie  are 
a  whole  series  ot  different  effects  in  th  •  zero 
shifts  shown.  Soma  of  the  figures  of  the  wave¬ 
forms  were  clearly  due  to  cable  motion  v/hich 
upsets  the  characteristics  of  some  accelerom¬ 
eters  very  much  indeed.  So  you  would  have  to 
thi'ow  out  some  of  the  results  for  that  reason. 
Some  of  them  may  have  been  frictional  decel¬ 
erations  after  the  shock— that  is,  they  may  have 
been  genuine  accelerations.  Both  the  cable  and 
the  coupling  capacitors  and  some  amplifiers 
have  a  semipermanent  shift,  a  shift  in  the  elec¬ 
trical  characteristics  after  you  put  a  pulse  in 
and  some  of  the  figure.s  clearly  show  that. 

Some  of  the  experiments  with  tho  cable  show 
that  they  were  doing  this.  It  is  a  well  known 
effect."  Ap  a  final  possibility,  he  suggested 
that  a  lew  accelerometers  with  a  number  of 
mechanical  coiuiections  in  tium  really  do  liave 
a  ca.iacilance  shift  on  experiencing  high 
shocks. 


Mr.  bmart  inquired  if  Mr.  Fowler  was 
.keying  th.it  there  really  was  no  zero  shift.  If 
the  things  Mr.  Fowler  had  mentioned  were  so 
clearly  evident,  would  he  point  them  out.  Mr. 
Fowler  pointed  out  one  ease  where  tlie  shift 
bad  occurred  before  tho  pulse  and  said  this  was 
very  muchlike  cable  motion.  Mr.  Jensen  agreed 
but  said  .he  had  pointed  this  out  at  the  time. 

Mr.  Smart  said  that  they  went  to  gre.it  lengths 
to  immobilize  cable  and  to  get  the  electronics 
out  of  It.  If  it  could  be  shown  there  was  an 
electronic  prorilem,  he  would  be  happy  to  try 
eliminating  it.  Mr.  Fowler  said  he  did  not 
moan  tliat  no  accelerometers  really  showed 
the  effect.  However,  there  were  a  lot  of  ac¬ 
celerometers  in  which  there  were  many  me¬ 
chanical  connections  and  putting  stress  on  the 
ca.3e  of  accelerometer  could  affect  the  sensi¬ 
tivity.  He  liad  been  associated  with  Raytheon 
in  developing  a  line  of  crystr  1  accelerometers 
and,  broadly  speaking,  he  would  say  that  they 
had  not  shown  these  effects  at  all.  Mr.  Smart 
a.sked  Mv.  Arndt  (Clevite  Corporation)  to  com¬ 
ment. 

Mr.  Arndt  confirmed  tlie  liigh  stresses 
needed  to  eiiange  the  iKilarizalton  of  any  of  the 
ceramics.  He  gave  a  typical  figime  of  from 
15,000  to  20,000  psi.  He  went  on  to  say,  "If 
you  do  stress  a  ceramic  to  the  point  where 
you  affect  the  remanent  polarization,  the  ef¬ 
fect  of  this  is  a  reduction  in  the  piezoelectric 
effect,  but  it  does  not  imply  any  permanent 
voltage  appearing  across  tiie  electrodes.  Y'ou 
just  sort  of  squeeze  some  of  the  energy  out  of 
it  so  to  speak,  so  tliat  on  further  stressing, 
the  output  is  less  than  it  was  originally. 

Mr.  Jensen  went  on  to  describe  the  re¬ 
sults  of  an  investigation"  which  had  been  made 
at  Sandia  Corporation.  Mr.  Jensen: 

The  investigation  was  carried  out  v/ith  a 
Gulton  AT- 2  Ballistic  Pendulum.  With  this 
machine  shocks  can  be  repeated  at  about  40- 
second  intervals,  but  maximum  accelerations 
are  limited  to  about  600  g  for  9/10  ms.  It  was 
necessary,  therefore,  to  use  transducers  likely 
to  be  most  sensitive  to  the  piicnomenon,  and 
from  past  experience  Gulton  A391TM  were 
chosen. 

The  test  set  up  was  as  follows:  Gulton 
Pendulum,  tlie  cathode  followers  supplied  with 
it,  a  Tektronix  536  oscilloscope,  and  a  Hughes 
memo-scope.  The  oscilloscope  was  used  as 


‘'H.  J.  Jensen,  "Zero  Shift  in  Piezoelectric 
Transducers,"  Sandia  Corporation,  Report 
SCDC  2006. 


394 


a  Irigci  r  generator  to  •''Upply  Die  inemo-scoiie 
with  an  initiating  pulse  at  the  proper  time. 

The  pulse  Iroin  the  reference  accelerometer 
was  anipiified  by  the-  Tektronix  536  and  uccd 
lor  self-triggering.  The  trigger  .set  the  hori¬ 
zontal  sweep  on  the  530  into  operation.  The 
rise  time  of  the  sweep  w.as  then  used  to  con¬ 
trol  delay  of  the  sweep  initiation  on  the  Hughes 
nieino-sco]X!,  the  delay  being  necessary  he- 
cau.se  a  period  ot  lime  elapses  while  the  shock 
travels  the  length  of  the  pendulum  slug. 

It  wa.s  tl;e;i  required  that  assurance  oc  ob¬ 
tained  that  the  cathode  followers  would  not  hr 
oveiTuaded.  It  was  found  that  thc.se  v'Otild  ac¬ 
cept  a  30-v,  peak -to-ixial<  signal  Ihrcugh  a 
lOnO-microiiiicrofarad  capacitor.  The  deflec¬ 
tion  sensitivity  of  the  Hughes  memo-scope  was 
set  at  1/10  V  per  centimeter  and  romai*'ed  at 
that  level  throughout  the  entire  test.  The  gain 
of  tile  calhode-follov.'cr,  low-)Tass  tiller  com¬ 
bination  wa.s  0.48.  In  addition,  accelerometers 
witli  higher  sensitivities  were  mounted  in  the 
test  position  and  Die  sliock.s  passed  tlirough  the 
system  undistorted.  These  two  tests  should  bo 
satisfactory  evidence  that  zero  shift  was  not 
being  caused  externai  to  the  transducer. 

Tlie  next  step  was  to  r  lund  up  all  tlio 
Gulton  A391TM's  available.  Several  of  these 
had  been  used  at  one  time  or  another  and  sev- 
ei  al  wore  i.ew.  Ail  Loi<i,  inoiit  samples 
were  tested.  These  were  installed  on  the  pen¬ 
dulum  and  the  first  3-  to  6-shock  pulses  were 
recorded  on  the  memo-scope  and  then  photo¬ 
graphed. 

It  has  observed  that  the  majority  of  trans- 
duccr.s  shifted  to  some  extent  at  least  and  sev¬ 
eral  shifted  quite  radically.  It  was  immediately 
apiKiront  that  the  outputs  of  these  accelerom¬ 
eters  on  the  fir.st  to  third  shod;  pulse  bore  no 
resemblance  either  in  amplitude  or  wave  form 
to  the  true  shock  pulse. 

The  tests  were  repeated  the  next  day  after- 
the  transducers  had  been  disconnected  and 
stored  inactively  overnight.  Shifts  were  again 
observed  on  those  v/hose  tendency  it  had  been 
to  do  so  on  the  previous  test.  The  magnituce 
of  the  shift  seemed  to  be  about  25  to  50  per¬ 
cent  less. 

A  transducer  v;as  then  selected  from  this 
group  which  repeatedly  showed  significant 
amounts  of  "zero  shift,"  the  intention  being 
to  use  this  for  tl-.o  balance  of  testing.  This 
v;us  done  nol  with  tire  idea  that  it  would  be 
representative  Ikd  tliat  the  effects  could  more 
readily  be  studied  under  the  limited  labora¬ 
tory  conditions.  The  observations  which  had 


been  made  from  the  inactive  storage  effects 
naturnlly  lead  one  to  wonder  it  the  same  phe¬ 
nomena  w'ould  redevelop  if  Uic  entire  tcsi.  sst 
up  -wore  left  active  for  long  periods  of  time. 
Toward  this  end,  a  test  series  was  conducted 
with  the  selected  transducei  lefi  actively  in¬ 
stalled  with  all  associated  electronics  in  ac¬ 
tive  operation.  The  transducer  was  given 
three  consecutive  shocks  at  40-second  inter¬ 
vals  alter  periods  of:  3,  6,  12,  24,  and  48 
minutes;  1  hour  and  36  minutes;  and  18  hours. 
At  no  time  was  a  "zero  shift"  observed. 

At  tl'ds  point,  one  might  reason  that  the 
tendency  to  "zero  shift”  could  be  a  result  of 
charges  accumulated  during  storage  or  in¬ 
duced  by  1  potential  oji  Uie  cable  used  to  con¬ 
nect  the  transducer  to  the  cathode  follower. 

It  was  then  observed  that  a  small  "zero  shift" 
(less  than  25  percent  of  that  observed  after 
storage)  took  place  after  each  momentary 
dtjconncclior,  of  the  cable  at  either  the  trans¬ 
ducer  or  the  cathode  follower.  The  trans¬ 
ducer  was  installed  after  an  overnight  shelf 
period  and  given  several  550-g  shocks.  After 
sh.ov/in-g  decreasing  shifts,  the  transducer 
performance  again  became  normal.  The  cable 
was  then  removed  momentarily  at  the  trans¬ 
ducer,  reconnected,  and  the  transducer  was 
shocked  three  times.  There  was  a  small 
amount  of  "zero  shill,"  at  first— and  then  the 
transducer  again  achieved  stability.  The  con¬ 
nector  was  then  removed  momentarily  at  the 
cathode  follower.  It  was  then  noted  that  the 
shift  took  place  in  the  opposite  sense  when  the 
disconnect  was  made  at  the  cathode  follower 
rather  Ilian  at  the  ti  ansducer  and  a  series  of 
tests  was  conducted  to  confirm  this  observa¬ 
tion.  The  observation  was  found  to  be  true. 

An  attempt  was  then  made  to  exaggerate 
this  condition  by  placing  a  battery  across  the 
transducer.  With  this  arrangement,  the  bat¬ 
tery  could  be  placed  across  the  transducer  in 
cither  sense  without  also  placing  it  across  the 
cathode  follower.  It  was  noted  that  tlie  sense 
of  the  "zero  shift"  was  a  function  of  the  sense 
in  which  the  battery  was  placed  across  the 
transducer.  This  test  was  also  conducted  with 
a  10-miriate  waiting  period  between  the  point 
at  v/hich  the  battery  was  placed  across  the 
transducer,  and  the  point  at  which  it  was 
shocked.  No  decay  in  the  teiidency  to  shift 
wa.s  observed  during  tiiis  period  of  time.  A 
number  of  the  above  tests  were  then  per¬ 
formed  on  the  Clevile  ICI  Serial  Number  002. 
This  unit  was  selected  because  it  was  on  hand 
and  readily  adapted  to  the  mount  and  for  no 
other  reason.  This  unit  did  not  exhibit  a 
tendency  to  shift  ui;der  any  of  the  above  con¬ 
ditions. 
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i.-;  rtH'o^nizofi  th?.l  ihcso  inv(;iiiit^atioii< 
arc  I’.ot  cosnplrtc.  No  attempt  ha.s  been  made 
to  njitkc  tiicin  so,  nor  can  the  re.suli.s  bo  inler- 
■j. -ill  II  aa  bcinfC  reijivsontaii'/c  of  n  produi  l  oi' 
cla.sb  of  proiiactb.  V/hat  is  significant  is  that 
/.oro  shift"  hns  been  shovvii  to  exist  in  a  lixins- 
ciucer.  Furthernioro.  tiiis  "/ero  sliil't"  has 
been  induced  and  controlled  l)>  .strictly  elec¬ 
trical  means.  'I'l'.is  is  not  to  say  that  mechan¬ 
ical  effects  do  not  contribute  but  rather  to  say 
Ui.at  "zero  shift"  must  bo  liujught  of  in  "inclu¬ 
sive"  lorm.s  rather  than  "exclusive."  It  has 
been  observed  that  certain  transducers  within 
a  I.VIK  are  less  sullj.i’ct  lo  "iXiO  bilJl"  liian 
oihers.  Further  investigation  should  bo 
directed  to  finding  out  what  design  parameters 
are  imolvcd  in  eliniiiaiting  this  undesirable 
plienoineiion.  Until  a  solution  has  been 
achieved,  we  are  forced  to  the  conclusion  llud. 
a  very  serious  limitation  on  the  use  of  piezo- 
cicetrlc  transducers  foi  shoch  measurement 
has  been  iiinM.sod. 

Mr.  Hradley  ashed  if  Mr.  Jensen  had  any 
explaiuition  for  the  change  in  zero  shift  with 
disconnection  ot  the  cable  at  one  end  or  the 
other.  He  felt  there  were  adccjualc  theories 
Lo  account  for  all  the  other  happenings.  Mr. 
Jensen  did  not  have  a  tlieory. 

Mr.  Bradley  then  outlined  his  viev/s. 

"K  .seems  to  tnc  iiioi  there  are  two  major 
cflccts,  and  they  can  probably  be  broken  down 
into  several  sulicalcgories.  Certainly  in  some 
kinds  of  designs  there  are  mechanical  shifts  , 
particularly,  you'd  expect  to  see  them  in  corn- 
prcs.sion  itccelcromcicrs  w'hcn  impacted  at  90 
degrees  to  their  sensitive  axis.  I  think  this 
has  l)oen  pretty  well  shown  by  some  ol  the 
figures.  This  could  also  be  tied  into  the  case 
.stre.ss  effects  that  have  been  rrentionod  by 
Mr.  Fowler.  These  are  all  quite  easily  ex¬ 
plainable  but  then  we  get  into  the  units  with 
which  the  bulk  ot  Mr.  Smart's  field  tests  and 
the  buUi  of  our  tests  at  Endevco  were  con¬ 
ducted;  these  are  either  s.  bender  element 
which  exhibits  these  cliaracteristics  repeatedly, 
or  the  annular  typo.  II  I'm  not  mistaken,  in 
the  bender  element  the  ci  ysMl  is  totally  iso¬ 
lated  from  the  case.  In  fact,  it's  up  on  a  ped¬ 
estal  whore  the  diameter  of  the  pedestal  is 
something  like  30/1000  inch,  and  it  is  hard  to 
see  where  any  stresses  from  the  ease  can  be 
coupled  into  crystals.  I  would  say  that  in  a 
bender  element,  the  case  effects  or  physical 
shifts,  must  be  ruled  out.  The  same  is  true  In 
the  ann-.lar  concentric  crystal  where  the  crys¬ 
tal  is  supported  on  a  post  or  around  a  post 
and  the  ma.ss  is  around  tiiC  crystal.  These 
are  some  of  the  kinds  which  are  shown  in  the 


figures,  and  also  I  believe  some  of  them  are 
the  Cievito  units.  There  could  bo  complete 
failure  I  believe,  because  llie  only  thing  tlial 
can  shill  arc  the  bond  lines  lietween  crystal 
and  mass  and  this  would  be  a  lotal  failure 
rather  thnr.  n  ehanee  ip  preload  or  cliango  in 
the  mechan.'eal  pressures  on  the  crystal.  So, 
it  soen's  quite  evident  to  mo  that  something  is 
happening  in  the  cystal.  I  wish  it  were  not 
true,  but  I  thin!',  we  ha  ,'e  to  face  it:  We  have 
long  experience  which  tends  to  indicate  that  it 
does  not  talto  10,000  pounds  per  square  inch  to 
alfect  the  polarization  ol  a  ci'y.stal.  As  long  as 
5  years  ago,  we  started  eyeling  our  acneler 
onieters  for  a  [Xiriod  of  some  3  weeks  in 
terms  of  all  kinds  of  shoek.s:  hot  shock,  cold 
shock,  anil  .somethin.g  on  ttie  order  of  30,000  g. 
Now  this  was  done,  not  because  v/o  were  try¬ 
ing  to  be.at  them  to  death,  but  be.cause  wo  found 
that  they  weie  not  as  stable  as  they  should  iie 
until  wc  went  through  this  process  We  htive 
documents  on,  I  would  guess,  thousands  of 
units  showing  that  as  Iney  went  through  thin 
process,  there  were  shifts  in  polarization. 

This  sliili  in  polarization  is  observed  as  a 
shift  in  sensitivity;  however,  a  shift  in  .sensi¬ 
tivity  is  a  shift  in  polarization.  And  if  you 
were  u)  ob.serve  it  during  the  time  it  was 
shifting,  you  would  discover  that  it  would  ap¬ 
pend  jusl  like  the  dc  shitt  in  the  figimes:  be¬ 
cause  when  the  polarization  changes,  tin. 
crystal  either  gives  up  or  hikes  on  cluiigos, 
and  this  in  essence  changes  the  voltage  across 
the  cryshal  until  the  charges  liavc  a  chance  to 
leak  of!  and  equiilizc.  So  I  tliink  the  problem 
is  with  us  and  very  much  in  tlie  cry:  la.l. 

"Let  me  go  one  stop  further  to  say  that  it 
is  probably  not  unusual  to  expect  this  to  hap¬ 
pen,  bccau.se  most  metals  when  dyiumieaiiy 
loaded  will  ,5how  hyste.resis;  and  i  a.ssume, 
thcreiore,  it  is  reasonable  to  expect  dielectric 
materials  will  also  show  hysteresis  and  par¬ 
ticularly  a  hysteresis  that  is  time  sensilive, 
a  hysteresis  wl.’ore  the  material  on  the  first 
cycle  never  returns  to  zero  but  on  siAisequent 
cycles  usually  does  return  to  zero.  U  you 
wait  a  few  hours  or  days  and  do  it  again,  you 
very  often  find  that  you  go  through  the  first 
hysteresis  again.  I'm  not  ouying  that  tliis  is 
wlint  i.s  liappcnini',  but  I'm  saying  that  it.  .seems 
to  be  analogous  and  tliat  this  is  the  sort  of 
thing  that  is  going  on  within  the  crystal.  The 
best  snlulior.  to  it  is  what  I  think  has  been 
shown  here,  tliat  is  to  reduce  the  stress  on  the 
crystal  so  that  hysteresis  becomes  small.  It 
does  seem  to  be  stress  sensitive." 

The  following  discussion  then  occurred. 

Mr.  Fowler-  You  are  discussing  here  the 
shift  in  sensitivity.  I  don't  deny  that  over  a 
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])L'ri(jci  01  lirtio,  jjiu’ticui;u’ly  when  liicsc  crvs- 
Uis  are  new,  they  spontaneously  will  slowly 
lose  a  certtiin  amount  of  their  polarii.ation.  I 
would  innJte  a  very,  very  slronj;  cii.stincfion  b('- 
•  '"een  the  sensitivity  of  the  acecleromoti  r  and 
llio  sensitivity  of  the  ervstal  element.  Vnu're 
saying  that  in  the  ring  acceieronielers  which 
are  cemented  onto  .1  ixist,  that  you're  not 
ciianging  the  .stress  in  the  crystal  when  you 
stress  tlie  cast'.  If  you  work  out  how  many 
lenilis  or  a  micro  inch  clefieclion  it  takes  in 
the  crystal  to  upset  its  sensitivity,  I  think  you 
mighi.  change  your  mind  a  liiUIc.  Have  you 
tried  actuaily  measuring  the  son.sitivily  of  the 
crystal— that  is,  for  instance,  the  ratio  of  its 
resonant  frequencies? 

Mr.  Bradley:  Very  definiielj. 

Mr.  rowlcr:  You're  relating  the  change 
in  actual  .sensitivity  of  the  crystal  to  the  shock 
testing  and  so  on  that  you've  done  to  it.  It 
seems  to  me  th.at  you  would  have  to  make  some 
very  careful  measurements  to  show  whether 
the  shift  in  sensitivity  that  you  measured  on 
the  crystal  after  you've  tah;en  it  out  of  the  a,c- 
caierometer  and  you've  got  it  mounted  between 
;i  iiair  of  whiskers,  wliether  this  was  due  to 
shock  or  duo  to  tcmperaturi!  cycling,  etc. 

Mr.  Bradley.  I  don't  tlrink  wo  liavo  done 
anything  exactly  as  you've  laid  il  e.at.  I  will 
say  though  that  we  have  pvt  stresses  into  the 
case  on  these  concentric-nng  accelerometers 
that  are  so  great  that  they  permanently  deform 
tlic  case  and  this  has  no  effect  on  the  crystal. 

Mr.  Fowler;  Well,  that's  very  interesting. 

Mr.  Bradley:  In  other  words,  we  have 
verified  tliat  the  stresses  from  the  case  into 
the  crystal  have  no  effect  on  the  Crystal. 

Mr.  Fowler:  I  tliink  you  said  you  didn't 
understand  wiiat  happened  to  the  experiment 
with  the  battery  in  tb,"  rable. 

Mr.  Bradley;  The  battery,  I  can  under¬ 
stand.  Just  why,  when  you  disconnect  the  cable 
at  one  end,  you  get  a  positive  shift  and  when 
you  disconnect  the  cable  at  tiie  oilier  end  you 
get  a  negative  shift— ! his  is  verv  Itard  to  under- 
sta.Tid. 

At  this  point,  a  lO-minute  break  w.as  taken. 
Resuming  ilie  discussion,  Mr.  Fowler  said, 

"The  suggestion  has  been  m.ade  that  all  of  these 
experiments  should  be  repeated  without  an  ac¬ 
celerometer  but  with  a  good  qvrility  mica  ca¬ 
pacitor;  there  are  some  uncased  ones  for  com¬ 
puter  use  which  are  of  extremely  good  quality. 


They  should  he  of  the  same  cajiacity  as  the  ac¬ 
celerometer,  and  then  subject  this  apparatus 
to  all  these  tests  including  the  .shock  test." 

Mr.  .Siiiarl;  VVc  did  this  on  the  air  gun 
using  regular  5-pcrcent  silvered  mica  capac¬ 
itors  and  wo  got  nothing,  atisolutely  netliing. 

In  other  words,  in  place  of  the  accelerometer 
wc  had  a  capacitor  with  the  plates  in  the  same 
axis  that  the  plates  of  the  acccle.ronietcr  would 
1)0,  and  as  1  recall,  we  got  nothing  except  a 
little  line  noise. 

A  voice:  H.ave  you  tried  putting  l)attorics 
and  switches  in  series  with  it  to  put  pukses  in 
it? 

Mr.  Smart:  No,  we  liave  not.  However,  it 
was  charged  ivith  the  cathode  voltage  of  the 
cathode  follower.  So  it  did  have  about  30  v 
across  it.  Our  cathode  follower  lias  about  40 v 
on  the  input.  We  have  an  0.01-microfarad 
input  capacitor.  The  accelerometer  had  about 
500-microfarad  capacity,  so  i't  would  have  had 
all  the  voltage  across  it,  or  p.retty  near  all. 

We  fully  expected  a  signal.  Wc  did  not  get  one 
that  I  can  recall. 

Mr.  Bradley:  One  of  the  conclusions  that 
we  have  reached  here  is  that  the  whole  sys¬ 
tem  ought  to  he  tested  under  all  these  condi¬ 
tions,  without  using  the  crystal  and  the  accel¬ 
erometer.  The  best  indication  to  nr.c  that  there 
may  be  another  effect  in  addition  to  the  crys¬ 
tal  effect  is  this  cable  disconnect  business 
where  disconnecting  at  one  end  you  get  one  ef¬ 
fect  and  at  the  otiier  end  you  get  another  effect. 
It  seems  more  important  to  put  a  single  pulse 
gencrator-not  a  train  of  pulses,  but  a  single 
pulse-into  the  system  and  look  for  shifts.  Do 
you  get  any  shifts  ? 

iVir.  Smart:  Rignt  across  the  accelerom¬ 
eters? 

Mr.  Bradley:  Yes. 

Mr.  Smart:  Well,  I've  done  it  both  wayo. 
I've  used  a  single  jiulse,  Tektronix  pulse  gen¬ 
erator  both  with  the  accelerometer  discon¬ 
nected  and  with  a  capacitor  where  the  accel¬ 
erometer  was.  When  I  disconnected  the 
accelerometer,  I  fed  the  capacitor  in  series, 
simulating  a  voltage  circuit  with  a  series  ca- 
jjacitor.  In  other  words,  it  would  be  the 
Thovenin  equivalent  o.f  the  piezocircuil  which 
would  be  a  charge  generator  with  shunt  capac¬ 
itance.  So,  then,  when  I  put  the  shock  pulses 
in,  I  put  in  a  voltage  and  a  series  capacitor. 

And  I'm  fairly  confident  of  the  cable  when 
stationary;  now  I'm  not  so  confident  of  it  in 
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ll'io  Mr.  Knv.'lcT  i)ri)l'.al))y  iuia  m  (juiiit. 

llic  oiip.s  lio  said  v.'i.'ro  to  liiin,  at  least,  cleariy 
eases  C't  '.'a!)le  deforinatlon,  wliereas  in  the  '^un 
tteds,  We  ill.'  ;:')l  have  nuicii  cuiilio!  over  the 
(;ni)lo.  Tiii.s  is  a  t’.ood  pr.inl,  nuiylie:  1ml  in 
those  also,  we  have  used  the  capacitor  to  rc- 
pl  ice  the  accx'kM'onieter  on  the  5-1  2-ip.rh  air 
pun  and  have  never  had  a  sipn.il, 

I  Irive  very  c.xhausiivcly  te.sled,  ninlrii' 
single  pulse  conditions,  tin'  entire  .syst'':'!)  lliat 
we  use.  Not  only  in  Llic  l.il'oratory,  i)ni  at  the 
tower  and  in  lilaee.s  where  (liey  ar(-  actually 
used.  Wo  actually  caiiliralo  with  a  jimulalod 
accelerometf-i'. 

Mr.  Fowler:  'I'iieic  i.s  one  thing  i'd  like  to 
say  tliat  may  clarity  tiie  position  I'm  taking, 
i  in  not  arguing  that  some  accelerometers 
don't  sliow  till)  zero  sliitt  because  1  believe 
.-iome  acecleromcters  do;  Inil,  1  believe  it'.s 
faulty  mocliaiiical  design.  I'm  just  saying  that, 
in  general,  ricceloromclcrs  don't  have  tliis  ef- 
I'ccl. 

Mr.  Smart:  Have  a  look  al  Figs.  2  and  3. 
Take  the  Cievites  for  instance.  On  the  more 
sensitive  one.  Hie  5-niillivolt-per-g  acceler¬ 
ometer,  we  got  a  sliil'l  similar  to  the  one  at 
the  top  (Fig.  3).  On  this  same  drop,  look  at 
the  two  2C1  (Fig.  2).  Witli  these  there  is  only 
a  clocvenso  in  the  seismic  mass,  and  the  ea- 
paeilanco  is  ilic  .saiuc.  The  mass  was  de¬ 
creased  to  where  the  sensitivity  dropped  from 
8  inillivolls  per  g  in  tiio  5C1  to  2.5  millivolts 
per  g  in  tlic  2C1.  Tiiose  two  (Fig.  2)  did  not 
sliift  on  the  same  drop  with  roughly  the  sanie 
g  load  and  tlie  same  duration. 

Mr.  Fowler:  Tliat  would  liavc  been  halving 
llic  mass  ? 

Tod  Smart:  Tliat  would  liavc  been  chang¬ 
ing  Llic  sensitivity  liy  a  lactor  of  about  3  to  4, 
by  only  clianging  tlic  sei.9niic  mass. 

Mr.  Fowler:  Then  apparently  for  just  a 
3-to-l  change  in  tlie  stress  in  the  crystal  we 
go  from  no  cflccl  at  all  to  an  effect  in  which 
the  crystal  broke. 

Mr,  Smart;  Right.  On  tliis  1-g  load.  Yes, 
that's  correct.  This  was  about  1000  g,  roug-|ily. 

Mr.  Fowler:  If  you'd  really  affected  the 
crystal  Dial  .uch,  this  accelerometer  wouldn’t 
liuvo  wurkeci  afterwards  oi'  would  have  been 
so  drn.stically  different  you  would  have  noticed 
it.  It  is  not  re  versible  you  see,  if  you  damage 
it. 


Mr.  Str.url;  Oil,  1  realize  Dial.  Rut  we're 
not  suggcsicig  lirit  it's  been  daniai'.ed,  Ijeci.use 
wo  can  u.so  if  again  on  Dio  no.xt  test  and  gc-i  a 
pinfec'-ly  aafi.-.facloi'y  .signal. 

Mr.  Fowler:  To  my  mind,  and  I  don't 
know  whctlicr  Die  gontteman  from  Fndovco 
would  agtree  with  thi.s,  in  this  particular  case 
il  would  really  rule  nul  the  possibility  of  it 
iiciiig  the  crysiai, 

Mr.  Smart.  No,  I've  .gone  along  with  you 
so  far,  but  I  can't  agree  witli  you  there.  WIiv 
would  you  say  that? 

Mr.  Fowler;  Well,  it  may  be  a  few- 
percent  shift  in  capacitence;  this  is  feasible. 

Mr.  Smart:  That  particular  crystal,  like 
any  of  these  others,  may  shift  on  one  shock 
and  not  on  the  next.  Or,  I'll  tel!  you  some¬ 
thing  else, that  happened— you  can  take  one  ac¬ 
celerometer  ami  subject  it  to  eoiiiinucd  shocks, 
llic  amount  of  shift  will  decrease  and  after 
awhile  you  won't  got  any.  But,  if  you  iovoise 
it,  go  back  Die  oilier  way,  it  will  start  all  over 
again.  And  we  can  do  this  time  afte.’’  time. 
Isn't  that  right? 

Mr.  Jensen:  That  is  correct. 

Mr.  Smart;  And  we  can  do  it  on  Die  same 
accelerometer  and  successive  calibrations 
will  not  show  any  difference  in  sensitivity. 

Mr.  Fowler:  Well,  1  would  suggest  in  tint 
case.  Oil  Uiib  particular  acceierometer,  that 
il  sounds  as  if  it  must  be  a  mechanical  elfect— 
Dull  somehow  you  are  altering  the  tension  in 
the  case  and  changing  the  stress  in  the  crys¬ 
tal.  As  I  say,  wo  have  accelerometers  which 
arc  basically  very  similar  to  these,  and  they 
don't  show  the  effect. 

Mr.  Arndt;  Well,  my  oiTy  real  comment 
is  that  I  don't  un  ierstand  it.  I'm  inclined  to 
agree  that  a  l  eduction  of  3  to  i  in  the  mass 
and  therefore  stress  on  the  crystal  f  jr  a  given 
acceleration,  sliould  not  make  such  a  tremen¬ 
dous  difference  such  as  we  saw  between  the 
very  large  zern  shift  and  no  apparent,  zero 
shift.  If  the  trouble  wore  in  the  crystal  mate¬ 
rial  1  would  thinlc  tliat  it  would  not  bo  quite  so 
violent.  Now,  w'e  don't  uiuicrstand  wliat  it  is, 
if  it  is  in  the  crystal,  so  we  can't  make  any 
very  conclusive  statements  about  it.  But  the 
feeling  is,  that  it  wouldn't  be  such  a  radical 
change. 

Mr.  Fowler;  'vVouid  you  Diinic  liieie  would 
be  any  difference  in  the  behavior  of  the 
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low-curio  p(jiul,  cuniparnLivc’ly  low-Kctivily 
l.'ariuni  Uamiitc,  thi'  almo.ut  ouro  bariiuvi  tiUin- 
ato:;,  as  r':jini)arcd  'vitli  tiic  very  liiph  caric 
))oiiU,  very  .'arpie  activity  crystals  thr';  iioih 
our  coaip.inies  in;Us"— because  I  would  puess 
tlial  we’w  ;,f)t  a  mixture  of  materials  ii.  the 
accclororeoters  we  are  lalkiiiK  al.'out,  and  it  is 
IJossible  ihal  maybe  perhaps  buiin.;  of  Ihe  almost 
uurc  Ijariuni  litanates  mijrlil  boh.ave  cliflerontlv 
as  iiK’y  are  easy  to  iwlarizo  for  instance. 

Mr.  Arndt;  Well,  I  wouldn't  he  surprised 
to  find  a  dilference.  Frankly,  I  know  very 
little  aliuut  ‘.be  physics  of  tliese  crystals.  My 
iniernst  is  more  on  the  application  side,  and 
my  altitude  at  the  moment  is  that  most  any- 
tliing  could  liappon  and  I  don't  think  1  could  say 
one  way  or  the  other.  Certainly,  in  CerUiii 
resix'cts  lliere  arc  very  big  diflerences  be- 
bvern,  say  .i  Si. eaiglit  bariuia  ttCirutlo  aed  sume* 
of  the  oti’.er  materiais. 

Mr.  Bradley;  All  of  the  data  shown  con¬ 
cerning  our  annular  designs,  is  for  load  zii  - 
conale  titanate  witii  curie  points  well  above 
700  degrees,  and  still  we  see  the  dc  shift.  I 
would  suspect  it  would  be  worse  than  pure 
barium  titanate  because  the  coercive  lorce  on 
alloyed  barium  titanate  is  very  low,  but  most 
commercial  bariiun  tilanatcs  liavc  calcium 
and  lead  in  tiiem  that  raise  tills  coercive  force 
and  tlicreforo  should  improve  the  stability. 

Load  zirciJisate  is  aiioLicr  order  of  magnitude 
a  better  in  coercive  force,  isn't  that  right? 

Mr.  Edleman  (National  Bureau  of  Stand¬ 
ards);  I  liavo  a  romment  which  is  completely 
negative,  and  I  olfer  it  only  because  maybe 
someone  can  miilce  .something  of  the  experience 
we've  had.  Wo'vc  reported  driving  several 
different  pickups  with  sustained  sinusoidal  ac¬ 
celerations  over  a  fairly  long  period  of  time, 
with  acceleration  levels  up  to  12,000  g.  We 
have  been  doing  this  while  we  were  c.alibrnting 
the  pickups  and  in  this  study  we  found  no  sign"^ 
of  any  sliift.  Now  from  the  comments  that  I've 
heard  tonight,  apparently  there  was  no  rea.son 
to  expect  any,  but  perhaps  the  fact  that  none 
showed  up  is  significant.  If  any  had  been  pres¬ 
ent  we  would  have  found  thorn.  We  were  mak¬ 
ing  very  careful  calibrations  repeatedly  anti 
the  pickups  vvere  exposed  to  these  very  iiigh 
lev.'ils  of  acceleration  over  a  wide  frequency 
range  and  over  r.  period  ol  several  weeks.  Now 
the  pickups  were  ol  several  different  kinds, 
one  without  any  inertial  mass,  another  with  a 
very  heavy  inertial  mass  and  neither  of  them 
had  any  case,  so  there  was  no  question  of  ‘die 
'’OS'’  effects.  I  just  offpi’  this  and  hope  that 
perhaps  this  will  tell  you  what  the  aero  shift 
is  not  due  to. 


Mr.  May  r  ask  you  a  question 

Mr.  Edleman?  Did  you  ob.sc.vvo  any  n('niiiu;- 
arity?  Mr.  Louche  suggested  to  me  .sometime 
back  that  if  on  a  coiitinnous  sinufoid  test,  zero 
shift  did  occur  a',  the  end  of  each  h.aif  cycle 
that  this  would  show  up  as  a  nonlinearity. 

Maybe  you  could  clarily  Ibal  a  bit  Dr.  Bouche? 

I-'r  Bouche;  1  don't  reiAomber  tlie  exact 
subject  at  the  moment  except  that  wo  wore  in 
a  geniM  al  cliscucsion  about  t!ic  fact  liiat  one  of 
111'’  pickup.s  t.'ial  did  exhibit  shift  quite  a  bit, 
wa.‘’  nonJincar  in  its  amplitude  response.  I 
iiienti.vni  this  with  some  hositance,  iiecausc  of 
all  of  the  piezoeleclric  accelerometers  v/ith 
which  I've  been  assueiaied,  ii  is  only  with  one 
accelerometer  that  I've  noticed  any  nonlinear¬ 
ity  and  this  iiarticular  one  ukl  have  the  most 
zero  shifts.  Tills  particular  acceloromeior 
exhibited  nonlinearity  at  low  accelerations 
compared  to  other  accelerometers  in  which 
wo  have  no  indication  of  amplitude  noniiiumrity 
up  to  thousands  of  g. 

Mr.  Amos  (Frankford  Arsenal);  I  can  only 
tell  you  of  our  experience.  We  have  noticed  dc 
shifls  in  fairly  low-g  ranges  of  several  hundred 
g  and  up  to  maybe  20  or  30,000  and  we  blamed 
it  on  the  instrumentation  rather  than  on  the 
accclcromolor.  To  eliminate  these  dc  shifts, 
an  electronic  engineer  recle.signed  the  cathode 
follower,  and  along  with  this  had  the  techni¬ 
cians  make  whal  ho  called  a  stumpometer. 

This  v/as  a  metal  rod  in  a  solenoid,  and  by 
pushing  a  button  he  could  repeatodlv  hit  the 
accelerometer  and  produce  cic  shifts.  He 
tested  continuously  until,  by  redesign  of  the 
cathode  follower,  he  didn't  get  any  dc  .shifts. 

I  don't  know  what  bearing  that  has  on  the  case 
but  that  was  our  experience.  And,  as  far  as 
we're  concerned,  we  don't  have  that  problem 
now;  it  might  be  that  by  a  careful  examination 
of  some  of  our  records,  it  might  possibly  be 
Tioticed  in  the  transverse  shocks  but,  we  con¬ 
sider  tl'.e  problem  solved  as  far  as  we're  con¬ 
cerned. 

Mr.  Jensen;  I  think  there  wouldn't  'ao  a 
one  of  us  here  that -wouldn't  agree  that  this  is  a 
possibility,  and  probably  one  of  the  first  things 
that  anyone  would  thinltof,  on  the  other  Itand, 
you  can't  explain  the  I'andoinncss  ol  occurrence 
nor  i;an  you  explain  how  some  particular  class 
of  accelerometers  will  exhibit  tills  much  less 
frequently,  p.specially  in  the  case  where  the 
sen'ritivity  of  a  "nonshifting"  accolerometer 
could  be  a  whole  order  of  magnitude  mure  than 
in  the  case  where  it  was  shifting. 

Mr.  Bort  (David  Taylor  Model  Basin); 

The  small  accektrometers  are  exactiv  what 


yt-u  net,'  for  rnoi.iul  woi'k  if  you  want  to  sneas- 
uro  raf>por..HP  of  the  mocIcJa  to  underwater  o.r- 
pto.'UohK.  We've  !)'.on  tryinp:  to  use  Ihfin  for 
tho  past  :i  years  and  we've  always  been  brought 
up  siiort  !)^  this  very  z?'’o  shift.  Since  v/e're 
maoiiy  intcro.siod  in  things  such,  as  velocity 
and  displacement,  even  a  smi  11  amount  of  zero 
shill  will  shoot  ns  down,  because  zero  shilt 
aiiiounting  to  as  little  as  1  percent  of  the  peak 
acceleration  inlcgrated  to  get  a  velocity  and 
double  integrated  to  get  a  cinsplaceraent  means 
tnal  it  immediately  drifts  off  .screen  one  way  or 
the  other.  Wo  found  the  random  effect.  We've 
al.so  found  that  at  roughly  2000  g,  you  get 
roughly  20-g  zero  drift  (somclimcG  one  direc¬ 
tion,  sometimes  the  other).  These  show  up  in 
the  integrated  records .  We  generally  record 
into  an  HC  circuit  v/ithout  a  preamplifier  so 
tl'.ore  is  no  voltage  on  the  accelerometer.  We 
follow  the  RC  circuit  with  an  electrometer 
impicianco  amplifier  which  will  give  us  a  1000- 
inegohm  input  impedance  and  run  our  record¬ 
ing  equipment.  The  electronics  have  been 
checked  with  small  pulse  generators  and  work 
fine.  We  made  checks  with,  the  cable  dead 
ended  rather  than  connecting  ii  to  a  capacitor, 
and  got  no  real  cable  effects.  IJ  we  could  got 
rid  of  this  zero  shift,  it  would  be  real  handy 
berp.u.so  the  small  accelerometers  are  just 
what  we  need  in  model  work. 

Mr.  .Icnscn:  Well,  I'm  in  complete  agree¬ 
ment.  Our  problems  deal  with  flight  tost  vehi¬ 
cles,  where  the  installation  has  to  'oe  made 
several  week.s  before  we  can  actually  conduct 
file  tost,  and  during  which  time  the  entire  in- 
sktllation  and  all  the  associated  electronics 
lie  olormunt.  We  can't  control  sonic  of  the 
factors  that  might  be  controlled  in  laboratory. 
For  instance,  we  can't  very  well  keep  tfic  ac¬ 
celerometers  shorted  and  reliably  reconnect 
them  sometime  during  the  flight,  and  we  can't 
keep  a  running  record  of  the  accalorometers' 
past  history.  It  becomes  a  prcblom  of  elimi¬ 
nating  the  source  of  the  trouble  rather  tlian 
trying  to  correct  it. 

Mr.  Hancock  (Endeven):  None  of  the  data 
presented  has  giver,  any  definite  indication  that 
the  accnracy  of  the  pealc  amplitude  is  impaired 
by  the  zero  shift.  Have  you,  or  has  anyoiie 
demonstrated  that  the  indication  of  amplitude 
is  off  by  X  percentage  or  is  affected  by  this 
.sliii  t  ? 

Mr.  Jensen;  In  the  investigation''  we  made 
and  which  I  de.sciTbed  to  you  earlier  we  had 
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.some  gold  CKamplcs.  We  used  a  ballistic  pen- 
uului.i  '  ,■  get  a  haif-sine  pulse.  This  war:  very 
repeattible  and  w'o  could  demonstrate  it  with 
other  types  of  pickup.  Well,  we  tool  a  tran.s- 
ducer  and  installed  it  after  an  overnight  shelf 
lieriocl  and  gave  it  several  550  g  sI'Oeks.  With 
rhe  initial  pulse,  the  accelerometer  indicated 
zero  acceleration  and  shilted  negatively.  On 
the  second  pulse,  th.ere  was  a  little  ace.elcra- 
Uo'i  and  with  successive  shocks  perforn  once 
gradually  improved.  It  was  no.,  ’oitil  lilt  tilth 
and  si'.rth  .shocks  that  it  began  to  approach  tne 
half-sine  pubso  we  knew  was  tin  re. 

Another  example  i.s  Fig.  1  in  the  report* 
'vhich  siiov.'s  in  tbe  beti.ini  trace  0-  positlvc 
zero  shift.  The  pulse  was  actually  a  square 
wave.  1  beliove  in  tnis  particular  case  we 
couJd  have  intuitively  corrected  for  the  zero 
shift,  but  it  it  had  been  an  unknown  w.uveform, 

I  am  sure  v/e  could  not  have  justified  any  par¬ 
ticular  correction. 

A  voice;  How  did  you  produce  a  square 
pulsi- 

Mr.  Jensen;  Impacting  honeycomb. 

Mr.  Bradley;  It  is  a  possibility  that  the 
crystal  is  acting  like  a  transistor?  id  have 
to  say  out  ol  ignorance  that  I  assume  it  is  not 
a  ixjssibilily.  I  wouldn't  see  how  it  worked. 

Mr.  Fowler;  You  can  dope  seme  of  these 
materials  until  ihey  ar.?  semiconductors,  but 
the  re.sisfivity  of  one  that  is  piezoelectric 
would  be  far  too  high;  there  is  just  no  appre¬ 
ciable  conduction.  They  are  tens  of  niegolims 
at  the  very  least  and  usually  hundreds  and 
even  thousands. 

Mr.  Kapiloff;  But,  we  have  been  talking 
about  the  )X)ssibility  of  a  change  in  the  struc¬ 
ture  due  to  severe  acceleration  and  we  liave 
considered,  too,  the  fact  that  there  may  be 
some  impurities  in  some  of  these  crystals 
that  are  not  present  in  others.  Also  we  have 
potentials,  that  exist,  either  from  the  ampli- 
lior  or  from  the  counter  eraf  ol  the  crystal 
itself.  Now,  would  that  constitute  a  transistor 
effect  do  you  think  ?  I'm  trying  to  see  if  we 
can't  find  some  other  explanation  for  these  dc 
shifts  and  that  occurs  Lu  mu  as  a  possibility. 

Mr.  Fowler;  I  don't  believe  that  v/ould  be 
a  p-ossibility.  There  is  a  possibility  that  might 
occur  in  some  of  tliesc  experiments  and  which 
would  account  for  zero  shifts  far  greater  than 
which  have  been  mentioned.  Most  of  these 
higher  resistivity  crystals  are  c.xtremcly  pyro 
electric.  For  instance,  if  you  take  a  g';c“.1  erj's- 
tal  out  of  an  oven  at  250  degrees  .and  put  it 
down  on  something  cold,  if  you  touch  it  within 
the  next  10  minutes  you  would  ge'  a  prettynasty 
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slioijk  ofl  it.  For  a.  malLor  of  only  a  low  dt- 
groea  cc'ntigradc  cliaivgo  in  a  matter  of  a  sec¬ 
ond  or  two,  yon.  would  got  more  voltajo  ahnek 
Ilian  from  the  zero  shift  that  you're  talking 
about. 

Mr.  Br.ad!oy:  I'd  like  to  ebange  the  subject 
a  little  .  We've  been  laLking  about  all  the  prob¬ 
lems  here  and  how  what  a  problem  zero  ohift 
is,  a. id  it  certainly  does  seem  to  be,  but  it 
.‘■■eein.s  tri  me  that  there  is  a  good  f.-hance  of 
overcoming  it.  In  our  tei>t5:,  on  two  soparaie 
designs,  not  one  zero  shiit  showed  up  in  over 
50  tests.  I  don't  know  whether  this  will  tie 
duplicated  under  ail  circumstances,  but  other 
tests  m;iy  sliow  up  zero  sliilts  under  cerUi!' 
conditions  which  would  give  us  a  clue.  It  does 
seem  to  mo  that  it  i.s  an  effect  tliat  is  control¬ 
lable,  and  one  which  will,  and  is,  yielding  to 
some  solution.  I  don’t  think  it  i.s  as  hopeless 
as  all  of  us  discussing  the  problem  here  might 
make  it  sound. 

Mr.  Fowler;  Could  I  ask  somebody  from 
.Sandia,  on  the  air  gun  experiments,  whether 
the  temperature  of  the  accelerometer  at  the 
end  of  the  shock  was  effectively  exactly  the 
same  as  it  was  at  the  beginning? 

Mr.  Smart:  The  man  who  designed  it  says 
it  is  .strictly  isothermal.  I  use  this  word  hesi- 
laniiy.  In  other  words,  there  is  no  temperatiu'c* 
change  in  Uie  siiock  and  eapeciaiiy  up  until  the 
lime  th?  cable  has  been  cut.  The  cylinder  is 
accelerated  and,  at  a  later  time  is  decelerated 
by  compressing  the  air  in  the  muzzle.  Up  until 
the  time  that  the  cable  has  been  cut,  which  isap- 
proximatel’'  6  feet  from  tiie  breech  (and  the  thing 
is  120  feet  long),  the  designer  maintains  it  is 
completely  isothermal.  There  is  no  pressure, 
elfectively,  in  front  of  the  cylinder  at  tliat  time 
because  he  has  a  low-pressure  valve  at  the 
other  end  so  tliat  he  has  no  deceleration  until 
he  wants  it  later— so  he  says.  This  is  a  ques¬ 
tion  W'e  brought  up  wiiien  we  started  seeing  this; 
we  sain,  well,  you've  got  pressimc  there,  your 
working  against  a  dill'erencc  in  pressures, 
maybe  you're  heating  these  things,  and  wetri^d 
an  acceieromeier  lliat  was  Icnnierntui’e  conipcn- 
sated  or  that  was  supposedly  flat  (or  v/as  Fat  in 
our  tests  at  least)  up  to  500  degrees  or  sc. 

Mr.  Bert  (David  Taylor  Model  Basin); 

Most  of  tiicse  accelerometers,  fed  into  anelcc- 
trometcr  circuit  v/ith  enough  impedance,  drift 
you  off  screen  immediately  vnu  warm  them 
up— this  is  .something  you  sin'inly  a\oid  when 
you're  working  with  them,  but  they  are  indeed 
very  temperature  -sensitive 


dUMMARY 

Mr.  Fowler  (U.  S.  Sonics):  The  iwsition 
I  would  take  is  ihai  I  would  suggest  that  a  great 
many  ol  these  re&ult'j  are  due  to  .sonic  extra¬ 
neous  factor,  it  may  be  a  genuine  acceleration 
llrii  you  don't  realize  you've  got.  It  might  be  a, 
pyroelectric  effect  which  is  very  active  in  the.se 
crystals.  It  might  be  electrot  effects  in  the 
cable  or  just  plain  cable.  It  inighl  bo  electronic, 
but  most  people  apparently  thouglit  of  this  and 
eliminated  it.  I  believe  that  name  accelerom¬ 
eters  V(hich  have  much  too  much  mechanical 
complication  about  the  holding  of  the  crystal 
will  really  show  a  shift.  Also  prccept'i’ole  ;c 
shifting  capacitance  and  a  shifting  in  sensitiv¬ 
ity.  wiii-lhcr,  rcma.i  ling  after  that,  there  is 
any  real  zero  shiit  in  the  way  it  lias  been  de¬ 
scribed,  from  the  nature  of  these  ferroelec¬ 
tric.  cry.stals  I  would  very  much  doubt,  but 
from  what  has  been  said  I  look  for  some  results. 

Mr.  Bradley  (Endevco):  I  think  our  feel¬ 
ing  is  that  we  have  eliminated  a  lot  of  the  ex- 
traneou.s  possibilities  although  there  is  always 
cause  to  suspect  anything  that  hasn't  been 
thoroughly  tested  out  in  the  system.  It  appears 
to  us  that  the  mechanical  design  can  be  a 
problem  but  .has  been  eliminated  in  mc.sl  de¬ 
signs  that  have  been  brought  out  in  the  last 
few  years.  The  remaining  cause  seems  to  be 
in  the  ferroelectric  material.  It  appears  to 
us  tliat  it  is  stress  level  sensitive,  since  our 
tests  definitely  sliow  high-stress  level  in  the 
cry.stal  will  create  zero  shift  while  a  low- 
stress  level,  for  the  majority  of  cases,  does 
not.  Now  why  does  the  crystal  sliow  these 
shifts  when  it  is  supposed  to  be  .so  stable  ? 

As  has  been  mentioned,  the  pyroelectric  ef¬ 
fect  is  a  vt:ry  strong  effect  generating  hun¬ 
dreds  of  volts  per  degrees  centigrade  shift 
in  temperatui’e.  The  piezoelectric  effect 
that's  seen  in  ferroelectrics  is  a  combination 
oi  what  is  true  piezoelectric  and  what  is  true 
electrostrictive.  In  a  ferroelectric  material, 
you  do  get  domain  movement.  Now  this  is  a 
friction  movement,  and  it  would  seem  reason¬ 
able  to  suspect  that  some  heat  is  generated 
internally  in  this  process  ivhicli  could  be  the 
source  of  our  shift.  This  doe.s  appear  to  be 
internal  to  the  crystal.  In  final  summary,  I 
think  that  the  newer  design  runs  which  have 
licen  produced  in  the  attempt  to  eliminate 
zero  shift,  have  definitely  reduced  the  prob¬ 
lem.  I  believe  the  users  will  agree  that  zero 
shifts  have  gotten  a  great  deal  smaller  and  a 
great  deal  less  frequent  with  some  of  tlic 
newer  designs  that  have  lieen  tested.  I  think 
this  is  the  direction  that  will  bring  .success. 
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INTHOnUCTlON 

At  prcscni,  iniitrii;  mallicmatics  are  not 
very  cxteiunvely  employed  in  vibration  theory, 
although  this  la  inevitable.  Examples  of  the 
application  of  matric  analysis  to  the  descrip¬ 
tion  01  vibration  generators  is  given  in  [Ref. 

1 1,  to  tiie  dcscviptioii  of  the  theory  of  clastic 
structures  in  [Rel.  ‘Aj,  in  mechanics  in  general 
l.'ll,  in  electricity  |4|  and  electronics  [5|,  and 
in  servomechanisms  [Gj.  Increasingly,  matric 
methods  are  poriiieating  all  scientitic  areas. 

An  electronic  computor  specifically 
designed  for  the  solution  of  niatrically 
formulated  mathematical  problems  will 
therefore  be  of  extroiiiu  importance  both  for 
purely  mathematic  problems,  and  as  an  aid  in 
I  he  analysis  and  synthesis  of  physical  sys- 
toiiis.  This  is  being  achieved  in  The  Matric 
Computor  which  is  presently  under  dcvel- 
opiiiont. 

Classification  of  tlic  Matric  Computor  is 
simplest  by  pointing  out  that  it  employs  elec¬ 
tronic  amplifiers  and  netwoiK  cijmponents  as 
docs  the  electronic  ditlei  cntial  analyzer.  It 
at  present  does  not  employ  numerical  tech¬ 
niques;  I'.owevcr,  just  as  the  electronic 
machine  has  displaced  the  mechanical  dif¬ 
ferential  analyzer,  so  will  tlie  Matric  Com- 
putor  displace  the  electronic  differential 
analyzer. 

The  Matric  Computor,  however,  is  a 
more  general  machine  and  permits  matric 


mathematic  operaiions  to  he  ijerforincd;  it  is 
not  limited  to  differential  equation  systems, 
Tliesc  matric  operations  include  sums  and 
products  of  numerical  matrices,  inversion, 
coordinate  transformations,  and  the  solution 
of  systems  of  algebraic  and  differential  equa¬ 
tions.  Certain  protilems  in  linear  program¬ 
ming  and  in  least  squares  are  also  accessible 
to  the  computor. 

The  outstanding  attribute  cf  the  new 
computor  is  its  functional  simplicity.  It 
requires  neither  a  schematic  diagram,  nor 
programming. 


THKOifV 

A  rigorous  derivation  of  tJio  mathematic 
thoivry  ol  the  computor  is  given  in  [Ref.  7]  and 
repeated  in  [Ref.  8j.  Briofiy,  an  ensembie  ol 
admittance  amplifiers,  g,, ,  and  admittance 
components,  ,  are  interconnected  ai3  shown 
in  Fig.  1.  The  are  prescribed  current 
sources,  and  the  w,,  are  the  aclnuttance  ampli¬ 
fier  outputs,  recorded  on  digital  voltmeters 
for  steady  problems,  or  oscillograpliically  for 
time- varying  p'roblems. 

To  as  close  an  approximation  as  desired, 
by  mailing  the  amplifior  admittance  ampli¬ 
fication  large,  the  equation  of  physical  state 
of  the  electronic  network  in  Fig.  1  is  described 
by  the  matric  equation: 
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In  Ihn  above  equation,  there  is  a  1-to-l  recip¬ 
rocal  corrospondence  between  each  matric 
entry  and  Uie  correspondingly  ordered  physi¬ 
cal  admittance  component  illustrated  sche¬ 
matically  in  Fig.  1.  In  other  words,  an 
electronic  synthesis  network  iias  been  devised 
in  which  each  mathematical  term  Is  repre¬ 
sented  by  one  and  only  one  pliyslcal  device; 
and  reciprocally. 

This  extraordinary  property  of  a  l-lo-l 
reciprocal  correspondence,  or  homeonior- 
phism,  between  the  matric  mathematics  and 
the  physics  of  the  electronic  synthesis  net¬ 
work  is  the  crucial  essence  of  the  Matric 
Computer. 


APPLICATIONS 

As  a  concrete  example,  consider  the 
matric  differential  equation  system 
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wbich  has  the  eigenroois  =  2  '‘(i  and 
A  =  O.TIC  '1  t  i  0.238,  The  ideograpli  or 
logiiu!  sciiema  in  ihe  pattern  of  Fig.  1  for 
this  matric  difforential  equation  is  shown  in 
Fig.  2  after  pliysical  scaling  by  multiplying 
all  entries  in  Eq.  (2)  ’ey  iO  As  soon  in 
Fig.  2,  .all  conslant  mathematic  terms  arc 
ropj  e.snnted  by  conduclauccs  in  microohms, 
dilfcreniial  coelficicnts  by  capacitances  in 
microl.arads,  and  tim  prescribed  conslant 
vectors  by  microampe.'-es  from  current 
sources.  The  unknowns  to  Iw  determined,  the 
vectors  [x]  ,  are  scaled  in  volhs,  and  read 
from  the  admittance  amplifier  outputs. 

Figure  3  is  an  os.aillographic  record  of 
the  solution  to  lliis  matric  difrerentiai  ctiua- 
lion  system,  obtained  on  a  rudimentary 
natiune.  As  may  lie  noted  from  Uie  oscillo¬ 
graph,  the  solwlicin  has  the  typical  oscillatory 
behavior  predicted  by  the  complex  pair  of 
cigenroots,  and  the  final  steady  state  mag¬ 
nitude  of  liie  sol’-tion  vector  col  fx,,  x^.  x.'i 
co.nvcrges  on  (10,  -10,  20). 

It  is  clear  I  hat  ideographs  .such  as  Fig.  2 
are  nol  necessary  lo  enter  the  problci.i  on  the 
Matric  Computor.  Tlcat  is,  the  new  computer 
is  so  organized  that  the  matric  equations 
being  solved,  t/iemselves  represent  the  pro¬ 
gramming.  No  patching  and  no  schematic 
diagrams  are  required. 

As  a  seconc'.  c.'.ample,  consider  Uie  single 
differential  equation 


ri^x 

rU2 


UT  '  X  =  f(t)  . 


(3) 


The  matric  theory  of  differential  equa¬ 
tions  teaches  that  this  problem  CB.n  be 
replaced  by  an  infinite  variety  o)  equivalent 
first-order  mathematic  systems.  This  pro¬ 
vides  great  latitude  and  flexibiii;  y  in  the 
logical  Ecliomas  utilized  to  solve  such  equa¬ 
tions  on  the  new  machine. 

In  Fig.  4,  two  of  the  possibilities  of 
entering  the  given  c-xaunjle  un  the  Matric 
Computor  are  shown  to  emphasize  its  sim¬ 
plicity.  Tiip  problem  is  actually  being  solved 
on  a  very  elementary  form  of  macliine  con¬ 
structed  solely  for  the  purpose  of  exhibiting 
certain  conceptual  aspects  of  the  theory.  The 
"cl"  in  the  matrix  is  a  shortened  version  of 
"if/dt. "  As  can  be  seen  from  the  photograph, 
each  constant  coefficient  of  the  matrix  is 
entered  as  a  conductance,  and  each  differ¬ 
ential  coefficient  "d"  as  a  capacitance,  and 
both  plugged  into  the  elementary  com¬ 
putor. 
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Fig.  1  -  Electronic  synthesis  network  which  is 
homeomorf,'iic  to  mathematical  matrix  Eq.  (1) 


Fig.  ••  Logical  schema  of 
matrlc  differential  equation 
system  (2) 


The  1-to-l  reciprocal  correspondence 
between  the  entries  of  tlie  malliematic  matrix 
and  the  computer  entries  is  clearly  evident; 
each  mathematic  entry  has  an  admittance 
component  in  the  corresponding  matric  array 
in  the  machine,  and  zero  mathematic  entries 
are  represented  by  zero  admittances  (absence 
of  components).  In  a  machine  for  problem 
.solving,  the  admittance- magnitudes  would  be 


Fig.  3  -  Oscillographic  recording  of  solution 
to  matric  problem  synthesized  according  to 
Fig.  2 


dialed  into  the  appropriate  matric  array  on  the 
machine  and  not  plugged  into  jacks  as  shown 
in  the  rudimentary  machine  iliuslratcdin  Fig.  4. 

EXPEPJMENTAL  RESEARCHES 

A  tlieory  is  only  a  theory  in  the  physical 
domain;  it  must  be  verified  to  discover  whether 
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Fig.  4  -  Elcrricntary  (6  x  6)  ovder  matric 
computor  solving  differential  equation  (3) 
by  Iwo  methods  simultaneously.  (Note  the 
homcomorphism  between  matric  entries 
and  computor  synthesis  components.) 


An  itiiproved  machiiio  is  now  untlfir  dcvol- 
opment.  Tt  wiii  bo  pf  (10  .x  10)  order,  nnd  will 
be  tiuly  a  MaU  ic  Compuiur.  Ail  probioms 
will  be  entered  merely  by  dialing-  in  the 
inatheiiiatic  eoofficients.  Obviously,  power 
.supplies,  moan.s  for  reading  out  solutions 
osciilographically  and  on  digital  vullmeters, 
means  for  entering  initial  conditions  for  dif¬ 
ferential  onuation  problems,  means  for  obtain¬ 
ing  eigenroots,  and  the  like,  must  all  be  pro¬ 
vided  in  this  final-riesign,  practical  machine. 

Furthermore,  this  macliine  will  be 
adapted  to  the  .solution  of  linear  variable- 
coefficient,  and  also  to  nonlinear  equations. 
For  the  solution  of  nonlinear  problems  is  well 
within  the  purview  of  the  Matric  Colnputor  as 
is  easily  shown.  All  the  required  electronic 
coniponcnts  for  thi.3  purpose,  however,  are  not 
yet  available  although  in  principle  this  can  be 
surmounted. 

This  is  a  very  ambitious  undertaking  for 
a  small  research  group,  but  the  importance  of 
the  end  result,  a  new  electronic  computor 
based  upon  a  new  theory,  justifies  the  efforts. 
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DERiVATION  OF  THE  RELATIONSHIP 
BETWEEN  THE  "RESIDUAL”  SHOCK  SPECTRA  AND 
THE  FOURIER  INTEGRAL  SPECTRA 

H.  Soutliworth,  Ji-. 

Spcx*i‘y  Gyro^iCope  Coimpany 
Gi’oat  N'?ck,  I'On;.’  Island,  Mnw  Yjrk 


l.i-.ivTnp  the  Ptififl  Session  on  the  Idstablishivienl  of  Test  Levels  from 
field  Data  at  the  29tii  Syrnpositirn  on  Shock,  Vibration  and  Associated 
Knvironrncnt s ,  there  was  a  ftiscussion  on  the  relative  value  of  Sliock 
Speelrtt  compared  to  Fourier  Integral  Spectra  when  used  to  represent 
amplitude-time  shock  pulses  in  the  frequency  domain.  During  tliis 
discussion  il  was  mentioned  by  Mr.  R.  D.  Hawkins,  Sperry  Gyroscope 
Cornpaiiy,  that  uierc  was  a  matiiematicol  relationship  between  the 
Fourier  Integra)  Spectra  and  the  "alter  pulse"  or  "residu.'tl"  shock 
spectra,  Tltis  fact  evoked  considerable  interest  and  therefore  the 
loUowing  analytical  proed  i.s  presented  here  for  the  benefit  of  those 
interested  in  thic  subject. 


INTRODUCTION 

The  iollowing  derivation  relates  the 
"residual"  or  "after  pulse"  .shock  spectrum  to 
the  frequency  composition  of  a  time  puLse  as 
defined  in  Fourier  Integral  Theory.  Tiie 
"residual"  shock  spectrum  is  derived  Ln 
general  mathematical  notation  for  contiiiuous 
functions  without  damping. 


"RESIDUAL"  SHOCK  SPSCTRUivt 

"Residual"  shock  spectrum  is  defined  as 
the  maximum  absolute  value  of  the  accelera¬ 
tion  of  a  one-degree-of-ffoodorn  system  after 


Figure  1 


the  shock  pulse,  plotted  as  a  function  of  the 
frequency  of  the  system. 

Consider  in  Fig.  1  a  one-degree-of- 
freedom  mechanical  .system  of  natural  fre¬ 
quency,  fn,  mounted  on  an  infinitely  rigid 
base.  -  The  base  of  thi.s  system  is  subjected  to 
an  arbitrary  input  acceleration  as  a  function 
of  time  in  Fig.  2.  This  acceleration  pulse 
xg(  t)  lasts  over  ti'.c  time  interval  0  <  t  <  t 
where  T  represents  the  completion  time  of  the 
pulse. 

V  e  can  write  the  differential  equation  of 
tliis  system  as; 

L‘*„  r  K(x.j  -  Xg)  r  0  .  (1) 
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Figure  2 


Uoiiig  till'  •■ioliiiJlionL;  of  relative  displacc- 
nioiils  ::ik1  acccleraiiops  between  mass  and 


Hince  j-'ijf  '-'  .  ('  for  any  time  cioinnin  out¬ 
side  tl'.D  j'Pilse  diiraiion  we  can  extend  both 
limiis  of  intoirration  !o  [.“'ms  and  minur, infinity: 


■  K  ''m  "  ■'■■li 
'!i  '  "“m  “  "'•n 


we  obtain. 

'‘r  *  IT  ’'r  "  -  >’-n 
or 


,.2  V. 


:2) 


(4) 

(5) 


At  initial  time  (i  =  o'  the  relative  dis¬ 
placement  and  velocity  arc  zero: 


Xj,(0)  r:  0  (6) 

xaff)  =  0  .  (7) 

Taking  Laplace  Transform.s  of  Eq.  5, 

S^XpfSl  +  ^  -Xp/Sl  .  (ft) 

Solving  ior  x^CS) : 


Xr(S) 


(9) 


Since  [w/tc' +a)2')l  x„(-i;,  's  the  product  of 
the  transforms  of  sin  ojt'and  x^tt),  the 
inverse  transform  is  then  the  convolution  of 
these  functions. 


-  -  3  f  sin  "(t  ••rl  .\„(r>  d  /  .  C-O) 

■V) 

Taking  tlie  time  derivative, 


x^(t)  ••  - 


I  cos  u  (  t  -  T)  XjjtT)  dr. 


At  the  completion  time  of  the  pulse  T,  the 
relative  displacements  imd  velocities  are 
given  by: 


XrCT)  -  -  ^  f  sin  ui(T-T)Xg(r)dT  (12) 


^r(T) 


OJ 


cos  01  (T  "•  t)  Xjj(t)  fir. 


(13) 


Xr(T) 

1 

[  sin  w  n‘ ” '0  x„(t)  tlr 

1 

■  CO 

(14) 

'^2  - 
fi) 

-^j 

j  cos  (T  “ tir  . 

(19) 

Aii:.;.i-  tlic  shock  pulse  t  >  r,  Xjjtfj  -  0  and 
Eq.  (5)  can  be  written: 

Xp  +  =  0  (lii) 

with  a  solution, 

X(-  -  A  cos  aj(l  T,i  +  n  .sin  -T)  (1^) 

Xjj  r  c  sin  [6j(t-T)  +</)].  (18) 

Differentiating,  and  dividing  by  w, 

~=  r  cos  [a)(t-T>  +  .  (19) 

Considering  the  initial  conditions  t  =  x 
tor  after  the  pulse,  Eqa.  (14)  and  (15)  become: 


-i  j  sin  w(T-T)xy(T)  dr  =  c  siti  (20) 


1  cos  (T  ■  T)  x„{t)  cIt  =  c  cos  '4'  ■ 


Squaring  Eq.s.  (20)  and  (21)  and  adding: 


=  Mll' 


sin  OJ  (T  -  r)  Xjj(r)  drj 


+  cos  oj(T-r)  Xj^(r)  flrj 

Exjunding, 


'’’j  I  • 


^  ‘  ^  ^ 


r'  ai 

*  15.' 


sinoiT  sinoj-.q  Xjj(T)dTj 


sinr.J  cos^'JT-  -  cosuT  sinrui  )  Xjj^T)dT 


(23) 
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RL-iii'ivirt;  !iiri(.rioiis  of  the 

ojisidi'  the  ip-tui^ral  s'?:n; 


r 

I  cos  :.'T 


rc’- 


/I- 


x.^f  r'j  sin  (Jr 


2 


Kimlhi;;  the  .second  lime  derivative  of  Eq. 
(iti)  and  M.sii'.o  iaie  i.ii.  t  that  x,,  ')  after  the 

:•  ■lise  in  Eq.  (3)  we  obtain: 


■  -  c  .2  sin  I  (t  -  T)  ^  .rj  ("0 

The  po.sitive  residual  slioek  siioclrum 
after  the  pulse  R(  )  is  detincd  as  t)‘,c  maxi¬ 
mum  absolute  value  of  the  nias.s  aeccloration 
ill  tliis  equation.  Therefore, 


m 


Rf"')  (28) 


Tlui.s^ 


O' 


s  ir\  '<  r  (I  r 


'-■1 


(24) 


Squarinij- 


2 


a 

I 


o<T 


COS 


m  l- 

l  s»u(./7  :lr  I 

J.tn  J 

sinoiT  rx5swT  ^  Xr.('r  j  sina'Tdr  f  v^j(7)cck<<»'?  d  i 
“  ii. 

(D  -,2 

^  Xy*"  '■)  CO'J  wr  ft  T 


sin*'  6.1 


+  COS*  fjT 


j  j  *d("' 


sin  oiT  dr  | 
.J 


f” ..  1  ..  ' 

-2  r.iiiiJT  CCS  ' 'T  J  Xj.i't)  sir.  sjTd  r  J  i^fr;  co>  oiTdT|; 

f25) 

Collecting  t'  l-ms  and  taking  a  square  root  of 
lioth  sides  of  the  equation: 


f 

1  J 

^ "  1 

1. 

•  ® 

I  I  I  Xp(  r)  sill  sir  dr 

L-!® 


(26) 


r  f 


R(  ')  ^  I  J  cos  f.JT  (1  r 

L''" 


r,-' 


-i2 


1  j  ^  Xj,(  rj  sin  OIT  d  r  i  '( 


-  .1 


(29) 


THE  FOURIER  INTEGRAL 

A  function  x„(  t )  can  be  expanded  v.’ithin  a 
finite  time  domain  by  use  of  the  Fourier 
S‘3ri.es  e.'qiansion  lurmuia. 


xn(0  =  E  ('■  ^  cos  N  wt  sin  N  li’t  ] .  (20) 

N"  1 


If  the  frequency  spacing  between  iiannoiiies 
approaclios  zero  \vc  will  approach  a  continu¬ 
ous  distribution  ol  frequency  components 
known  as  the  Fourier  Integral  Identity  over  an 
infinite  time  domain. 


x’nf  •  )  ”  j  'if'i)  cos  ut  dw  +  1  bfaq  sinwt  dw 


dw  (31) 


wliere. 


n(u) 


a> 

=  ~  I  *d' '  I  cos  WT  dr  (32) 


I’t''')  “4"  i  si-i'.iv  dr  .  (33) 

-  e> 

Rearranging, 


!rv 

Ivn'r^)  rnswt  +7it)(aj)  sinaitldo)  (34) 
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x„(n  - 

—  1  Sf <*.)  cos  fr-t  ^  7  )  *1 

(35) 

M  i  ■ 

wlicrc: 

r 

s.;  ■■ 

(,.(,„))  -  (uf  4)  1 

(31)) 

r 

^  i 

1 

1  1 

■  r  V 

L 

S(.v)  •!  1 

1 

j  >'''•'  ^  -'H 

Consequently,  ) 

1  ! 

L ' '''  j 

"residual"  shock  sf 
composition  of  a  tii 

1 

r  ...  -  -I  ' '  ■■ 

f  .  ,  1  1 

(37) 

Fourier  Integral  T1 

I 

j  !;iti  <  r  .It  T 
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where  R( .  )  and  S(o. 
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"residual"  shock  s).  •'  'tra  and  the  frequency 
composition  of  the  Ourier  Integral  both  a 
function  of  tl<e  angu  or  frequency 


By  conipariiig  Eqs.  (29)  and  (37) 


